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This work is especially designed to treat of the jmnci- 
pies of Rational Mechanics, and not to present a system 
of analysis. The analysis employed in the demonstration 
of principles is of an elementary character, the Calculus 
being entirely avoided. A few problems are solved which 
very properly belong to the Calculus, but the solutions 
have been effected by means of the well-known properties 
of certain curves and the principles of elementary geome- 
try. As examples of this mode of reasoning, reference is 
made to the following problems : The detennination of the 
centre of gravity of a circular arc ; The time of vibration 
of a simple pendulum; and The quantity of flow of a 
liquid through a weir. A few problems are solved which 
involve a knowledge of Conic Sections, but these may be 
omitted, if desired, without detriment to the other portions 
of the work. 

The Articles are as independent of each other as they can 
be practically, and at the same time present the subject in 
a connected manner. This feature will enable the teacher 
the more easily to select particular portions of the work 
when the whole cannot be taken. 

The manner of applying the principles oi \)aft «>qJo>y^qX. 
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is shown by means of numerous problems, examples, and 
exercises. The problems are of a general character and 
are accompanied by a full solution. The examples are 
numerical, and are intended to be special applications of 
the formulas and principles contained in the chapter of 
which they form a part. The exercises are a novel feature 
of the work. They are intended particularly to draw out 
and fix in the mind the general principles of the subject. 
The answei*8 to the questions under this head are not 
always explicitly given in the text, but the principle in- 
volved in tlie answer is sufficiently explained there. Ad- 
ditional questions will doubtless suggest themselves both 
to the teacher and student, and in some cases conditions 
may be added to those given in the exercise. Thus, in 
the 5th Exercise, on page 23, the question may be raised 
whether the weight of the rope is to be considered ; and 
if so, whether the velocity is to be uniform or variable ; 
also, in the latter case, whether the acceleration be increas- 
ing or decreasing. 

The abstract relations which exist between a force and 
the motion which it produces in a body, are considered 
early in the work. I do not consider this order as in 
the least essential, but I have usually presented the sub- 
ject in this way to my classes, regardless of the oi-der 
given in the text-book. No part of abstract mechanics 
possesses a greater interest than this, and the questions 
pertaining to momentum and energy which grow out of 
these relations have provoked a great deal of discussion 
among students in mechanics. In regard to Momentum 
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and Vis Viva, much of the difficulty which arises in the 
mind of the student in regard to them would be removed, 
if they are considered, as they really are, mutually inde- 
pendent of each other, having no common unit between 
them, but each having its own peculiar unit. 

The demonstration of the formula for centrifugal force 
may appear to be unnecessarily lengthy, but I trust that 
the student will gain a clearer conception of the mode of 
action of the forces, and be better satisfied with the logic 
of the demonstration, by following the proof here given, 
than by certain of the shorter methods. The demonstra- 
tion by some of the latter methods is defective, although 
the same result is reached by them. 

The principles of energy, which plays such an important 
part in modern physics, have been explained, and the prin- 
ciples of both Kinetic and Potential Energy used in the 
solution of problems. 

HOBOKEN, December^ 1877. 
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Inches and tenths. 



FRENCH MEASURES IN EQUIVALENT ENGLISH MEASURES. 

MEASURES OF LENGTH. 



1 Millimetre 
1 Centimetre 
1 Decimetre 
1 Metre 
1 Kilometre 



0- 03987079 inch, or about -^r inch. 
0-3937079 inch, or about 4 inch. 
3 987079 inches. 

39-37079 inches = 3-28 feet nearly. 
39370-79 inches. 



MEASURES OP AREA. 

1 sq. millimetre = 0*00155006 sq. inch. 

1 sq. centimetre = 0' 155006 sq. inch. 

1 sq. decimetre = 15*5006 sq. inches. 

1 sq. metre = 1550*06 sq. inches, or 10.764 sq. feet 



MEASURES OP VOLUME. 

1 cu. centimetre = 0-610271 cu. inch. 
1 cu. decimetre = 61 ' 0271 cu. inches. 
1 cu. metre = 61027-1 cu. inches. 

The litre (used for liquids) is the same as the cubic decimear. 



MEASURES OP WEIGHT. 

1 MiUigramme = 015482349 grain, 
1 Centigramme = 0' 15432349 grain. 
1 Decigramme = 1' 5432349 grains. 
1 Gramme = 15 * 432349 grains. 

1 Kilogramme ' = 15432*349' grains, or 2.2 lbs. nearly. 



TWO UNITS INVOLVED. 

1 Gramme per sq. centimetre ' = 2*048098 lbs. per sq. foot. 
1 Kilogramme per sq. metre = 0*2048098 *' *' 

1 Kilogramme per sq. millimetre = 2 048098 " '* 

1 E^ilogramme metre r;= 7-23814 foot-pounds. 

= 7i foot-pounds nearly. 

1 force de cheval = 75 kilogrammetres per second, or 542 f foot-pounds 
per seoond nearly. 1 horse-power = 550 foot-pounds pet &^qotA. 
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ENGLISH MEASURES IN EQUIVALENT FRENCH MEASURES 



MEASURES OF LENGTH. 

1 inch = 25-39954 milliinetres. 
1 foot = 0*304794 metre. 
1 yard = 0*9143834 metre. 
1 mile = 1-60932 kilometre. 



MEASURES OF AREA. 

1 sq. inch = 645*137 sq. milli^tres. 
1 sq. foot = 0929 sq. metre. 
1 sq. yard = 0* 83609 sq. metre. 
1 sq. mile = 2 59 sq. kilometres. 



MEASURES OF CAFACIT7. 

Ipmt = 0-5676 litre. 
1 gallon = 4-5410 litres. 
1 bushel = 36-3281 Htres. 



MEASURES OF VOLUME. 

1 cu. inch = 16386- 6 cu. milli'trea 
1 cu. foot = 0283 cu. metre. 
1 cu. yard = 7645 cu- metre. 



MEASURES OF WEIGHT. 

1 graia = 0-064799 gramme. 
1 oz. avoir. = 28*3496 grammea 
1 lb. avoir. = 0*4535 kUogramme. 
1 ton = 1-01605 tons. 

- 1016-05 kilog. 



TWO UNITS INVOLTEn. 



1 lb. per sq. foot = 4-88261 kilog. per sq. metre. 
1 lb. per sq. inch = 0*0703 kilog: per sq. centimetre.^ 
1 foot-poond = 0*1382 kilogrammetre. 
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CHAPTER I. 

KINEMATICS OR MOTION. 

l}eJinitio7i8. 

L Motion. — ^As we look about us we see many objects 
iu motion ; such as men walking, birds flying, ships sail- 
ing, etc. We also know that the earth and other planets 
are moving through space. 

2. Rest. — We also see many objects apparently at rest ; 
that is, they remain in the same place in reference to 
surrounding objects. Thus, hills, rocks, buildings, etc., 
appear to be at rest. 

3. Kinematics is the science of motion, — It does not 
consider the cause of the motion, but determines its 
measure, and the relations between different motions. 

4. Rest and motion are relative terms, — A body may 
be at jest in reference to some objects, and in motion in 
Inference to others. Thus, a person sitting on the deck 
of a ship may be at rest in reference to the objects on 
the ship, while he is moving with the ship over the water. 
But if he should run toward the stern at the same rate 
that the vessel is advancing, he will appear to be at rest 
m reference to objects on the shore, and moving in refer- 
ence to the objects on deck. Objects at rest on the earth 
are moving through space with the earth at the rate of 
more than* 67,000 miles per hour. 
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The motion of one body in reference to another also in 
motion is called relative ; but in reference to a fixed 
^ object it is called absolute or actual. 

5. The path of a hody is the Ihie traced hy its central 
point. — If all the points of a body move in parallel lines, 
any one of the lines may be taken as the path. Unless 
otherwise stated, we will assume that the body is reduced 
to a mere particle. The path is also called the space over 
which a body moves. 

Velocity. 

6. Velocity is rate of motion. — ^When a body passes 
over equal successive portions of space in equal times, its 
rate is uniform. In all other cases it is variable. Thus, ^ 

if a body moves uniformly ] 

^« * • • -^-B from ^ to ^ in four seconds, 

the spaces passed over each 
second will be one-fourth of AB, or A-l = 1-2 = 2-3, etc.^ 
and any one of these spaces is the velocity. 

When the motion is uniform^ the velocity is the space 
passed over in a unit of tim^, and the velocity is said to | 
he constant. 

If « = the space passed over uniformly, 
t = the time of the movement, and 
V = the velocity, 
then we have, according to the definition, 



from which we find, 
and 



^ = 7; . . - (1) 



s==vt; . . . (2) 
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7. The unit of velocity is understood to be one foot 
per second^ unless othei'wise stated. If other units are 
^iven, their equivalent value may be found in feet per 
second. 

8. Variable Velocity is that in which the rate of 
nu>tion is constantly changing, — ^The true measure in this 
case cannot be the space passed over during any single 

I second, but it is the space which would he passed over 
daring a secojid if the body moved uniformly at the rate 
^hich if had at the instant considered. 

We are familiar with this fact. We say that a train of 

care moved at the rate of, say, forty miles per hour, when 

it may have moved at that rate for an instant only, and in 

coming to rest it may have moved at all conceivable rates 

less tlian forty miles per hour. 

. 8. Geometrical Illustration. — ^Yariable velocity may 

tc represented by a figure. Thus, in Fig. 2, let AjB 

^present the time, say four seconds. 

Divide it into four equal parts, each 

cf which will represent one second. . 

At the several points of division erect 

; Ofdinates, and make them proportional 

! to the velocities corresponding to those ; 

tiines ; the ordinate al representing the 

Velocity at the end of one second ; i2 at j 

^ic end of two seconds, and so on. A ^^^' ** 

, ^urve AabcOmBj be di-awn through the extremities of these 

<>fdinates, such that the ordinate at any point will represent 

the velocity corresponding to that time. If a line ad be 

^irawn through a parallel to A£, the number of square 

^nits in lad2 will also represent the velocity ; for the side 

' ^"^ of the rectangle being unity, tliere will be the same 

. number of square units in the rectangle that there are 
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linear nnits in al, and Bimilarly for any other part of th' 
figure. 

The area of the figure JL-ffC^ will represent the numbe 
of nnits of space passed over by the body in fou 
seconds. 

10. The general oomputations for variable veloeUi 
belong to higher mathematics ; but we are enabled t< 
treat of some cases in an elementary manner, as will b( 
shown hereafter. 

The velocity may be found in practical cases with suflS 
cient accuracy by finding the actual space passed over bj 
a body in a very short space of time, and considering the 
motion as uniform dming that time. 

If Jt (read element of time, or simply delta t) be the 
element of time, and 

Js = the corresponding space, 
then, according to the definition, we have 

V = 



At 

IL The path may be the arc of a circle, or any other 
curved line, in which case the space will be the length oi 

the developed line. If AB be the 
arc of a circle passed over in time t 
we have v = AB -f- /, as before. 

12. Angular Velocity is the rati 
of angular m^ovenimit. Itismeam^red 
hy the circular arc having unity for iti 
radius, which would be generated 5j 
the extremity of the radius if it turned 
about the centre at the same rate as that of the hody. li 
AB = V, and Oa = 1, then ab = angular velocity. 
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I Or, if AB = « = the space pauaeed over nniformlj by 

the body, 
t = the tune, 

r =: OA ^ the radius of the arc A£^ and 
w =:= the angular yelocity, 

T- = the Telocity along AB^ and 

8 
W =i — . 

t.r 



] 




13. Resolved Velooities. — Suppose that a body moves 
uniformly from A to B. At the extremities of the line 

I draw two lines, AC and BOy 

^ forming a right angle at C. 
Then, if a body moves fn)ra A 
to C in the same time that one 

I'm A 

moves from AtoB^ the velocity 

of the former will equal the latter into cos. BAG. 

I Or, if 

f V = the velocity along ABj 

Vi = tlie velocity along ACy and 

i8 = anglei?J.(7; 

. then, 

i Vi=tV COS. fi. . . . (1) 

Similarly, 
, Vi = v sin. 13. . . . (2) 

when V2 is the uniform velocity along BO. 

Suppose that a body is pushed in a due southerly direc- 
tion, parallel to BCy and at the same time in a westerly 
direction parallel to CA ; if the velocities in these direc- 
tions are uniform and proportional to BC and OA re- 
spectively, the resultant motion will be along a line paral- 
lel to BAj and the velocity will be proportional to BA. 
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The velocities represented by BC B.nd OA are called 
component velocities, and that by £A is called the result- 
ant velocity. 

14. Parallelogram of Velocities. — The component L 
velocities AC and BC may make any angle with each ^ 
other. Thus, if in Fig. 5 

V = the velocity along AB, 
Vi = the velocity along AC, 
v^ = the velocity along ADy 
13 = theangle2?J.(?; 

then, from plane trigonometry, we have 



^S = VAC^ + AB^ + 2AaAD cos. BAC; 
or, r 



> 

'^ = Vv;^+ v^ + '2v{o^ COS. )8. 



If the angle BAC is obtnse, cos. fi will be negative. If 

BAC is a right angle, we have 
COS. 90° = 0, and 




This principle may be stated 

as follows : 

^ two velocities are repre- 
sented in magnitude and direction by the adjacent sides 
of a pa/raUelogram, the resultant velocity will he repre- 
sented in magnitttde and direction hy that diagonal of the 
parallelogram which lies between these sides, 

15. Triangle of Velocities. — If two concurrent veloci- j 
ties he represented in magnitude and di/rection hy two sides 
of a triangle taken in their order, the resultant velocity will \ 
he re/presented in magnitude and di/rection hy the third 
side. 
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Thus, in Fig. 5, it AC represent the velocity Vi in the 
direction from A towards C, and C£ represent the velo- 
city ^25 acting from C towards jff, then will AJB represent 
the resultant velocity. This is evident from the preced- 
ing article. 

16. Polygon of Velocities. — J^ several velocities^ act- 
ing sv^ccessively, carry a body around a polygon^ they will 
produce rest if they all act at 
the same time. And^ if several 
velocities he represented in mag- 
nitude and direction hy tlve 
successive sides of a polygon 
tak^eii in their order ^ when they 
act all at the same tims their 
resultant velocity will he repre- 
sented hy the closing side of the polygon. 

This is proved by means of the preceding article, by 
compounding two velocities, then their resultant and a 
third velocity, and so on to the last. 

17. Paxallelopipedon of Velocities. — If three veloci- 
ties not vn one plane he represented hy the three adjacent 
edges of a parallelopipedon^ the resuLt- 

ant velocity will he represented hy that 
diagonal which passes through the 
common point of the three edges. 

This may also be proved by the 
Triangle of Velocities. The resultant 
velocity of a body which has a south- 
ward, westward, and downward mo- 
tion, will be southwesterly and downward. 

18. Harmonic Motion. — :If a body moves at a uniform 
rate around the circumference of a circle, the foot of the 
perpendicular from the body upon the diameter will 
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appear to move to and fro along the diameter with a varia- 
ble velocity. Thus, in Fig. 8, if the point move uniformly 
aroimd the circumference A CBj the foot of the perpen- 
dicular will move from A towards 5, 
thence from £ towards Ay and so on. 
The motion of the point O is said to 
be ho/rmonicy for the law of its move- 
ment is similar to that of a musical 
string, or a tuning fork, 
p^ g Id. Periodic Motion is that in 

which the motion repeats itself, — Thus, 
in Fig. 8, the point that moves to and fro along the diam- 
eter AB has a periodic motion. A pendulum, as it 
vibrates to and fro, is another example. 

20. Rotary Motion is ^motion about an axis. It is 
measured by its angular velocity. See Article 12. 

The point about which it moves may also have a pro- 
gressive velocity. Thus, the wheels of a carriage have a 
rotary motion about the axles, while the axles have a 
progressive movement. The moon revolves about the 
earth as a centre, and the earth not only revolves on its 
axis, but also revolves around the sun. 

21. Problems. — 1. If the circumference of the earth 
at the equator is 25,000 miles ^ what is the velocity in feet 
per second of apoiM on the equator? 

The earth turns on its axis once in twenty-four hours, 
and there are 5,280 feet in a mile ; hence, the velocity in 
feet per second is 

^ = ol ac\ ^ ac\ = 1S27 feet. 

24 X 60 X 60 

2. Required the angula/r velocity of the earth. 
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The circtiraference of a circle, whose radius is unity, 
is 27r = 6.28 + ; hence, the angular velocity per hour is 

«, = ^ = 0.26+. 

The angnlar velocity per hour, in terms of degrees is 



360° , ^<, 



which per minnte is 



and per second is 



15° r , „, 

^=60 =i = l^^ 



«, = ||: = 16". 



EXERCISES. 

1. If one body moves at the rate of 10 miles per hour, and another 
body, starting from the same place, moves in an opposite direction 
at the rate of 15 miles per hour, both moving uniformly, find the 
distance between them at the end of 10 minutes. 

3. Whidi moves faster : a body moving 6 feet per second or one moving 

100 yards per minute ? 
8. A railway train travels 90 miles in two hours ; find the velocity in 
feet per second. 

4. Two bodies start from the same place at the same time^ and move 

uniformly at right angles with one another, one at the rate of 8 feet 
per second, the other at the rate of 15 feet per second ; find the 
distance between them at the end of one second ; also at the end 
of n seconds. 

5. If a train moves uniformly at the rate of 40 miles per hour, how 

many seconds will it take to go 400 feet ? 

6. If the fly-wheel of an engine revolves 200 times per minute, what 

will be its angular velocity per second ? 

7. If a person aims to row directly across a stream at the rate of 3 miles 

per hour, while the stream carries him downward at the rate of 
8 miles per hour, at what rate will the boat move ? 
1* 
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8. If a wheel is rolled directly across the deck of a ship at the rate of 

16 feet per second, while the ship is moving 10 miles per hour, 
find the velocity of the wheel in space. 

9. If the velocity is one metre per hour, find the velocity in feet per 

second. 
(One metre is 3.28 feet nearly.) 

10. Two bodies start from the same place at the same time, and move 

in paths which are inclined 60 degrees to each other, one moving 
at the rate of 6 feet per second and the other at the rate of 10 
feet per second ; required the distance between them at the end 
of two seconds. 



Acceleration. 

122. Acceleration is the rate of change of the velocity, 
— If the rate of motion be unifornij the velocity is con- 
Btant^ and there will be no acceleration. If the velocity 
constantly increases, the rate of change is called a positive 
axiceleration^ but if it constantly decreases it is called 
negative. The rate of change may be uniform or con- 
stantly changing. If the a^eleration is uniform^ it is 
measured hy the amount hy which the velocity is increased 
in a unit of time; and if it he variaileyitis measured hy 
the amount hy which the velocity would he increased in a 
unit of time if its rate of increase continued the same as 
at the instant considered. The unit of time is usually 
one second. If the velocity is decreasing, the same defi- 
nition applies by substituting the word decreased for 
increased. 

23. Uniform Acceleration may be represented by a 
triangle. Thus, in Fig. 9, let AB represent the time — say 
four seconds — and BC the velocity at the end of four 
seconds, the body having started from rest. Divide AB 
into four equal parts at the points J, ^, A, and draw the 
horizontal lines he, ge, Teh, to the line drawn from A to C\ 
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Fig. 9. 



then will io represent the velocity at the end of tlie first 
second, ^e, at the end of the second second, and so on. 
Draw the vertical line cd] then will cle represent the 
increase of the velocity during the 
second second, and hence is the accel- 
eration. Similarly J^A will represent 
the acceleration during the third 
second, and iO that during the fourth. 
But iC-^fh :=de=zhc\ or the velo- 
city inoredses uniformly and the decel- 
eration is constant^ and the velocity at 
the end of the first second equals the 
acceleration. 

The space passed over during the second second will be 
represented by the trapezoid hceg, wliich is 3 times the 
triangle Ahc. The space gehk is 5 times the triangle Ahc. 
Hence, generally, if the times are represented by the 
natnral numbers 

1, 2, 3, 4, etc., the spaces will be 
1, 3, 5, 7, etc. 

When the acceleration is uniform, the spaces described 
may be laid ofE on a straight line, as is shown by the line 
^6; Fig. 11. 

24. Formulas for uniform, acceleration. 

Let 

f=^ the uniform acceleration, 
t = the time, 

s = the space passed over in the time ty 
V = the velocity at the end of the time t ; 



then, in Fig. 9, we have 
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or 



Ab:he'.'.AB: BC; 



or 



Area ABO =j[BCxABi 

a = ivt ; 
fttid by oliniitiating t we have 



(1) 



(S) 



(8) 



Klitnfnnting v 1>ctwocn equations (1) and (2) gives 

» = i/i?. . . . (4) 

Wlmii finy two of tho quantities^ v, tj s are given, the 
</flK?r two may ho found from the preceding equations. 

25. Initial Velocity. — Tlie velocity which a body has 
at tho instant t begins to be reckoned, is called {niti<d 

velocity. This may be illustrated 
by Fig. 10, in which A£ repre- 
sents the time, DA the initial 
velocity, I^G the final velocity, 
and DEGA the space. It thus 
appears that the final velocity will 
be that due to the acceleration 
plus the initial velocity ; and the 
space will be that due to a uniform movement equal to 
the initial velocity, plus that due to the acceleration; 
hence, if 

Vo == the initial velocity, 
then 

tv^ = ABED = the space dofi to the ini- 




Fjo. 10. 



rae.] 



ACCELSBATIO^r. 



13 



tial velocity ; and uBing the same notation as in the pre* 
ceding article, we have for this case 



8 =^ tvo + ivt . 
If the acceleration is decreasing, we have 



(1) 

(2) 
(3) 



(4) 
(6) 



28. The Resultant of Variable and Constant Velo- 
cities. — In Fig. 11, let the horizontal velocity be constant, 
and the vertical motion be uniformly accelerated. If Aa 
is the space passed over in a horizon- 
tal direction during the first second, 
and Ad^ the vertical space during the 
same time, then will the body be at 
the intersection of the lines drawn 
respectively through a and d\ the 
former, vertical and the latter, hori- 
zontal. In a similar way its position 
may be found at the end of any given 
time. 

The locus of these points will be 
the path of the body, and will be a parabola. 

In a similar way the path may be found, when both 
velocities are variable and acting at any angle with each 
other. 

EXAMPLES. 

1. If a body starts from rest and has a uniform accelera- 
tion of 5 feet per second, how far will it move in 10 
seconds, and what velocity will it acquire ? 
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2. A body starts from rest and acquires a velocity of 

100 feet in 4 seconds ; required the acceleration and 
the space passed over during the fii*8t second. 

3. If a body starts from rest with a uniform acceleration 

of 32 feet per second, how far will it move during 
the 4th second ? 

4. A body has an initial velocity of 60 feet per second, 

and has a velocity of 100 feet at the end of 8 seconds ; 
required the acceleration in feet per second. 

5. If the acceleration is uniformly 32 feet per second; 

required the time necessary to pass over 200 feet, 
the body starting from rest. 

6. If the acceleration is 20 metres in two minutes, what 

will be the acceleration in feet per second ? 
7m If the acceleration is 32^ feet per second, what will be 
the value in metres per second ? 



CHAPTER 11. 

KINETICS : 

(Commonly called Dynamics.) 

27. Matter is the svhsta/nce of which bodies are corn- 
jposed. — In its grosser forms we gain a knowledge of it 
by common experience. It is difficnlt, if not impossible, 
to define it so that a person who is not already familiar 
with it will gain a correct notion of it. It has certain 
properties, snch as extension, divisibility, porosity, elas- 
ticity, etc., which it is the province of works on physics to 
investigate. For the purposes of Mechanical Science, it 
may be defined as that upon which force a/its. But, when 
we consider the effect of forces upon bodies, it is necessary 
to know, or to assume, certain properties, especially the 
compressibility and elasticity of matter. 

28. A Body is a finite portion of matter. — An atom is 
an indivisible portion of matter. It is an ideal thing, 
since we know nothing of its essential nature, although it 
has been a subject of much speculation. It is assumed 
that a body may be divided and subdivided, until parts 
might be reached which, from their constitution, cannot 
be again divided.. A molecule is the smallest portion of a 
body which can exist without changing its nature. It is 
composed of two or more atoms. Thus, a molecule of 
water is composed of two atoms of hydrogen and one atom 
of oxygen, and if they be separated the result is no longer 
water but two distinct substances. 

}Lpaa*tide is a very small body, or a small portion of a 
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body. It may be composed of several molecules. It has 
no reference to the constitution of the body. In mechan- 
ics it is considered as a material point. 

According to the speculations of Sir "W. Thomson, 
Maxwell, Tait and others, the diameter of a molecule ex- 
ceeds 1^250,000.000 ^^ ^^ "^^^5 *"^ ^^ ^®^ ^^*^ 600.000.000 ^^ *^ ^^^^ 

In order to give an idea of the minuteness of a mole- 
cule, Sir W. Thomson states that if a body of the size of 
an ordinary pea be expanded to the size of the earth, all 
the molecules expanding in the same ratio^ the molecules 
would be between the sizes of fine shot and a cricket b&lL 



jPbrce. 

28» Force is that which changes or tends to change the 
state of a body in reference to rest or motion, — It is ft 
ca^tse^ the essential nature of which we are ignorant of. 
We deal only with the laws of its action* These laws are 
determined from observation combined with certain com- 
putations. All forces do not act according to the same 
laws. Thus, it has been found that the force of gravity 
varies inversely as the square of the distance from the 
attracting body ; molecidar force varies dii'ectly as the 
distance between the particles ; and other forces may vary 
according to other laws. 

80. Forces are called hy different nameSy according to 
the results produced or the phenomena presented. Thus 
we speak of attraction, repulsion, cohesion, friction, 
moving forces, accelerating forces, resisting forces, con- 
stant forces, variable forces, muscular forces, vital forces, 
.etc. ; but they are all alike in the essential quality, that 
they are equivalent to RpuU or B.piish, 

31. Measure of Force. — We shall assume that the 
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standard pound Avoirdttpois is the measure of a unit of 
foree^ and hence, that any force is a certain number of 
pounds. We are familiar with the fact that forces are 
measured by pounds. Thus, if a spring balance of suflS- 
cient strength is placed between a locomotive and a train 
of cars, it will indicate the pulling force of the locomotive, 
whether the train remains at rest or is in motion. A push 
can be measured in the same manner. 

Forces may also be measured by considering their effect 
in producing motion in a free body, as will be shown in 
Article ^^. 

32. Weight is a measure of the attractive force of 
gravity upon a body, — ^Weight varies directly as gravity. 
It has been found that the same body will weigh more in 
some places than others. It will weigh a trifle less on the 
top of a high mountain than in a deep valley, and if it 
could be placed where there was no attraction it would 
weigh nothing. It is, therefore, necessary to designate 
some place where a body, used as a standard, shall be 
weighed in order to fix the standard pound. 

83. Standard Measures. — The standards for weights 
and measures are established by legal enactments. The 
British standard for one pound Avoirdupois is the weight 
of a certain piece of platinum kept in the Exchequer Office 
in London. 

The British standard yard is the distance between two 
points on a certain metal rod, kept in the Tower of Lon- 
don, when the temperature of the whole bar is 60° F. 
(= 15°.5C.). The foot is declared to be one-third of the yard. 

The United States standards were copied from the 
British standards; but it has since been found that, on 
account of errors in measurement, the British yard is a 
trifle shorter than the American. 
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The French metre is the distance between two points on 
u certain bar kept for the pui-pose, and is neai'ly ip^jni <>f 
the length of a meridian measured from the equator to the 
north pole. 

The relation between these standards and certain definite 
quantities furnished by nature, has been determined with 
great care. For instance, after Capt. Kater determined 
very accurately the length of a pendulum which would 
vibrate once a second at Ijondon, compared with the stand- 
ard then in use, it was declared by Parliament (5 Geo. IV.), 
that " the yard shall contain 36 parts of the 39.1393 pai-ts 
into which that pendulum may be divided which vibrates 
seconds of mean time in the latitude of London, in vacuo, 
at the level of the sea, at temperature 62° F." After the 
standard was destroyed by fire, the commissioners who 
examined the subject reported that several reductions of 
the pendulum experiments were doubtful or erroneous, 
and, accordingly, the distance between the marks on a 
metallic bar was adopted as the standard, and the above 
ratio was discarded. 

Similarly, the metre was originally declared to be 
10,000,000 ^^ the arc of the meridian measured from the equa- 
tor to the north pole, and the French government expended 
large sums of money in determining this distance. Cer- 
tain arcs of the meridian were measured with great care, 
and from them the distance was computed. Afterwards 
it was ascertained that there had been errors in the deter- 
mination, and that the distance was not the same on all 
meridians, for the equator is not an exact circle ; but the 
length of the metre was not changed, and hepce the 
declared ratio became obsolete. 

Attempts have been made to establish a legal pound by 
declaring that a cubic foot of water at its maximum 
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volnnie shall weigh a given amount (nearly 62^ pounds) ; 
but there is a question in regard to tlie temperature of the 
water at the maximum volume, and different experimenters 
do not agree as to the weight. Hence, practieaUy and 
actuaUy^ the weight of a certain piece of metal remains 
as the standard. (See The Meti^io System^ by F. A. P. 
Barnard, LL.D., New York, 1872.) The Avoirdupois 
pound is 7,000 grains. For the relation between the 
English and French measures see table in the Appendix. 
The French metre is equivalent to 39.37079 British inches, 
or 39.368505 American inches. 

The unit of time in common use is a second of mscm 
solar time. The time from any meridian passage of the 
sun to the following one is called a solar day, or simply a 
day. These days are of unequal length, caused by the 
variable motion of the earth along its orbit, while the 
time of the revolution of the earth on its axis is con- 
stant. Therefore, the average length of the day for an 
entire year is used, and called 24 hours, from which the 
minute and second are easily found. The second is the 
86,4:00th part of a mean solar day, 

34. A force may be represented by a straight line. 
Thus, in Fig. 12, the magnitude of the force may be 
represented by the length of the line 

AB, the point of application, by the ^ >- ^ 

point -4, and its direction of action, by ^^^' ^^' 

the arrow-head, indicating that it acts from A towards B. 

35. The point of application of a force may be con- 
sidered as at any point in its line of action. Thus, if a 
body is pushed with a rod, the point of application of tlio 
force may be considered as at any point along the line of 
the rod ; and, if the rod were prolonged through, and 
beyond the body, tlie point of application may be consid- 
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ered as at any point on the prolonged part. The effect 
upon the body will be the same, whether we consider the 
point of application of the force at one point or another 
of the rod. 

Inertia. 

36. The Inertia of ^natter means its passiveness / that 
is, its inability to change its own condition in regard to 
rest or motion. If a body be at rest, it has no power to put 
itself in motion, or, if in motion, it has no power of itself 
to change its rate of motion. It implies that every cliange 
of motion is due to an external cause. 

A body not constrained by other bodies, or in other 
words, perfectly free to move, is perfectly sensitive to 
the action of a force, so that the smallest force would 
move the largest body. The moon, earth, and other 
planets are in this condition, and each yields constantly to 
the action of all the others upon it. It is said, and with 
good I'eason, that every step which a man takes upon the 
earth changes the centre of gravity of the earth. 

Inertia is not a force. But on account of the perfect 
passiveness of matter, if a force act upon a free body, the 
effect of the force will be stored in the body ; and the body, 
in being brought to rest by a resistance, will produce the 
same effect as that which was stored in it. 

The exact relations which exist between the motion of 
bodies and the force which produces it, were established 
only after a long series of observations, experiments and 
deductions. It is difficult to prove them by direct experi- 
ments, for it is difficult to realize the condition of a per- 
fectly free body. Every body is liable to be resisted by 
friction, or the air, or other medium ; and if the body bo 
placed in a vacuum, the range of its motion will be limited 
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If a body be thrown into the air, it not only meets with 
the resistance of the air, but will be constantly under the. 
action of tlie force of gravity. Delicate experiments have, 
however, confirmed all the fundamental principles of mo- 
tion. Their truth is also sliown from the fact that all pix)b- 
lems pertaining to tlie motion of bodies, not only on the 
earth but in the solar system, solved in accordance with 
these principles, give i^esults which agree with the results 
of observation. The times and places of eclipses are pre- 
dicted, and the positions of the planets are foretold, by 
means of formulas which grow out of these fundamental 
principles. . No truths in science have become more firmly 
established. 

Molecular Motions — Dejmitions. 

87. Molecular Motions. — We have thus far spoken of 
the motion of bodies, but a close examination shows that 
ihe j[>aHicle8 of a body may have a motion in reference to 
each other. Thus, when a tuning-fork or a bell is struck 
the particles are put into a rapid vibratory motion, 

. pi-oducing sound, which is transmitted to the ear by the 
vibrations of the air. Heat expands bodies, an effect 
which must be caused by the separation of the particles of 
the body. It is believed that the molecules or atoms of 
every solid are made to vibrate when it is struck. 

88. Mechanios is the science which treats of the action 
of foTce%. — It investigates the laws which govern the 
action of forces ; the conditions of the equilibrium of 
bodies ; the motion of bodies under the action of forces ; 
tlie flow of liquids and gases ; and the movement of the 
particles of bodies. 

39. B[inetics treats of the movement of "bodies under 
the action of forces. — ^This branch of the subject has 
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usually been called Dynamics^ a terra which more properly 
pertains to the abstract doctrine of forces^ and hence, as 
such, would include a portion of both Kinetics and Statics. 

40. Statics treats of the conditions of the equilibrium 
of solids. 

41. Molar mecluinics treats of the action of forces upon 
solids. 

42. Molecmlar mechanics treats of the movement of 
the particles of a body. 

43. Hydrostatics treats of the equilibrium of liquids. 

44. Hydrodynamics treats of the movement of liquids. 

45. Pneumatics treats of the laws of pa*essm*e and 
movement of air and other gaseous bodies. 

46. ThermLodynamics treats of the m^hanical prop- 
erties of heat, 

47. Rotation of Bodies. — A force acting upon a body 
may produce both translation and rotation at the same 
time. Thus, a boy strikes a stick with a club, and if he 
does not strike it directly opposite the centre it will rotate 
at the same time that it moves forward. The solution of 
problems involving the rotation of bodies are generally 
more difficult than those involving translation only. If all 
the points of a body move in parallel straight lines, the 
motion is that of simple translation, and will be substan- 
tially the same as if we consider the body reduced to a 
mere particle. Hence, in discussing the subject of trans- 
lation it is common to speak of the body as a particle. 

EXERCISES. 

1. If a body be suspended by a very long, fine string, how much force 

will be required to move it sideways ? 

2. If a ship could float on water without any resistance from the water 

or air, how much force would be required to move it ? If it were 
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moviDg, how much force would be required to deflect it from its 
path? 

3. Why does not every body move when acted upon by force ? 

4. If four spring balances are connected end to end, and a man pulls 

with a force of 100 pounds at one end of the four, what will be the 
force exerted at the other end, and what will each balance indicate ? 

5. If a constant pull of 500 pounds is exerted at one end of a rope, 

which is attached to a boat at the other end, will the force exerted 
at the other end be 500 pounds when the boat is in motion ? 

6. Suppose that two heavy sleds are placed on perfectly smooth ice and 

connected by a flexible cord ; if a boy draws them by pulling with 
a constant force of 10 pounds on one of them by means of a rope 
or otherwise, so as to pull both sleds in the same direction, will 
there be a force of 10 pounds exerted on the other one ? That is, 
will the tension on the connecting cord be 10 pounds ? 

(Perfectly smooth is intended to imply that there is no resistance 
between the sleds and ice.) 

7. If, in the p^ceding exercise, the boy ceases to pull, but all the other 

conditions remain the same, what will be the tension upon the 
connecting cord ? 

NewtorHs Three Laws of Motion. 

48. Sir Isaac Newton expressed the fundamental prin- 
ciples of the relations of force to the movement of bodies 
in the form of three laws or axioms. These princvples 
have already been given in the preceding articles, but 
these laws are referred to so frequently, and express so 
clearly and correctly the fundamental principles of the 
motion of bodies, that we cannot do better than present 
them in this place. 

49. First LaTV. — Every body continues in a state of 
rest or of uniform, motion in a straight line^ unless acted 
upon hy a force xohich compels a change, 

50. Seoond LaTV. — Change of motion is in proportion 
to the aeti/ng force^ and takes place in the direction of the 
straight line in which the force acts. 

Observe that the resultant motion is not necessarily \vv 
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This follows directly from the Second Law. For, the 
force i^ will cause the particle to reach a line DC^ which 
is parallel to AB^ in the same time, whether F^ acts or 
not; and similarly Fx will cause it to reach a line BC^ 
parallel to AD^ in the same time ; and hence, when they 
act jointly, it will be found at the intersection of DC 
and BCjOv at C, at the end of the time; and, as it must 
move in a straight line, it will move along the diago- 
nal ^6\ 

This is nearly the same as Article 14, only here we con- 
sider the cause of the motion, while there the velocities 
only were considered. 

53. Resolved Forces. — If a force F would cause a 
particle to describe the line AC uniformly in a given 
time, it may be resolved into two forces, Fi and F^^ one of 
which will cause it in the same time to describe the side 
AB^ and the other, AD of a parallelogram, of which A C 
is the diagonal. This is the converse of the preceding 
article. The resnjt, however, is indeterminate, since A C 
may be the diagonal of an indefinite number of parallelo- 
grams. 

54. Components. — The forces Fi and F^ are called 
componethb forces ; and i^ is the resultant. 

56. The Resultant of two or more forces which act 
upon a single particle, is a force which will produce the 
same effect as all the other forces combined. 

56. Relation bet-ween two Forces and their Re- 
sultant. 

Let 

F^AC\ Fx = AB^DC\ F, = AD', 

ci.= CAD\ S^CAB = ACD'y 

e = DAB ^ 180° - ADC. 
2 
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The triangle ^i? 6^ gives 

AD no 



AC 



mACD "" sin BAC sin ADC 



sm 



or. 



K 



F, 



F 



sin /8 sin a sin 6 * 

57. Reotangular Components. — Let the components 
Fx and F^ make a right angle with one another; and 

a and /8 be the same as in the 
preceding article. Then the 
triangle ^Z^C gives 

i^^i^cos/3; 

i^ = i^' cos a = ii^ sin /3. 

Squaring and adding, observing 
that sin^a + cos^a = 1, we have 

F' = F,' + Fl 




Fig. 14. 



58. If several forces act along the same line upon a 
body, whether in the same or opposite directions, their 
resultant is the algebraic sum of the several forces. 

Let i? = the resultant, then 

R = XF. 



EXERCISES. 

1. When a body is thrown horizontally into the air, why does it fall to- 

wards the earth ? (See the Second Law.) 

2. The planets are free bodies in space ; how much force does it require 

to deflect them from their course ? 
8. A stone, whose weight is 500 pounds, rests upon another stone who8e 
weight is 2,000 pounds ; what is the reaction of the latter agamst 
the former ? 
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4. If two boats of equal size, offering equal resistances to movement on 

water, are connected by a rope, and a man in one of the boats puUs 
on the rope, drawing the boats toward one another, at what point 
between them will they meet ? If a man in the other boat also 
draws in the rope, at what point will they meet ? 

5. If a person is on ice, which moves in a due easterly direction at the 

rate of 1 mile per hour, and he walks on it at the rate of 3 miles 
per hour, in what direction must he travel so that his resultant 
course shall be due south ? 

6. If a ship is sailing south-east at the rate of 8 miles per hour, and the 

tide is carrying it due east at the rate of 3 miles per hour, what is 
its actual course, and its velocity ? 

7. A ship is sailing due south-east at the rate of 10 miles per hour ; what 

is its velocity in a southerly direction ? 

8. If a ball is placed on the floor of a railroad car, and is perfectly free 

to roll, will it change its position if the velocity of the train is 
gradually increased ? Why would it rush toward the forward end 
in case of a collision with another train ? 

9. The force Fi equals 20 pounds, F^ equals 30 pounds, and the angle 

between them is 60 degrees ; required the value of their resultant 
and the angle between it and the forces Fi and F^ respectively. 



Constant Force. 

59. A constant fbrce is one which acts with a constant 
intensity. 

An incessant force is one which acts constantly, but with 
a variable intensity. 

60. A constant force applied to a free hody^ and acting 
along the line of motion^ produces a constant acceleration. 

For, according to the first law, if no force be applied 
the velocity will remain constant, and, according to the 
secoixd law^ the change of velocity will be pi^oportional to 
the force ; and as the force remains constant the change 
of velocity must be the same for each unit of time, that is, 
eonstant. 

If the force be applied so as to produce an increase of 
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velocity, the acceleration will he positive/ but if it causes 
a decrease of velocity, the acceleration will be negative. 
In the former case the velocity would increase indefinitely, 
but in the latter case the body might be brought to a state 
of rest. For instance, a body thrown horizontally on ice, 
or a train of cars, moving after the locomotive is detached, 
would be brought to rest by friction. An active force, 
operating to destroy the velocity, may, by its continued 
action, produce a velocity in an opposite direction. Thus, 
when a train of cars is in motion, the locomotive may be 
reversed and push against the train to stop it, and by con- 
tinuing its action may finally produce a velocity in an 
opposite direction. 

61. A constant moving force is one in which the 
resultant of all the forces is constant. Thus, when a loco- 
motive draws a train of cars, it may exert a constant tuov- 
ing force for a time ; that is, there will be a constant foixje 
for producing motion ; but, as the velocity increases, the 
resistance of the air increases, and usually, after a short 
time, the whole power of the locomotive is exerted in 
overcoming the friction and resistance of the air, and pro- 
duces no increase of velocity. In the latter case, although 
the locomotive may exei't a constant force, it is not called 
a constant moving force, for the pulling force of the loco- 
motive is exactly neutralized by the resistances of the 
train. 

62. The movement of a body under the action of a 
constant moving force is illustrated by Fig. 9, because 
the force produces a constant acceleration. Hence, the 
formulas of Article 24 give the relations between the 
time, space and velocity, when the acceleration is known. 
The line of action of the force is supposed to be in the 
direction of motion. 
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63. Normal action. — If a force acts conBtantlv normal 
to tlie path described by the body, it will not affect the 
velocity. Thus, if a body be connected to a point by a 
string, so that the body will describe the circumference of 
a circle, the tension of the string will not change the 
velocity. The force of the string and the velocity of the 
body may both remain constant. 

64. The force of gravity is one of the forces of nature. 
It is an attractive force, tending to draw bodies towards 
each other. It always manifests itself wherever there is 
matter. It is the force which gives weight to bodies, and 
causes unsupported bodies to fall to the earth. It holds 
the planets in their orbits. It acts tln-ough bodies with- 
out being diminished in its intensity, and upon the most 
central portions of a body with the same intensity as if 
the external portions were removed. 

65. The La-w of Universal Gravitation is as follows : 
Every particle attracts every other particle in the direct 
ratio of its inass^ and in the inverse ratio of the square 
of its d^Mance. 

This law was discovered by Sir Isaac Newton in 1666, 
but, on account of an erroneous value of the diameter of 
the earth which was then used, he was not able to prove 
it at that time. But in 1682 it was found, from new 
measurements of an arc of the meridian, that the correct 
diameter was about -^ greater than the value which he 
had previously used ; and with this value he fully de- 
monstrated the law. 

Let M = the mass of a body A ; 

7/^ = the mass of a body B ; 

D = the distance of the body A from a body C\ 

d = the distance of the body B from a body C \ 
then 
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K 

attraction of A upon C D^ d^ M 
attraction of B u2)on O in m ' L^ 

66. The force of gravity at any place on the ea/rth 
remains constant, — This is shown by the fact that the 
weight of a body is always the same at the same place ; 
also, that a body always falls the same distance in a 
vacuum in the same time at the same place. 

It is well known, however, that upheavals are taking 
place in some parts of the earth and depressions in othere, 
and these doubtless produce exceedingly slight changes in 
the weight of a body, but no apparatus at the present day 
is sufficiently delicate to measure these changes, if they 
actually exist ; hence, we may say that the force of gravity 
is at lesiSt practically constant at every place. 

67. Determination of the aoceleration produced by 
gravity on a body falling freely in a vacuum, — We 
speak of a vacuum because it is shown experimentally 
that all bodies fall the same distance in the same time in 
a vacuum ; and also because it is necessary to exclude the 
resistance of the air in determining the full effect of 
gravity. This is a problem the exact solution of which 
involves considerable knowledge of mechanical principles 
and great skill in making observations. These ^Wwo^Z^, 
so far as they involve the use of the pendulum, will be 
explained hereafter, but in this place we can only describe 
^Q process. 

By means of Atwood's machine an approximate value 
of the acceleration may be determined. 

By means of delicate machinery, and a refined system 
of making observations, the space and time may be 
observed directly. 
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J^ut the most reliable method, or, at least, that most 
commonly used, is by means of a pendulum. Any body 
vibrating on an axis, under the action of the force of gravity, 
is called 2i pendulum. If the vibrating body has percepti- 
ble size, it is called a compound pendulum,, A simple 
pendulum, is a' m^aterial particle suspended on a line 
without weighty and hence, is an ideal pendulum, but it 
has a real mathematical signification. A simple pendu- 
lum may always be found which will vibrate in the same 
time as a compound one. 

If ; = the length of a simple pendulum ; 

t = the time of one vibration in seconds ; 

g z= the acceleration due to gravity in a vacuum ; 

TT = 3.141592 = the ratio of the diameter of a circle 

to its circumference ; 
then 



t 
from which we find 



= '^\/^ 






To determine ^, the number of oscillations for a given 
time, say 10 or 20 minutes, is observed, and this number, 
divided by the number of seconds in the time, gives t. 
The length I is measured directly. These quantities, sub- 
stituted in the preceding formula, will give the value of ^, 
which in this latitude is about 32J^ feet. In this way the 
intensity of gravity has been found at different places on 
the eartli's surface. 

68. The intensity of gravity varies with the lati- 
tude. — By means of the experiments indicated in the 
preceding article, it has been found that the force of 
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gravity is least at the equator, and increases with the lati- 
tude both north and south of the equator. The value of f 
for any latitude L may be found appt^oximatdy by the 
formula 

g = 32.1726 — 0.08238 cos 2 Z ; 

but no formula will give the exact relation between g and Z. 
At the equator Z = 0, and at tiie poles Z = 90° ; hence we 
have 

at the equator g^ = 32.0902 feet, and 
at the poles ^go = 32.2549 feet. 

69. Weight variable. — According to the preceding 
article, a body will weigh less on the equator than at any 

other place on the surface of the earth. But 
this diflFeiience could not be detected by a com- 
mon beam balance, for, a diminution of the 
weight at one end of the beam would be exactly 
the same as that at the other, and if the bodies 
balanced at one place on the surface of the 
I I earth they would balance at every other place. 
^^ The difference, however, might be detected by 
.. .ir a spring balance. Fig. 15, for the more the body 

/ 1^\\ weighed the more it would pull the index down. 
Fig. 15. If ^ body be elevated one mile above the sur- 

face of the earth, it will, according to Article 
65, lose about j^^ of its weight. These variations being 
small, we may, for the purposes of this work, consider g as 
constant, and equal to 32 J- feet. 

70. There are three causes for the variation of 
gravity on the surface of the earth, — Firsts the earth is 
an oblate spheroid, the axis of which coincides with the 
axis of the earth ; and those bodies on the equator, being 
more remote from the centre of the earth than those at 
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higher latitudes * will be atti-acted with less intensity ; 
seco7id, the revohition of the eartli on its axis produces a 
Bo-ealled " centrifugal foi'ce " (to 
be explained hereafter), which 
tends to thi-ow bodies from the 
surface, thus diminiBbing their 
weight ; and tkird, the heteroge- 
neous character of the substance 
of the earth. 

The form of the earth is sup- 
posed to be due to tlie attraction ^^ ^^ 
of the particles for each other 

and to tbe centrifugal force caused by the rotation on its 
axis while the substance of the earth was in a plastic state. 

"71, The atmosphere resists the movement of bodies in 
it ; and hence, the velocity of bodies under the action of 
any force is less than it would be in a vacuum. The 
attraction of the earth being the same on each pai-ticle of 
a body, a light body would fall aa rapidly as a heavy one 
if there were no resistances to their movements; and this 
is confirmed by experiment, by letting bodies fall in a 
vacuum. The resistance of the air varies with the surface 
against which it acts, but in falling bodies the ability to 
overcome this resistance varies as the weight of tbe body ; 
hence, heavy bodies fall faster than light ones in the air. 
But the velocities of heavy bodies, such as iron, stone, 
braae, etc., falling 100 to 200 feet, do not differ much from 

• Aa detcrndned by The Beml-polBr axis la and the eqmtoriBi radios ta 

B«sael 20,853,662 feet ; 20,933,5»6 feet 

Aiiy 20,863,810 feet; 20,823,713 feeL 

Clarkfe 20,853,429 feet ; 30,933,161 feet. 

The eqoatoiinl diameter of the earth is about 26 milea longer than iim 
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each other; and for compact masses of such mat 
falling in air we use 32^ feet for g. 

Formulas for Falling Bodies. 

72. Bodies fkUing from rest.^-The acceleration 1 
constant, we have only to substitute its value in the • 
tions of Article 24. Making f^=-g and « = A in 
foimulas, we have, 

V'=^ gt\ 

h = \g^ ; .... 



. , V /2/A* 2A 
and ^ = - = 1 — I = — . 



73. If a body is projected dovTiiTvard with a vei 
Vqj we makey = g and s = h in Article 25, and have 

V = gt + Vq. 

h = ^gf + v^t. 

74. If a body is projected up-ward with a veL 
the acceleration becomes negative, and the equatio: 
the preceding article become 

v^=^v^ — gt, 
h = VQt — igf. 

75. Problems. — 1. If a body is projected upward 
a velocity of 100 feet per second^ required its heig, 
the end of 2 seconds. 

Equation (8) gives 

A = 100 X 2 -i X 32^ X 4 = 135f feet. 

2. In the preceding problem what will le the heigt 
the end of 8 seconds f 
We have 



[75.] FORMULAS FOR FALLING BODIES. 35 

A = 8 X 100 - i X 32| X 8* = — 229^ feet ; 

that is, at the end of 8 seconds, the body will be 229|^ feet 
klow the starting point. 

3. In Problem 1, what will he the greatest height of 
ascent f 

When it is at the greatest height v will be zero in equa- 
tion (7) ; hence 

v^ = gL 

.'.t = —= 3.1 + sec. 

and this in equation (8) gives 

A = 100 X 3.1 - i X 32| X (3.1)2 ^ 155 4 f^^^ 

^»ffa body is projected upward with a velocity of 200 
feet per second^ required its height when the velocity is 
100 feet per second. 

From equation (7), we find for the time 

^ 200 - 100 600 

^ = — 32r~ = 193 ^"^^^^'' 

which substituted in equation (8) gives 
A = 200 X jg-3 - 4 X -g- X (^jg-g- j = 466.3 feet. 

EXAMPLES. 

1. A body falls from rest through a height of 100 feet ; 

required its final velocity. (Let g = 32J^ feet.) 

2. A body falls from rest and acquires a velocity of 300 

feet ; required the time. 

3. A body is projected upward with a velocity of 100 feet 

per second J what will be the greatest height of 
ascent? 
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4. If ^ = 32^ feet per seeoiid, what will be the accelera- 

tion per minute. 

5. A metre is 3.2S feet (nearly) ; if the unit of time were 

2 seconds what would be the acceleration ? 

6. If a body is projected downward with a velocity of 25 

feet per second, what will be the velocity after it has 
fallen 120 feet ? 

7. In the preceding example, what will be the time of 

descending 150 feet ? 

8. At the instant a body is dropped from a point A^ 

another body is projected upward from a point J?, 
vertically under A^ and they meet at the middle of 
AB ; required the velocity of projection from JB, 

Am. (AB X g)^. 

9. A body is let fall into a well, and 4 seconds afterward 

it is heard to strike the water ; if the velocity of 

sound is 1130 feet per second, required the depth of 

the well. 

Ans. 2^1 feet. 

10. A body is projected downward from a point A with a 

velocity of v feet per second, and another body is 
projected upward from a point a feet below the 
former, with a velocity of V feet per second; 
required their point of meeting. 

EXERCISES. 

1. If a boy draws a load on a sled with an increasing velocity, will he 

exert any more force than if he draws it at a uniform rate ? 

2. Why wiU a body fall more rapidly at the foot of a mountain than at 

its top? 
8. Why may some light bodies faU more rapidly at the top of a moun- 
tain than at its foot ? 
4. If a body, whose weight is 5 lbs. , attracts a particle at a distance of 
5 feet with a force of y^^ of an ounce, with what force will 
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another body, whose weight is 25 lbs. , attract the same particle at 
a distance of 15 feet ? 

5. Which will vibrate in a shorter time, a pendnlnm 10 inches long or 

one 15 inches long ? 

6. If a pendulum vibrates once each second at New York, will the time 

of a vibration of the same pendulum be more or less than a second 
at the equator ? 

7. If a merchant weighs iron in New York and sends it to some port 

near the equator ; will it gain or lose in weight if it be weighed in 
both places with the same beam scales ? Will it gain or lose if 
weighed with the same spring balances ? 

8. What is the value of g (32^ feet) in metres per second ? 

« 

Attraction of Iloinogeneous Shelh. 

76. Problem. — The attraction of a perfectly homoge- 
fieous, spherical shell is the same upon a particle placed 
anywhere within it. 

Let ABCDEhQ a section of an indefinitely tliin spheri- 
cal shell, and O any point within it. Draw lines BOD 
^n^AOC through the point O, mak- 
ing an indefinitely small angle with 
each other, and consider A OB and 
COD as two cones having their verti- 
ces at Oy and their bases AB and 
CD in the surface of the sphere. Tlie 
quantities of matter in each will be ^^^ ^^ 

directly as their bases, but at the limit 
the triangles are similar, and the bases will be as A O^ to 
OC^. The attraction of each varies as the quantity of 
matter and inversely as the square of the distance from O ; 
(see Article 65) that is, 

Attraction of AB ^^^^' ^ {AOf^^ 
Attraction of CD ,^^.3 ^ — 1 ' 

(^^) ^ (0C^~~ 
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liciice, the attraction of the bases will equal one another; 
and, being in opposite directions, will neutralize one 
another's effect. Similarly, conceive that the shell con- 
stitutes the bases of an indefinitely large number of cones, 
then, according to the above reasoning, the attraction of 
all the matter on one side of any straight line drawn 
tlirougli O will exactly neutralize that on the other side. 
The same may be proved for any other point. 

77. Problem. — If the earth were a homogeneous^ hollow 
sphere of uniform thickness^ a body placed at any point 
within the hollow would remain at rest. 

For, according to the preceding article, the attraction of 
any of the spherical shells of infinitesimal thickness upon 

any point within it will be zero, and 
hence, the effect of all of them upon 
the same point will be neutralized. 

It follows from this that if the earth 
were solid and composed of homogene- 
ous, concentric shells, though they var- 
ied according to any law from the centre 
to the surface, the resultant attraction 
upon a particle at the centre of the earth would be zero. 

78. Problem. — If the earth were a homogeneoxLS solid 
sj>here^ the resultant attraction upon any point within it 
would vary directly as its distance from the centre of the 
earth. 

Suppose that a particle is at a distance x from the cen- 
tre ; then, according to the preceding problem, the result- 
ant attraction of the shell outside of x will be zero ; and , 
that portion of the sphere whose radius is x will attract 
directly as its quantity of matter and inversely as the 
square of the distance of the particle from the centre of 
the sphere. 




Fig. 18. 
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The quantity of matter will be directly as the volume, 
or as 

and hence, the attraction will vary as* 

^ IT a? -r- a?y or SiS ^ TT X ; 

that is, directly as the distance of the particle from the 
centre. 

Weight — Mass — Density. 

79. Weight. — The weight of a body has already been 
defined, in Article 32, as a measure of the attractive force 
of the earth upon the hody. 

Weight is not essential to matter. According to Arti* 
cle 76, if a body were placed at the centre of tlie earth it 
would weigh nothing. Similarly, if placed at a certain 
point between the earth and moon it w^ould lose its weight. 
According to the preceding articles its weight depends upon 
its position ; or more specifically, upon the attraction of the 
earth upon it. 

80. Mass is a term used to impress quantity of matter, 
— ^This, as we have seen, is independent of the weight of 
the body; in other words, it is constant for the same body. 
The ratio of the weights of two bodies in vacuo^ deter- 
mined at the same time, whether on the equator, the top 
of a mountain, within the earth, or at any place in the 
universe, is constant. Hence, if two bodies, one weighing 
2 pounds and the other 10 pounds, be balanced on a lever 
at any place, they would remain balanced if taken to a 
place where the bodies weighed 1 and 5 pounds respect- 
ively, or 4 and 20 pounds respectively. 

81. Measure of Mass. — The mass of a body equals its 
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weight at any pUice divided iy the acceleration due to 

gravity at the same place. 

It must be measured in snch a way aft to give the same 

val lie wlierever detennined. As already shown, the weight 

varies directly as the force of gravity, and the acceleration 

due to gravity also varies as the same force ; hence, the 

ratio of the weight to the acceleration will be constant for 

all places, both being determined at the same place. 

If 

M = the mass of a body ; 

TT — the weight of the body at any place, and 

g = the acceleration dne to the force of gravity 

at the same place ; 
then, 

W 
Moc — , 

9 

which may be put in the form of an equation by intro- 
ducing a constant c, hence, 

W 
M=^c—. 

9 

Since G is arbitrary, the unit of mass may be so chosen 
that G will be unity, in which case we have 

M = — ; 
9 

which is the value used in Mechanics. 

The weight in this case must be determined by a spring 
balance, or its equivalent, which must weigh correctly a 
standard pound, or multiples thereof. 

For ordinary practical purposes it is only necessary to 
divide the weight of a body, determined at any place on 
the earth with a pair of good scales, by 32^. 
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The mass of a body might also be found by weigliiiig it 
at any place with a pair of beam scales, using as weights 
Btanda7*d units of inass ; that is, 32^ standard pounds of 
weight. 

82, TJie mass of a body is the number of pounds that a 
hody would weigh at thatplxice where the acceleration due 
to gravity is one foot per secoi\d^ the weight heing deter- 
mined hy a standard spmng balance. 

In the last equation of Article 81 make ^ = 1, and let- 
ting Wi be the corresponding weight, we have 

One such place is in the earth, at about ^ of the radius 
of the earth from the centre, or less than 125 miles from 
the centre of the earth. Another point is about 22,000 
miles from the centre ; for if x be the distance, and the 
radius of the earth be called 4,000 miles, we have, acjcord- 
ing to Article 65, 

(4000)2 :x^\\l: ^^ ; 

.-. X = 22,686 miles. 

Since the weight of the same body varies directly as the 
force of gravity, we have 

M pounds : W pounds : : 1 foot : g feet ; 

W 

9 

In this expression g may be considered as an abstract 
number, being the ratio of the acceleration due to gravity 
at two different places. 

83. The Unit of Mass is a hody which weighs 32^ 
%tandard pounds. 

For, \i M = 1 in the preceding article, we have 

W pounds = g X 1 pound = 3^^ pounds. 
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The term pounds is used in a double sense. We ui 
pounds of weight m\A pounds ofraass^ but no ambiguil 
arises on account of it, for the language of the problei 
will always determine which is referred to. 

84. Analytical expression for Weight. — From tl 
last equation of Article 82 we have 

W=Mg\ 

an expression which is useful in the solution of mai 
problems. 

85. Density relates to the compactness of matter, 
the mass of a body be uniform throughout the volume, t 
density is the mass of a unit of volume. 

Let 

M=^ the mass of a homogeneous body, 

F= the volume of the body, 

D = its density ; 
then, 

M 
D = Y . .',M=Dr. 

If F=l, then 

Substitute the value of M from the last equation 
Article 82, and we have 

W 
D= — 

If the density he variable the density at any point of 
body will equal the mass of a unit of volume having t 
same density throughout the unit as that at the point 
the body considered. 

The unit of volume may be taken as a cubic inch, fo< 
or any other standard measure. 
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KXEKCI8ES. 

If the earth were a homogeneous sphere, and a body on its surface 
weighed 10 lbs. , what would be its weight if placed at a point 
half way between the surface and centre ? 

If a body weighs 10 lbs. on the surface of the earth, what would it 
weigh if elevated to a point above the surface equal to the radius 
of the earth ? 

If the earth were a homogeneous spherical shell of finite thickness, 
what would be the weight of a body placed anywhere within the 
hollow ? 

(The earth is referred to in these questions because the condi- 
tions could not be realized by a hollow sphere on the surface ; for 
gravity would exert its full force on a body placed in the hollow 
of such a sphere.) 

In the preceding example, if a body weighed 10 lbs. on the surface 
of the earth, at what place in the shell must it be placed that its 
weight shall be 5 lbs. ? 

If the earth were a homogeneous shell, and a body were dropped 
from the surface into the hollow, would the motion be accelerated 
or not as it passes through the shell ? And as it passed across 
the hollow would its motion be accelerated or not, no allowance 
being made for the resistance of the air ? 

If a person were placed in the hollow described in the preceding 
question, and should jump from one side toward the centre of 
the sphere, where would he stop ? Could he stop at the centre if 
he desired to ? 

If a person were placed at one extremity of a diameter of the hollow 
referred to in exercise 5, and a ball of equal mass placed at the 
other extremity, and the person should pull on the body by means 
of a string, where would they meet ? If he pulls for an instant 
and then ceases to pull, will they meet ? If he pulls with a constant 
force until they meet, will their acceleration be uniform or 
variable ? 

In the preceding question, if the ball has half the mass of the person, 
which will move faster, the ball or the person ? 

If a person were placed at the centre of the hollow sphere of exer- 
cise 5, and not able to reach anything, coald he move away from 
the centre by his own exertions ? If he had a ball and should 
throw it away, would the person move away from the centre? 
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(He could not drop the ball, for it would not move in any directka 
unless started, ) What would be their relati\ e directions of motion f 
Would they move in straight or curved lines ? 

10. If a body weighs 100 standard pounds, how many ponnds of 

does it contain ? 

11. If a body whose volume is 2 cubic feet weighs 200 lbs., what |i 

its density ? 

12. If a body weighs 5 kilogrammes, what is the mass in pounds? 

13. If the weight of a body whose volume is 1 cubic metre is 8 kilo- 

grammes, what is the density in pounds per cubic foot ? 

14. If a hole were made through the centre of the earth from surface 

to surface, and a ball were dropped into it, would it stop at the 
centre ? Where would it stop if the hole were a vacuum ? At 
what point would it move with the greatest velocity ? 

Dynamic Measure of Force, 

86. Value of a Moving Force. — Forces are compai-ed | 

by their effects. If a force F^ acting as a constant pull I 

oi* push on a body perfectly free to move in the direction | 

of action of the force, produces an acceleration f and ^ 

giavity acting on the same body with a constant force W, 

equal to the weight of the body, produces an acceleration 

^, wx have 

F: W::f:g 

.'.F= W^=Mf; 

if 

that is, a constant moving force of F pounds equals the 
product of the mass into the acceleration in feet jper 
second. 

From the last equation we have 

87. Effective Force. — Only "% portion of the forces 
which act upon a body, may be effeative in moving it, the 
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others neutralizing each other. Thus, when a locomotive 
draws a train of cars, a portion of the pulling force is 
directly neutralized by the resistance of the air, friction 
on the track, and other resistances of the train. If the* 
pulling force exceeds the resistances, the excess will he the 
efective jpuUing force. When the resistances equal the 
pulling force the motion will be uniform. 

88. Remark. — To find the space passed over by a body, 
and the velocity produced in a given time by the action of 
a constant effective force, find the value of y from Article 
86, and substitute its value in the equations of Article 24. 

89. Problems. — 1. If a piston he driven a portion of 
the length of a cylinder hy a constant steam pi^essure^ at 
what point must tJte pressure he 

instayitly reiser sed so that the fuU 

stroke shall just equal the length 

of the cylinder^ the cylinder heing 

horizontal^ and the piston moving 

mthout friction ? 

At the middle of the stroke. 
Whatever velocity is generated by the action through one 
half of the stroke will become neutralized by the same 
pressure acting in the opposite direction through the 
remaining half. 

2. In the pi^eceding example^ what will he the velocity 
at the centre of the cylinder ? 

Let jF= the total pressure of the steam, 
W = the weight of the piston, 
8 = one-half the length of the cylinder ; 

then, from Article SQ^ we have 

F 




Fig. 19. 
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and, if the piston starts at one end, we sabstitiite this 
value in equation (3) of Article 24, and find 

3. A hody xohose weight is W is moved horizontaUy on 
a frictionless surface hy the pull of a constant force F; 

required the sjpace passed over 
MM*' in a time t. and the velocity 

acqmred. 
Fxo. 20. Here we have, 

F 

hence, from Article 24, we find ' 

and *-2r^' 







W 

4i. Jfa hody, whose weight is W on the surface of th 
earth, he placed in tJie hoUow sphere described in Artids 
76 ; required the cotistant j)uU orjyusA necessary to jpro- 
duoe a velocity v in time t. 

From Article 86 we have 

F 
■which, substituted in equation (1) of Article 24, giveB 

from which we find 

Wv 



F= 



gt 
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EXAMPLES. 

If a piston weighs 100 lbs., and the constant steam 
pressure is 2,000 lbs., what will be the velocity 
acquired in moving over 12 inches ? 

In the third problem above, if the weight of the body 
is 500 lbs., and the constant pulling force is 25 lbs., 
required the space over which the body will be 
moved from rest in 10 seconds. 

In the same problem, if the constant frictional resist- 
ance is 10 lbs., what will be the velocity at the end 
of 100 feet ? 

In the fourth problem above, if a body weighs 100 lbs. 
at a place where g = S2 feet, and is placed in a 
hollow space at the centre of the earth ; required 
the pulling force necessary to produce a velocity of 
100 feet in 10 seconds. 

K). Problems. — 1. Suppose that a body is on africtiorir 
splaney and is moved horizontaUy hy a weight attached 
it lyy means of a string pass- 
7 over a puUey ; required 
3 space passed over hy each ^ 
the bodies in a time t^ there 
ing no resista/nces from the 
^Mey, string or air. ^^^ ^ 

' P = the effective moving force, 

= the total mass moved : 

ff ' 

nee, from Article 86, we have 

p p 

9 



w 
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and this, in equation (4) of Article 24, gives 

(Remark. — If the student finds it difficult to distinguish hetween 
the moving force and the mass moved, let him imagine the whole 
system placed in the hollow sphere described in Article 76. Then both 
bodies, P and IK, will be destitute of weight, and no motion can result 
from the action of P. Now conceive that a string is attached to the 
body P, and passed through the shell to some point on the surface 
where a man pulls with a constant force of P pounds ; the result will 
be the same as that given in the preceding problem, for the man wiH 
be obliged to move the mass of both bodies. When the system is on 
the earth, gravity pulls with a force of P pounds on the body P, and 
nothing in the direction of motion of W\ hence the force P must move 
both P and W,) 

2. Required the tension of the stHng in the ^preceding 

proMem. 

Let T = the tension. 

Conceive the string to be severed, and a force applied 
equal to the tension T, pulling upward on the 
body ; then will the effective Tnoving force he 

{P — T) pounds. 

The mass of the body P, will be 

P 

hence, according to Article %^^ we have 

P 

The effective pulling force on TT, Fig. 21, is the tension 
of the string, hence, according to Article 86, 
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Eliminating f from these equations gives 

3. A string passes over a wheel and has a weight P 
attached at one end and W at the other ; if there are no 
resistances from the string^ wheels or air^ 
a/nd the string is devoid of weighty required 
the resulti?ig motion. 

The effective moving force i^ = ( TT— jP) 
pounds ; 

W -{-P 
* the mass moved = ; 



lience, from Article 86, 

Tr+ p 

g ^ ' 
••/- w^P ^' 

and, from Article 24, we have for the space 




Fio. 23. 



« = i 



and for the velocity, 



V = 



TT+P 



W-P 
TT+P 



g^. 



Qt. 



(These problenui are ideal^ since they discard certain elements, such 
as the mass of the pnlley, friction, and stiffness of the cord. These, 
Wever, may all be computed, but they make the problem too compli- 
cated for this part of the work. The chief object here is to confine the 
'attention to the relation between forces and the motion produced upon 
maases.) 
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4. l^lnd the tension of the string in the preceding 
jyrohlem,. 

2PW 



Am. r = 



P+ IF- 



6. A man, whose weight is TT, stands on the platform 
of an elevator as it descends t/ie vertical shaft of a mine; 
if the jjlafform descends with a uniform acceleration of 
\fj^ hIujw tJuit his pressure upon the platform is \W, 
What win it he if the platfo'rm, ascends with the sams 
uniform acceleration f 

EXAMPLES. 

1. In Fig. 21, if P = TTj how far will the bodies move in 

5 seconds? 

2. In Fig. 23, if 17= 2P, how far will the bodies move 

in 5 seconds? 

3. In Fig. 23. IF = 50 pounds ; what must be the 

weight of P so that it will descend 10 ft. in 5 
seconds? What, that it may ascend 10 ft. in 5 
seconds ? 

4. In Fig. 23, if P = 5 ounces, and TF = 4^ ounces, 

and it is observed that P descends ^.S ft. in 2 
seconds ; required the vahie of g, 

6. In Fig. 23, if TF= 10 pounds, required the weight of 
P that the tension may be 1 pound ; 5 pounds ; 10 
pounds ; 20 pounds. 

6. In Fig. 21, if TF = 20 pounds, P = 2 pounds ; re- 
quired the time necessary for the bodies to move 
10 ft. 
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EXEKCISES. 

1. A spring balance may be inserted in the string of the preceding 
problems in such a way as to indicate the tension. Suppose that 
snch a balance were inserted in the vertical part of the string in 
Fig.. 21, and the string cut off above it, what will the balance indi- 
[ cate afterwards ? 

I 2. If a man pulls a weight vertically upward by means of a cord 
' attached to the body, will the tension on the cord equal or exceed 

I the weight of the body ; — the weight of the cord being neglected. 

^ Consider the case when the motion is accelerated, and when it is 

uniform. 
8. If a man stands on the platform of an elevator as it descends a shaft 
with an acceleration, how will his pressure upon the floor compare 
with his weight ? How if the platform is ascending ? 
4. If a man slides down a vertical rope, checking his velocity by grasp- 
ing it more or less firmly, but with a constant g^p, how will the 
tension on the rope compare with his weight ? 
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WOKK FKICTION. 

8L Work is the overooining of resistance coiiHnut 
recurring alo?i^ the path ofinotion. — Thus a horse, wfl 
drawing a load on a cart, dous work by constantly t 
coining the fi-iction of the axle and the resistances of"| 
roadway. The same effort, howevei", may be exevtec 
producing motion only, prodiiuing live or stored i 
Hence, the following is a more general definition : W)^ 
is the e^ect produced by a force in moving its own j. 
of application in such a way that it has a c 
motion in the direction of action, of the force, 

92. Meastire of Work. — A horse that draws a ] 
two miles does twice the work of drawing it one mile, I 
one-Hftli the work of drawing it ten miles. The ■" 
therefore, varies directly as the space over which 1 
resistance is overcome. It is also evident that, if the i 
had drawn a load twice as large, he wonld have doneti 
the work in the same distance ; hence, the work also v 
directly as the resistance. This principle is general, d 
applies to all cases in which the force is constant. 

Hence, if 

F^ & constant force ; 
s = the space over which F acts, and 
U = the work done by F; 
then 

93. The work of a variable fbroe is found by di'^ 
iiig the space into small parts, so small that the fort 
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maybe considered constant over each part, and taking 

the sum of all th^ elementary works. 

Let 

F = the force acting over any one of the 

elementary spaces ; 

As = an elementary space ; 
then 

Cr=SFA^. 

84. Mere motion is not work, — If the planets move in 
space without meeting any resistance, they do no work. 

95. The Unit of Work is the raising of one pound of 
matter verticaUy one foot^ and is called a foot-pound. 
The resistance overcome by raising matter is the force of 
gravity. A weight of one pound drawn horizontally is 
not the unit, unless the frictional resistance should happen 
to equal the weight. It is not the weight moved, but the 
resistance overcome, that constitutes work. 

96. Work represented by a Diagram. — When the 
force is constant the work may be represented by a 
rectangle. 





Fio. 24. 



Fio. 25. 



Thus, in Fig. 24, let the base of the rectangle represent 
the space «, and the altitude represent the force F^ then 
will the area of the rectangle he 

Fs, 

which is the expression given in Article 92 for the work. 

If the force does not follow a known law, we may still 

find the work approximately by constructing a curve, the 

abscissas of which, Aa^ ab, be, etc., shall represent the 
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Bpacee, and the corresponding ordinatee, am, In, co, ek-., 
sliall reprcfiunttbo corresponding resifltancee; then the fti-ea 

of the iigiii-e will represent tlie work, for the area will be 
SFAg. The area may be found to any degree of approxi- 
mation by dividing it into an indefinite nnniber of trape- 
roida, finding the area of each and taking their snm. 
If the force varies directly as the space over which it 
acts, the work may be represented 
by the area of a triangle, of which 
the liase represents the space and 
the altitude, the final force. For, 
sTiy ordinate be will be directly an 
~ * its distance from A. 

97. The total work « independ- 
ent of the time required to perform, it. — For, the space 
may be passed over in a longer or shorter time without 
affecting the product of J^ into s. The horse tliat draws 
a load one mile, does a definite amonnt of work, whetlier 
it be done in one hour or five hours. 

98. Time and velocity are wnpUcitly implied in doing 
work ; foi', the space involves both. If the space be 
passed over with a constant velocity we have 



in which 



V = the velocity, and 
i = the time. 
Hence, ^ -, „ ^ 

' U=Fs~ Fvt; 

tlierefore, if the velocity be nniform, the work will vary 
directly as the time ; and if the time be constant, the work 
will vary directly as the velocity. 
99. Dynamic Efffeot,^If the velocity be nniforra and 

( = 1, we have , t' 
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ThiB is the work done in a unit of time, and is called 
Mechanical Pow&i^^ or Dynamic Effect and sometimes 
simply Power. It is the rate of doing work, or simply 
worhrate. 

100. The unit of Dynamic Efibot is called the horse- 
power. It is 33,000 pounds raised one foot per minute. 
It was determined by Boulton & Watt by means of trials 
with horses at a colliery in England. It is doubtless much 
larger than what the avei'age of good horses can do for 
hours in succession, but it inay be considered as an arbi- 
trary unit, by which the work done by a horse or other 
working power in a given time, may be measured. It is 
used to measure the efficiency of hydraulic motors, steam 
and air engines and other machinery. 

lOL Work may be usefU or prejudicial. — ^That is 
useful which produces the article sought, and that which 
wears out the machinery is prejvdidal. The former 
produces money for the mechanic while the latter costs 
money. 

Prejudicial work is genei'ally frictional in its character, 
but all friction is not prejudicial. Thus, the friction be- 
tween the driving wheels of a locomotive and the track is 
necessary, and hence, useful. In a similar way the frio 
tion between belts and pulleys is useful. 

It is not always possible to 
distinguish between useful and 
prejudicial work. The latter 
always accompanies the former, 
but we know that, for economy, 
the latter should be reduced as p„ ^^ 

much as possible. 

102. If the force acts at an angle with the line of 
motion it may be resolved into two forces, one of which 
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is pai'allcl to the path described bj the body and the otlier 
])eri>on(lic;ular to it. Thus, in Fig. 27, the normal com- 
ponent of the force F is 

J!f= I'smFOP; 
sad the horizontal component is 

P = Fcm FOP- 

There being no motion normal to the path, the former i 

component does no work ; and the work done by the latter, j 

according to the definition, will be I 

U = Pa = Fs cos FOP. 

If a body is moved around a Bemi-cii-ciimference by a 

constant force acting parallel to a fixed diameter, the 

woi-k wil! be the product of the force into tlie diameter. 

103, Work in a Moving Body. — A moving body can- 
not be ingtantly brought to rest, and wh-ev both resistance 
and space are involved in a result, work has been done. 
The work which a moving body is capable of doing eqiiale 
the product of the mean reBistanee whi^h it overcomes 
into the gpace over which it works. Thne, if a caimon 
ball should penetrate the eai-th 10 feet, and the mean 
resistance were 600 pounds, the work done would be 5,000 
foot-pomjda. Another mode of measuring it is given in 
Ajticle m. I 

FHction. * 

104. Friction is that force or resistance between tteo 
bodies which prevents, or tends to prevent, one body from 
being drawn upon another. 

All bodies are rongh. However perfectly they may bo 
polished, an inspection of their S)irfa(;e8 with a glass of 
high magnifying power, shows that they are still very 
rough. A smooth surface is a comparative term, implying 
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hhat it is more or less smooth. A perfectly smooth surface 
probably does not exist; but when the term is used it 
means that the surface offers no resistance of any kind. 
It is an ideal surface. 

It is certain that if two perfectly smooth plane surfaces 
were brought in contact, they would offer a great resist- 
ance to being drawn upon one another on account of the 
adhesion between the bodies. They would hold to one 
another nearly as strongly as if they were solid. When 
we refer to smooth surfaces in problems, this force is also 
excluded. 

105. Experiments in regard to Friction. — ^M. Morin, 
a French savant, was one of the first to determine the laws 

] of friction. These laws were deduced by experiments 
upon a variety of substances under a variet}'^ of conditions. 
A device similar to that shown in Fig. 29 was used. A 
body TTwas placed upon along strip of another body, and 
H was desired to determine the friction between them. 
A strong fine cord was attached to the body, and, passing 
over a pulley at the end of the platform, was attached to 
a dish in wliich were placed weights P. The weights P 
were made to exceed slightly the frictional resistance, and 
thus pull the body TT along the other body. The space 
over which they moved in a given time was then observed, 
and with the data thus obtained the friction was computed 
as shown in Article 109. 

Weights were added to the body TT so as to produce 
greater pressure ; also weights were added to the dish and 
taken fi*ora it, so as to produce a greater or less velocity. 

Dififerent substances were used for the body TF, and 
also for the hoiizontal strip on which the body W slid. 

106. Angle of Friction. — Suppose that a body W is 
placed on an inclined plane AC^ one end of ^\v\di \^. 
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gradually raised until motion begins, or the body is in 
state borderiug on mcrtion. The weight IF may be resolve 
into components ; one, parallel t 
the plane, which tends to pull tb 
body down it, and the other pei 
pendiciilar to it. 

Draw Oa parallel \a AO, am 
ab perpendicular to it; and le 
Oh repreamit W, Then, accordinj 
to Article 52, we have 




= TTsin abO = IFsin CAB. 



Tliis equals the resiBtance due to friction. 
Let 

N— the normal pressure = aS ; 
lien 

^= WamalO = TTcos CAB 



hence, 



F W?,mCAB ^ _.„ 
'I^=W1^^AB^^'^^^^^ 



i 



which is called the aiigle of friction, or angle ofrepoW, 
107. Iia-ws of Friction. — The fol lowing laws have bee 
deduced from the experiments of Morin and others : 

1. Friction of motion is slightly less than that of rest 

2. The total amount of friction is independent of tl 
extent of the surfaces in contact, 

3. The amount of friction between two surfaces varii 
directly as the normal pressure, and with the character ( 
the surfaces in contact. 

4. Sliding friction is independent of the velocity. 
These laws are sufficiently accurate for ordinarv' veloc 

tics when the surfaces do not abrade, or cut one anothe 
Lubricants aro employed to diminish fi'iction. Oil 
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the most ccHnmon lubricant, though water is better in 
some cases. 

108. Coefficient of Friction. — According to the third 
principle of the preceding article, it follows that the ratio 
of the total friction to the total normal pressure between 
two surfaces is constant. This ratio is called the Coefji- 
dmt of Friction. 

Let N = the normal pressure ; 

F= that force which is just sufficient to 
produce motion when acting par- 
allel to the plane of the surfaces ; 

fi = the Coefficient of friction ; 

then 

F 

Comparing this with the equation of Article 106, we 
see that the coefficient of friction equals the tarvgent of 
t^ angle of repose. 

If the body moves on a horizontal plane, the normal 
pressure equals the weight , hence, 

F 

If TT = 1, /t = jF; hence, the coefficient of friction 
equals the friction caused by one pound of the body. 

108. To find the value of the coefficient of Miction 
of motion. 

Let Tr= the weight of the body on the plane, 
P = the weight which moves it, 
y^= the acceleration, 
IL = the coefficient of friction ; 

then the total friction will be 
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and the effective moving force, neglecting the motion of 
the pulley and the cordage, will be 

P-I^W, 

and the mass moved will 
be 

hence, according to Arti- 
cle 86, 

F + W 

•••^"" P + TT ^' 
This vahie in equation (4), of Article 24, gives 

from which we find 

_ fft^P - 2{P + W)s 
^~ gt^W 

Knowing the weights JP and W, and measuring care 
fully the space 8 and time t, the second member becomes 
completely known ; and hence, by reduction, /i becomes 
known. 

For oak on oak, fi = 0.48 when the fibres are parallel 

to the motion, and 
0.19 when the fibres are perpen- 
dicular to the motion. 

Wrought iron on cast iron, fi = 0.18. 

Cast iron on cast iron, fi = 0.15. 

M. Pambour made experiments upon the frictional re- 
sistance of trains of cars on some railroads in England, and 
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> fonnd the friction to be 8 pounds per ton gross ; hence, 
the coefficient was 

8 1 



'^ ~" 2240 "" 280 • 

Experiments in this country gave 6^ pounds per ton 
gross under favorable conditions. 

HO. Problems. — 1. A j)iston is vioved in a horizontal 
cylinder^ as shown in Prohlera 1, Article 89, hy a constant 
steam jp^^essure of F pounds. At what point must the 
pressure he instantly reversed so that the full length of 
the stroke shall he a inches^ there heing a constant friction 
of Fx pounds throughout the stroke? 

The efifective driving force will be i^ — Fx 'pounds. 

The effective stopping force will be jP + F^ pounds. 

Let 

B = the space over which the former acts, and 
B^ = the space over which the latter acts ; 

then 

« . + «i = a. 

The work done upon the piston by the driving force 
will equal that done by the stopping force ; hence, 

(JF-F^s^iF-VF^Sx. 
Eliminating s^ between these equations, gives 

F^Fx ^ 

* = -2]F-^- 

2. A si/ream of water falls ove^' a dam hfeet high^ and 
has a section of a square feet at the foot of the fall ; 
required the horsepower constantly developed. 

(The section is taken at the foot of the fall, for the 
velocity is measured at that point.) 
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The velocity at the foot of the fall will be 

aud the volume of water which passes over the dam in 

second will be 

aV2gh. 

The weight of a cubic foot of water being 62^ pou 
the weight of the quantity will be 

W= 62ia ^^^^j>ound8per second^ 

= 60 X 62^« f^'^^ pounds per minute. 

The weight, multiplied by the height A, through w! 
it falls, will give the work it can do in one minute^ 
the result, divided by 33,000, will give tJie horse-powe 

oo\)\)\) 

3. I^ind the work necessary to draw a iody up an 
dined plane. 

In Fig. 28, Article 106, let 

l = AC\ b=AB; /i = i?C; Tr= theweight of the b 
As shown in Article 106, the normal pressure will I 

A^=TfcosG4^=^TF; 
and hence, the friction will be 

which, multiplied by the length of the plane, gives 
work necessary to overcome the friction ; 

fjLJSri = fibW. 
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The component of the weight along the plane will be 

h 



W 



sin CAB=zj-W, 



and the work of overcommg the weight will be I times 
this result, or 

ATT; 

hence, the total work will be 

fibW+hW; 

hence, it equals the work which would be necessary to 
draw the body horizontally from A to JB, and lift it verti- 
cally from B to C 

4. Bequired the work necessary to corwpress a coiled 
sp^'ing a given amount. 

It is found by experiment that, as long as the elasticity 
of a spring remains perfect, the amount of compression 
varies directly as the compressing force. That is, if one 
pound compresses it one inch, two pounds will compress 
it two inches, and so on. Hence, if 

jp = the force which compresses a spring 

one inch, 

P = the total compressing force, 

s = the amount of the compression produced 

byPj 
then 

and the work is represented by Fig. 26, in which AB = «, 
BC^P. 
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1. How many cnbic feet of water will a 60 liorse-power 

engine raise in an lionr from a mine 500 feet deep, 
if a cnbic foot of water weighs 63J pounda? 

2. Find the work necessary to i-aise the material in making 

a well 20 feet deep and 3 feet in diameter, if the 
material weighs 140 pomide per ctibic font. 

3. The pi-essiire on a steara piston, moving horizontally, aa 

in Prob. 1, Art. 89, ie 1,000 lbs., the fricfion 200 Iba; 
how far mnst tlie pressure act befoi-e it is instantly 
reversed that the full stroke may be 12 inches i 
i. The French nuit of work is one kilogramme raised 
vertically one metre ; reqnired the equivalcTit in 
foot-pounds. {Take the metre at 39.37 inches and 
the kilogramme at 2,3 ponnds.) 

5. According to Navier it requires i3,333 French units of 

work to saw a square metre of green oak; how 
many foot-ponnda will be reqnired to saw a sqnare 
foot of the same material ? 

6. A stream of water falls vertically over a dam 12 feet 

high, and has a transverse section of one square foot 
at the foot of the fall ; required the horse-power 
constantly developed. 
7- A hammer, whose weight is 3,000 pounds, falls verti- 
cally 8 feet; how far will it drive a pile into the 
earth if the constant resistance is 10,000 pounds t 

8. If it is found by means of a spring balance that a sjian 

of horses pull with a constant force of 200 pounds 
in drawing a plough ; if they travel at the rate of 
2 miles per hour, what will be the mechanical power 
required to work the plough ? 

9. In Fig. 29, let W = iO pounds, /' ^ S pounds, and it 
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is observed that P moves over 4 feet in 3 seconds ; 

i required the coefficient of friction. 

1 10. In Fig. 29, W=26 pounds, P = 5 pounds, and the 
coefficient of friction = 0.16 ; required the space 
over which the bodies will pass in 5 seconds. 



EXERCISES. 

1. What is the unit of work ? Is work the same as force ? 
1 Is frictioii force ? When is it useful and when prejudicial ? 

3. In what sense is work independent of the time, and under what cir- 

camstances is it dependent upon the time ? 

4. A body placed on a plane, which is elevated at an angle of 15 degrees, 

is just on the point of moving ; required the coefficient of friction 
between the body and the plane. 

5. A body, whose weight is 25 pounds, is on a horizontal plane ; re 

quired the tension of a string by which the body is drawn along 
imif ormly, the coefficient of friction being i. 

6. Define mechanical power. Is it work ? 



CHAPTER IV. 

ENEBOY. 

111. Energy is a term to express the ability of an agenA 
to do work. We have seen, Article 103, that a moving 
body is capable of doing work. A slight consideration of 
bodies at rest shows that they are also cajpahle of doing 
work. Thus, the water in a mill-pond is capable of doing 
nsefiil work by being passed through a water-wheel. To 
do work the water must be in motion, but the weight of 
the water falling through a given height will do a certain 
amount of work, and this amount can be determined 
while the water is in position. Similarly, the same can 
be shown in regard to other bodies at rest. These ideaB 
have given rise to the terms Kinetic energy and Potentici 
energy, 

112. Kinetic Energy is the energy of a moving hody, 
and is the work which the body must do in being brought 
to rest. It is visible energy. 

The work which a moving body is capable of doing is 
the same as if it had fallen in a vacuum through a height 
suflScient to produce the same velocity. 

Let 

W = the weight of a body, 
V -- its velocity, 

h = the height through which the body must fall 
to produce the velocity v. 
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The work necessary to raise a body a heiglit h will be, 
according to Article 92, 

If the body fall freely through the same height, it will 
be capable of doing the same amount of work when it 
reaches the foot of the fall. The velocity produced in 
falling a height h will be (Article 72), 



Substitute this value in the preceding expression, and 
making. 



Jf = — (Article 80), 



we have, 



The expression ^Mv^ is called the kinetic energy, and is 

represented by £^, the initial letter of kinetic. It is also 

called the vis viva* or living force of the body. Hence, 

tke kinetic energy of a moving body equals the work 

' 9tored in it. 

113. Potential Energy is latent energy. It is the work 
which a body is capable of doing in passing from one 
condition or position to another. Thus, the power in a 
coiled spring is jpotential; but, when freed from its restrain- 
ing power, it may move the wheels of a watch, or clock, or 
drive other machinery, in doing which it is changed from 
a condition of tension towards one free from tension. The 

* Afo^ is often called the vis mva, but its use is not quite as convenient 
u the definition in the text, and there is a growing tendency towards 
the general adoption of the definition given above. It makes no differ- 
eooe, however, which is used, provided it is always used in the eam.^ f^«s\a^ 
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power in a weight held at a giveu height is potmiii-al ; but, 
ill descending, it may be made to turn luaehiiier; and thuB 
do worlc, in doing vhieh tlie body paeses from a liigh posi- 
tion to a lower one. The power stored in eoal, wood, or 
other fiiel \& potential ; but, if the fuel be burned, it may 
generate Bteain and thus do work, in doing which it is 
changed fi-oin the condition of f nel to that of ashes, cindeiB, 
smoke, etc. Tlie power in gunpowder is ^■aien// but, if the 
powder be exploded, it will do work, and may be made to 
throw a cannon ball, or rend rocks, or produce motive 
power. The power contained in food is jwtential; bat 
tlie food, by nourishing animals, and thus imparting 
strength to them, becomes a source of work. The power 
contained in zinc is potential; but the zinc, when acted 
upon by acids, becomes active and capable of driving 
electro-magnetic engines. Air compressed and stored in 
a vessel contains poleutial energy ; but, by iicHng upon 
snitalile machinery as it expands itself, it will do work. 
The power of steam confined in a boiler is potential ; but, 
if the steam be passed througli suitable mecbjuiism, it will 
do work. 

The expression, Change of Position, is sufficiently 
comprehensive to express all the changes of condition. 
Potential Energy has been defined as Energy of Position, 
It is represented by the Greek letter JI, the initial of 
potential. 



114. General Statement. — It is well known tliat heat 
may be produced by friction, or rather, according to onr 
present knowledge of the subject, the work of overcoming 
friction produeea heat. Thus, the boy, by nibbing ft 
brass button briskly on his sleeve, soon makes it too hot 
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for the comfort of his neighbor's hand. Kubbing tv\'^o 
sticks together makes them warm. One of the earliest 
methods of obtaining heat was by friction. The heat 
produced by the friction of a match, when nibbed on a 
I rongh surface, ignites the phosphorus, which, by burning, 
i 80 increases the heat as to set the wood on fire. Axle 
I bearings in machineiy often become so hot from fi-iction 
I as to set fire to tlie oil and wood which surround them, 
hi an experiment made by Sir Humphiey Davy in 1799, 
two pieces of ice, rubbed together in vacuo at a tempera- 
ture below 32° F., were melted by the heat developed at 
tlie surfaces of contact. 

Iron and other substances may be heated by being 
struck rapidly. Compressing air, or other gaseous bodies, 
develops heat. 

115. The Dynamic theory of heat rests upon the 
hypothesis that heat consists of the motion of the mole- 
cules of a body, or is the result oi that motion, and that to 
produce these motions requires a definite amount of 
mechanical energy. This hypothesis is confirmed by the 
experiments of Joule, who produced heat in a variety of 
ways — compressing air, compressing gases, agitating water, 
and by friction between cast-iron surfaces. 

According to Joule's experiments, if a body weighing 
one pound were permitted to fall freely 772 feet in a 
vacuum, and all the energy thus acquired could be utilized 
in heating one pound of water, it would raise the tempera- 
ture 1° Fahrenheit. This is Joule's equivalent, and in the 
mathematical theory of heat is represented by J. It is 
leoognized as the mechanical equivalent of heat. 

116. The Meohanioal Equivalent of Heat. — There is 
t definite relation between the work expended in over- 
coming friction and the heat which is produced b^ \1, 
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The earli^t experiments of which we have an v historical 

knowledge tending to pi-ove this fact were made by Count 
Rnmfuid. In 1798 he iiiii>Iialied iu the Tratis. of the Eoyal 
Phil. Stjciety some of his ex]ieiimenta upon this subject. 
A braes caunou weighing 113 pounds was i-evolved hori- 
zoutaliy, at the i-ate of 32 revohilioim per raimite, against 
a hhmt stetil borer with a pressure of 10,000 pouuds, Li 
half an lionr the tcnipci'ature of the metal had I'iseL from 
60° to 130° F, This heat would have been enfficieiit to 
raise the temperature of five ptMiiida of water from 32° to 
212°. In another experiment the eaitnou was placed in a 
veBsel of water and friction applied as before. In two 
hours and a half the water actually boiled. T/te heat ~ 
gene-rated in this case teas calculated by Eumfurd to be at: 
least eqnal to that given out, during the same time, by the 
hiirnin'g of nine wax candles, three-quarter inch in dia--'' 
meter, each weighing 245 grains. 

Fourrier, in the year 1S07, gave the laws of the traus- 
mifisiou of heat by radiation and conduction, and laid the 
foundation for the mathematioal theory of heat. Sadi 
Carnot, in his work entitled "Eeflexions sur la puissance 
motrice dii feu," published in 1824, compai-e^ the energy 
of heat to that of a fall of water from one level to another. 

This branch of science, however, made little or no prog- 
i-ess until it wa.'5 shown that there was a definite relation 
between heat and work. Sevei-al con tempo j-aneous investi- 
gatore entertained the view that such definite relation 
existed, aud labored independently to prove it. In lSi2 
Dr. Mayer, a physician of Heilbi-onn, formally stated that 
there exists a connection between heat and work, and first 
introduced the expression, '^ mecJiaiiioal. equivalent of'\t 
heat^^ In tlie same year Colding, of Copenhagen, pnlx^ 
lished experiments on tJie pi'oductioii of heat liy frictioii/l 
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-from which he concluded that the quantity of heat pro- 
duced by friction was directly proportional to the woi'k 
expended. 

But, the most important were the labore of Dr. J. P. 
Jonle, of Manchester, England, who, during the years 1840 
to 1843, by a series of very careful and elaborate experi- 
ments, determined a value for the mechanical equivalent 
of heat which is considered as the most reliable ever 
fouDd. (See Phil. Trans., 1850, p. 61.) 

117, Joule's Experiments. — It being impracticable to 
change the energy of a body falling freely into heat in 
Bttch a way as to measure the exact equivalent. Joule 
reaorted to different devices. One of the most reliable is 
the following : 

A copper vessel By Fig. 30, was filled with water and pro- 
vided with a brass paddle-wheel (shown by dotted lines), 
which could be made to rotate about a vertical axis. The 
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paddle had numerous openings, so as to agitate the water 
ttmnch as possible when it rotated in the vessel. The vessel 
WIS closed so as to prevent the escape of the water, awd ^n^^ 
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jn-ovided with s. thermometer to raeasare a change of ■ 
teniperatni-e. Two weiglits, £ and J"', were attaebe^ 
cords which passed over the axles of the pulleys a; 
and were comiected witli the axis A, bo that as the weig 
deeceiid the paddle would be made to revolve, 
height of tlie fall was indicated by the scales G andl 
the total fall in Joule's experiments being about 63 6 
The roller A was so connected to the axis of the j 
that, by removing a pin, the weights could be wouiiA] 
without disturbing the axle. In this way the experim 
were repeated twenty times. 

The work done by gi-avity was expressed by {J^+E)M 
This was all expended in the following ways; 1st, (AT 
ill overcoming the resistance of the water ; 2 
coming the friction of the several beai-ings; and In 
tlie kinetic energy in the moving parts at tlie i 
the motion was stopped. In the expeniiienta the ^ 
latter wei-e reduced as much as possible by the i 
cal aiTangetneuts, bnt their effects were computed and 
deducted fix>m the work done by gi-avity. 

The remaining work was expended in. overcoming thffi 
resistance of the water, and thus developed heat. 

Taking as a unit of heat that necessai'y to raise tbo 
temperature of one pound of water 1° F., the unit of heat 
equals 172 J^oot-pounds of work. 

If the unit of heat be that necessary to raise one kilo- 
gramme of water 1° C, then a unit of heat equals 424 



General Priiicijiles of Mnergy. 

118. Transmutation of Energy, — "We have seen that 

kinetic energy may be changed into an equivalent of lieat 
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energy through the agency of friction. We also know 
that heat energy may be changed hito kinetic energy, as 
is constantly done in the ordinary steam-engine. Other 
energies are constantly brought into action, such as elec- 
tricity, magnetism, ciiemical action, forces of polarity, and 
indeed any agency by which matter is moved. The rela- 
tions between the different kinds of energies are not well 
known, except that between heat and visible energy ; but 
it is believed that they all consist of some kind of mole- 
cular motion, and are kinetic or potential according to 
circumstances, and that they are changeable one into the 
other. 

This transmutation is constantly going on. To illus- 
trate it with an example : The energy of the sun's heat is 
stored in the plant and there becomes potential. The 
plant may be changed to coal, imparting some of its 
energy to surrounding objects, but concentrating its 
remaining potential energy into a smaller space. Coal is 
raised from its bed by means of kinetic energies, and used 
in a locomotive engine, for instance, where it is burned 
and becomes kinetic. One portion of this energy becomes 
stored in the steam in the boiler ; another portion escapes 
with the smoke ; still another portion escapes through the 
walls of the fire-box ; and another is thrown away with 
tlie live coals which fall through the grate, or are hauled 
out of the door of the fire-box. 

The steam from the boiler is admitted into the cylinder 
of the engine, and a portion of this energy is utilized in 
driving the piston, and another portion escapes with the 
exhaust steam. The energy of the piston is expended in 
producing heat on the track, heating the axles under the 
cars, overcoming the resistance of the air, weai-ing the 
couplings between the cars and the working pavV"^ oi \\\<fe 
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machinery, bruising the ends of the rails, crushing the 
ties under the track, disturbing the earth or other material 
which forms the roadway, and imparting kinetic energy to 
the train. The energies which are transmitted to thase 
several elements finally disappear in heat, which is quickly 
absorbed by the atmosphere, beyond which wo are unable 
to trace it with any degree of certainty. 

119. Conservation of Energy. — These principles are 
included in a general law called the Conservation of 
Energy^ which may be stated as follows : 

1. The total amount of energy in ths JJnivei^se is con- 
stant. 

2. The various forrns of energy may he converted the 
one into the other. 

It follows from the former of these that no energy is 
ever lost. Energy is indestructible. 

This law is the result of a long series of observations, 
experiments, and generalizations, but it is now considered 
as firmly established as any law in nature. It is accepted 
as a fundamental law in Physical Science, and is as uni- 
versal in its application as the law of gravitation. 

120. Non-equilibrium of Energies. — Enei-gies work 
only as they pass from one condition to another, and this 
is done only when they are not in equilibrium. Thus, if 
two metals are equally hot, one cannot impart heat to 
the other. A body by losing heat loses energy. When 
steam works by expansion, the temperature is reduced. 
The energy stored in coal is developed by being burned, 
but the heat thus produced exceeds that which it imparts 
to steal n or to other bodies. We know of no means by 
which heat energy can be changed into an equivalent of 
kinetic energy ; for in every attempt to accomplish it 
there is an apparent loss of enei'gy, some of it becoming 
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potential, or assuming an energy of a lower form. This is 
called diversion of energy. We have, however, seen that 
visible energy is readily changed into heat. Should all 
the energies of the universe finally become changed into 
heat uniformly distributed throughout space, all motion 
would cease, and the universe would become virtually 
dead. Such a result has been predicted by some writers 
upon this subject. 

121. Perpetual Motion. — By perpetual motion, in a 
popular sense, is not meant ceaseless motion, such as we 
see in the earth and other planets, but a machine which, 
when put in motion, will continue in motion indefinitely, 
without the application of additional power. But every 
machine, when in motion, must overcome the resistance of 
the air and the friction of the bearings, and as these 
resistances cannot be entirely removed, or annihilated, it 
necessarily does work, thus consuming the energy imparted 
to it. When all the energy has been consumed the ma- 
chine will stop and remain at rest. A perpetual motion 
machine is an impossibility. In order to be possible it 
innst expend more power than is imparted to it ; or in 
other words, it must possess a self -creating power. 

EXAMPLES. 

1. How many foot-pounds of work is stored in a body 

which weighs 25 pounds, and has a velocity of 100 
feet per minute % 

2. If a body, moving with a velocity of 5 feet per second, 

penetrates the earth 2 feet, how far would the same 
body penetrate it moving with a velocity of 1 5 feet 
per second, the resistance of the earth being uniform 
along the path of the body in both cases \ 
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3. If a train of cars weighs 60 tons, and moves at the rate 

of 40 miles j^er hour, how far will it move before 
being brought to rest by friction, the friction being 
8 pounds per ton, no allowance being made for the 
resistance of the air ? 

4. A train of cai-s weighing 200,000 lbs., and moving at 

the rate of 20 miles per hour, is suddenly stopped ; 
if all its energy be utilized in heating water^ how 
many pounds of water would be raised in tempera- 
ture from 32° F. to the boiling point, or to 212° F. ? 

5. In Fig. 29, Article 109, if W= 10 lbs., P = 4t lbs., 

fjL — 0.2, g = 32 J, and the weight TFis drawn 5 feet 
by the weight I^ falling the same distance, when the 
latter stiikes the ground ; how far will the weight 
TTmove before being brought to rest by friction ? 

6. If a piece of iron whose weight is 200 lbs. is moved 

at a uniform rate to and fro on another piece of 
iron, the coefficient of friction between them being 
0.2, what must be the velocity of the moving body 
so that the heat developed by the friction would, if 
entirely utilized, raise the temperature of 5 lbs. of 
water 50° F. every 3 minutes. 



EXEECISES. 

1. Is force the same as energy ? 

2. Does kinetic energy mean work done, or ability to do work ? 

8. An animal eats food which, mechanically speaking, is potential 
energy ; indicate some of the energies which follow the digestion 
of the food. 

4. Why is not wood heated as much by a ball fired into it as iron is by 
a ball fired against it ? 

6. WiU a ball flying through the air be warmed on account of the fric- 
tion of the air ? 
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6. What becomes of the energy due to the motion of the water in 

rivers? 

7. Why do a person^s hands become warm by rubbing them against one 

another? 

8. If a ton of cosd, which costs 5 dollars, will evaporate a certain 

amount of water, and it requires two cords of wood to evaporate 
the same amount, what will the wood be worth per cord for the 
same purpose ? 



i 



CHAPTER V. 

HOMENTUH. 

122. The equation of Article 86 is 

Equation (1) of Article 24 is 

and, eliminating/* from these equations, gives 

Ft = Mv. 

The quantity Mv is called tlie momentum of a body 
whose mass is M. This, however, is merely giving a 
name to an expression, but by comparing it with the first 
member of the equation we see that it is the effect which 
a conatmit foi'ce F jproduces in a tim^e L We therefore 
call it a time-effecty and represent its value by Q, 

/. Q = Mv, . . . (1) 

If a body has a velocity Vq when the force begins to act 
and a velocity v after a time t, then 

Q = Ft = Jif{v-Vo). . . (2) 

123. Momentum of a variable force. — ^If the force 
be variable, suppose that the time is divided into such 
small portions that the force may be considered as con- 
stant during each portion, then will the total effect be the 
sum of all the elementary momenta. 
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Let ^ = an element of time, 

F=^ the force during any element of time ; 
then 

In these equations F is the effective moving force. 

124. Impulse. — An impulse is the thne eff^eet of a blow. 
Wlieii one body strikes another, as a hannner striking an 
anvil, its effect is an impulse. The body struck may be 
fixed or free to move ; but the problems which are usually 
considered under this head generally pertain to those in 
which the body considered is free to move. Although the 
effect will be produced in an exceedingly sliort time, yet 
the result is a time-effect, and is measui-ed in the same way 
as any other time-effect. In the case of a blow, the pres- 
sure between the bodies will be variable during contact ; 
but for the sake of making a practical formula, let 

F'=^ the KYiean pi'essure between the bodies, 

M = the mass of the body considered, 

V = the velocity produced by the blow; 
then 

Q = F't = Mv. 

125- Momentum is not a force, — The force F is only 
one of the elements of the expression. The unit of mo- 
mentum is one pound of mass moving with a velocity of 
one foot per second. 

Momentum, is sometimes called quantity of ^tnotion and 
^xxM^\\xx\Qf& quantity of velocity^ but neither fully expresses 
its meaning. The exjiression time-effect is partly descrip- 
tive of its meaning, and is preferred to either of the 
others. 

126. Instantaneous Force. — When an effect is pro- 
duced in an imp^xseptibly short time, the agency whick 
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produces it is sometimes called an instantaneoiia force, a 
term which imjolies that the effect is produced instantly, 
requiring no time for its action. Ifo force produces its 
effect instantly, and hence the term is liable to mislead. 
Sometimes it is called an impulsive force, but tliis is also 
objectionable, for it implies that the effect is a force, 
whereas the effect is either momentum or work. On 
account of these objections it appeai-s advisable to use the 
term impulse instead of either of the above. 

127. Problems. — 1. Jf a body, whose weight is 25 Ihs,^ 
is drawn along a horizontal plane by a constant jndl of 
6 Vj8,, the coefficient of friction being •^, what wiU be the 
velocity at the end oft seconds f 

The fricticnal resistance will be 

rV of 25 lbs. = 2.5 lbs. ; 
hence, the effective pulling force will be 

F= 6 - 2.5 = 3.5 Ihs. 

Ft 3.5x193^ .. _^ 

M"^ 25x6 ^ = ^^ ft. per sec. 

2. acquired the constant force necessary to impart to a 
body, whose weight i^ 100 Ihs,, a velocity v during 5 
seconds, 

,, Mv 100 ^ _ 

r = — — = -z — 5^;^ v=i\v nearly. 
t 5 X 32| ® •' 

Impact, 

128. Impact is the impinging of one body against 
another. 

It is dirart when the line of motion of the impinging 
body is normal to the body struck, as in Figs. 31 and 32. 
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It is central when the line of motion passes through the 
centre of the body struck, as in Figs. 31 and 33. 

It is direct and central when the line of motion passes 
through the centre of the body struck, and is normal to 
the surface at the point of impact, as in Fig. 31. 






Fio. 81. Fig. 82. Fig. 83. 

It is oblique when the line of motion is inclined to sur- 
face at the point of contact. 

It is eccentric when the line of motion is normal to the 
surface of the body struck at the point of contact, but 
does not pass through the centre of the body, as in Fig. 32. 



Elasticity. 

129. Elasticity is that property of hodiesly which they 

gaiuj or seek to gain, their oHginalform after they have 

leen elongated, com/pressed, twisted, hent, or distorted in 

any way. In order to discuss problems involving impact, 

it is necessary to know the laws of elasticity. It is found 

|.by experiment that, if a body be pulled by a force in the 

direction of its lengtli, as in Fig. 34, it will be elongated ; 

and if the elongation be small it will shorten itself when 

the pulling force is removed. It is found that all known 

substances are more or less elastic. Air and gases are 

%hly elastic. 

If bodies regain all their distortion after tlie io\ii^ \& 
4* 
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removed, they are called perfectly elastic. If thej i*egaiii 
only a part of their distortioD, they are called imperfectlg \ 
elastic, and if they regain none of their distortion, they are ■ 
called non-elastic. The perfect elasticity of solids, even , 
within small limits, has been questioned, bnt for practical 
pni^poses many of them, snch as steel, good iron, glass, - 
ivory, etc., may be considered as perfectly elastic. Pris- 
matic bars of good iron and steel may be elongated about 
-^^ of their length without damaging their elasticity. 

130. Ck>efficieiit of Elasticity. — Experiments show 
that the elongation or compression of prismatic bars of a 
solid, within small limits, varies directly as the pulling or 
pushing force, and inversely as the transverse section. 

The coefficient of elasticity is the pvUing force per unU 
of sectim divided by the elongation per unit of length. 

ji B c 

r 

Fie. 84. 

If Z = AB = the original length of the piece, 
\ = JSC = the elongation, 
jP= the pulling force, 
K= the transverse section, 
£=z the coeflScient of elasticity ; 
then 

F 

-T?r = the strain on a unit of section, and 

xL 

-rz = the elongation per unit of length ; 
and, according to the above definition, we have 

F \ Fl , , w 

-^ -f- y = -^ = constant = JL. 
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Values of E in pounds per square inch. 

For wrought iron from 23,000,000 lbs. to 28,000,000 lbs. 
For steel from 25,000,000 lbs. to 31,000,000 lbs. 

For wood from 1,000,000 lbs. to 2,000,000 lbs. 

13L Elongatioii of a prismatic bar. — Solving the 
equation in the preceding article, we have 



^- EK 



J 



which is the expression sought. This expression is true 
ouly for such strains as do not damage the elasticity. 

132. Modulus (or Coefficient) of Restitution. — If an 
elastic body impinge upon another, the bodies will at first 
compress one another, the compression increasing rapidly 
for a very short time until a maximum is reached ; after 
which, by virtue of their elasticities, they tend to regain 
their original form, and thus force themselves apart. The 
force which causes them to separate can act only while 
they are in contact with one another, but they may con- 
tinne to regain their form after separation. 

The force between the bodies during compression, and 
also during restitution, is constantly changing, and the law 
of change may be very complex. The eff^ect is to constantly, 
but very rapidly, change the velocity of one or both the 
bodies during contact. If the bodies are composed of the 
Kame substance, and the impact is not so severe as to 
damage their elasticity, the velocity gamed by a body dur- 
ing restitution^ divided by the velocity lost during com- 
presdoThy wiU be constant^ and is called the modulus of 
restitution J or index of elasticity. It is represented by e. 
If the bodies are moving in the same direction, the body 
Btrack will gain velocity during compression, and still 
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more velocity during restitution. In this ca^e the maduhs 
of restitution will be found by dividing the velocity 
gained during the restitution by the velocity gained during 
the compression. In short, it is the ratio of the effect on 
the velocity due to restitution to that due to compression. 
According to these principles a simple expression may 
be found for e by assuming that the body strack is at 
rest, and so large that it will be unaffected by a blow from 
the moving body ; for, in tliis case, the velocity at the in- 
stant of greatest compression will be zero, and hence the 
velocity lost during compression will equal the velocity of 
approacli of the striking body, and the velocity regained 
will be that with which it rebounds. 

Let 

V = the velocity of the impinging body at the in- 
stant impact begins ; 

Vi = the velocity at the end of the impact ; 
then, 

^ = ~' .... (1) 

Let the moving hoAj fall upon the immovable one, and 

let 

n = the height of the fall, 
k = the height of the rebound ; 
then 



^ = V2gJI, ^1 = V2ffh, 



'•■' = l=\/w- ' • <^) 



H 

In this way tlie values of e have been found for the fol- 
lowing substances : 
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Substance. 


Value of e. 


Substance. 


Value of e. 


Glass 


0.94 
89 
81 
0.79 
0.79 
0.73 


Steel, soft 


0.67 


Hard baked clay. . . . 
Iyoiv 


Cork 


65 


Brass 


0.41 


Limestone 


Lead 


0.20 


Steel, hardened . 

Cast-iron, 


Clay, just yielding 
to the hand 


0.17 






For perfectly non- elastic bodies e is zero. If the resti- 
tution were perfect during contact e would be unity, and 
the bodies would be cslled peryhctly elastic. The inomen- 
turn lost by a body during compression is generally called 
the force of compression, and that gained during restitu- 
tion the force of restitution, 
133. Problem. — Oiven the masses and velocities of two 

perfectly free non-elastic bodies before 
iw/pact, to find their velocities after 
impact. 

Take the simplest case, that of direct 
central impact. Let the body Q im- 
pinge upon Q\ the motiou being in 
the same direction. 

Let 

jr= the mass of Q, 

V = the velocity of Q before impact, 

M' and v' the corresponding quantities for Q% and 

V = the common velocity after impact. 

The momentum lost by Q during impact will be 

Q = M{v- F); 
and that gained by Q' will be 




Fia. 36. 
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which, being time-effects, will equal one another ; hence, 

- ^- M-hM' ' • • ^^^ 
Clearing of fractions gives 

{M+ M')r=Mv + MV; . . (2) i 

that is, the momentum of the bodies after impact equals \ 

the sum of momenta before impact, \ 

To find the velocity in terms of the weights, substitute 

WW. 
— for M and — for M\ in equation (1), and we have 

^ -* ^_|. If' • • • W 

If the bodies are moving toward one another before 
impact one of the velocities will be negative. Making v' 
negative, we have 

Mv - M'v' 
^ ~~ M -V M' ' ' ' • ^^^ 

in which if Mv = M'v\ we have F= ; that is, if two 
inelastic bodies of equal momenta impinge directly upon 
one another from opposite directions they will be brought 
to rest by the unpact, 

134. Loss of velocity. — From equation (1) of the 
preceding article we find, by subtracting both members 
from -y, 
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and similarly, Bubtractins: both members from v' gives, 

which, beiug negative, indicates that there is a gain ol 
velocity. 
135. Impact of perfectly elastic bodies. — It has 

been observed in Article 132 that at the instant of greatest 
compression the bodies have a common velocity ; hence, 
a< that instant^ the velocity will be given by the equations 
of Article 133 ; and the loss of velocity up to that instant 
will be given by the equations in Article 134. But if the 
bodies are perfectly elastic^ the effect upon the velocities 
during restitution will he exactly the same as during com- 
pression/ hence, the final loss of velocity will be double 
tliat during compression ; therefore, for the striking body, 
itwiUbe 

-.{v-v"); . . . (1) 



and for the body struck it will be 

These subtracted from the velocity before impact will 
give the final velocity, 
let 

Vi = the velocity of the former body after impact, 

and 
v\ = the velocity of the latter after impact ; 
then, 
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ri'= v'+ -5-. 



2M 



M+M 



>(»-«'); . . (4) 



and these may be reduced to 

Mv + M'v' 



M' 



^^= M^M- -^T~jr^^-^^? ^^) 






(«) 



•w'lucli, by means of equation (1) of Article 133, become 

M' 



«i = F 



M 



7-,(«-t>'); . . (7) 



''^ - ''^ "^ JTHT' ^^ ~ '''^ 5 . . (8) 

wliicli show, as tliey should, that the final velocity equals 
tlio c-oiniuoii velocity at the instant of greatest compres- 
sion, increased or diminished, as the case may be, by the 
velocity due to restitution. 

186. Discussions of Equations (3) and (4) ofihejpr^ 
ceding article, 

1st. Let M = Jf ', then we have 

Vi=^v — {v — v')=-v' \ 

that is, they will interchange velocities. 
2d. Let v' = and M = M', theu 

^1 = 0; 

that is, the first body will be brought to rest and the 
second will take the velocity which the first had. 
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3d. Let the bodies be of equal masses, and move in oppo- 
dte directions, then M = M' and v' will be negative, and 
ire have 

1?! = - «;' ; 

137. Impact of Imperfectly Elastic Bodies. — When 
iie bodies are imperfectly elastic the force of restitution 
wrill be only the e*^ part of the force of compression ; 
lience, the velocity due to restitution will be the i}^ part 
jf expressions (1) and (2) of Article 134, or 

and these, subtracted from the common velocity at the in- 
stant of greatest compression, give the final velocity. The 
results will be the same as equations (5) and (6) of Article 
135, after the last terms of those equations have been 
multiplied by e ; hence, we have 

Let the body M' be indefinitely large and at rest, then^ 
making M' = cc and v' = 0, we have 
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hence, the former body will rebound, and by disregarding ij 
the signs, using the numerical values only, we have 

V ^ 

which is tlie same as equation (1) of Article 132. 

Multiplviiig equation (1) by M and (2) by JH\ and^ 
adding the results, gives 

and, since the index of elasticity has disappeared, tlie 
total nionientnni of the bodies before impact will be the 
same as after impact ; or, in other words, ^A^ total viomeii- 
iunt of a free system, retnains constant* 

133. Loss of Kinetic Energy due to Impact. — Tli 
total kinetic energy of both bodies, before impact, will be I 

and is independent of the directions of the movement of 
the bodies. After impact the kinetic energy will be 

in whicli snbstitute the values of v^ and v\ from the pre- 1 
ceding article, and we find j 

Since <? is always less than unity for solid bodies, 1— e* ~ 
will be positive, and the last term must be subtracted from .' 
the preceding; hence, practically, in the impact of solid ;'- 
bodies there is always loss of kinetic energy. The loss will , _ 
be equivalent to the heat developed by the impact. 

If the restitutioji were perfect, we would have e = l)~ 
and the expression would become 



I. 
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nee, in the impact of perfectly elastiC' bodies^ no energy 
lost. This result shows the great utility of springs 
der carriages, carts, ears, etc., when they are drawn over 
igh roadways. A horse will do more useful work by 
I wing loads upon a cart, the body of which is supported 
springs, than if the cart were unprovided with springs, 
i a locomotive will consume less coal iu hauling a train 
cai*s properly mounted on springs than it would if there 
i-e no springs under them. 

To find the loss of kinetic energy for perfectly non- 
3tic bodies, make d = in the above equation. 

EXAMPLES. 

[f a body, whose weight is 20 lbs., is pulled by a con- 
stant force of 5 lbs. for 5 seconds; required the 
momentum produced. 

^ prismatic bar of iron, whose section is 0.75 of a 
square inch, length 10 feet, coefficient of elasticity 
26,000,000 lbs., is stretched by a pull of 9,000 lbs*!, 
what will be the elongation ? 

Al cylindrical bar of iron, whose diameter is i inch, 
length 2 feet, is elongated -^ of an inch by a pull of 
2,500 lbs. ; required the coefficient of elasticity. 

Two perfectly non-elastic bodies, whose weights are 10 
and 8 lbs., and velocities 12 and 15 feet per second 
re8pectively, moving in opposite directions, impinge 
upon each other; required their common velocity 
after impact. 

A ball, weighing 20 lbs., moving with a velocity of 100 
feet per second, overtakes a ball weighing 50 lbs., 
moving with a velocity of 40 feet per second, their 
modulus of restitution being J ; required their velo- 
cities after impact. Ans, 35|-, and 65^ feet. 
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6. Ill tlie preceding example, suppose tlie second body 

be ut rest ; requii*ed the velocities after impact 

Ans. — 74^, and + 42f feet 

7. In Example 5, suppose that they move in opposite 

directions with tlie velocities given; required tho 
velocities after impact. 

An8. — 50, and + 20 feet 

8. A l)0(ly falls from a height h upon 2^ fixed plane of 

same substance and rebounds ; the modulus of rei 
tut ion being e^ required the whole distance it 
move in being brought to rest. 

1 4- ^ 

An8» -z 5 A, 

1 — 6* 

9. In the preceding example find the whole distance wh 

^ = 1> ij i or 0. 

10. A body impinges upon an equal body at rest; show 

that the kinetic energy before impact cannot exceed 
twice the kinetic energy of the system after impact 

EXERCISES. 1 

1 . Is elasticity a force ? 

2. If W is the weight of a body and v its velocity, is Wo the momentnin ? 

3. Does momentum enable one to determine the amount of resistance 

which a moving body may overcome ? 

4. Suppose that it is required to determine how far a ball would pene- 

trate a body if fired into it ; would the solution be eflPected by the 
principles of momentum, work, energy, vis viva, elasticity, or by 
simple force ? 

5. If two bodies move along rough surfaces, and finally impinge upon 

each other, will the formulas of Articles 133 and 135 enable one 

to determine the velocities after impact ? 
0. Can two perfectly non-elastic bodies of unequal masses approaoh 

each other with such velocities as to destroy their motions ? 
7. Can two perfectly elastic bodies have such relative masses and velo» 

cities that they will mutually destroy each other's motion by thi 

impact of one upon the other ? 



[189.] FORCE — ENERGY-»-WORK, ETC. 98 

Ri Is there any relation between the coefficient of elasticity and the 
modultis of restitution ? 

r. Hxplain how the use of springs may prolong the life of cars, and 
also the track on railways. , 

Force^ Energy^ Worh^ Momentum^. 

139. The office which these several elements perform in 

solution of problems is best shown by an example. 

ippose that two impeifectly elastic bodies impinge one 

m the other. That which gives them motion is force. 

lat which determines their velocity after impact is 

\entum. That which determines their ability to com- 

)ress5 or break, or damage each other is energy^ and the 

impression is worh dorie. The permanent compression 

Mnaining in the bodies represents kinetic energy lost, 

lich has passed into an equivalent amount of heat. 
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MO. BmnTfr — A furce which acta [tpori a body v 
•Jut yi*'Uiiciija aiL'doQ results iu j>ivg»ute oulv. If sev 
|>nffi6un» uvm-iir tiitfv may eviiieiitly be replaced I 
siiipe jT««tre wiiicti will produce the same effect as 
t.-.niii>tiiiM etfLTt <it all the pre^Earee. The sini^le presf 
> oblvti tbe lasottant pressure. It might, perhaps 
x^thinfti riittc riw vaiiw of tte resultant for statical pressi 
t. iic Sfciiie a& Rt tiii«e pressures which produce moti 
Ml iiuii^ •j.ii'j.'i. chac it is best to deduce the value for 
•• I'tiii- mii-terni»;tici_v .if the latter, as has been doue in 
■ .,1 .» ;i^ j^-CA-ies. We wiil fiad, however, that theresi 

ui, .'I- litre t'fessaresisthesaine as given in Arts. 62 to 

c*L ".: A r«es;i:-e au.Ts directly opposed to the reaiilli 

< i.. .K' filer:. i-vesrriLhes^-steiu.aiid of theaame iiiti 

>ii-"- jtrX- .■^s.-""aL: :. ::ie ?»«etu will be in equtlibriiim. I 
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dir€ctio7i of the resultant will bisect the angle betwten 
them. 

For no reason can be assigned wliy it should be nearer 
one than the other of the components. 

144. If three equal jpressures act upon a particle^ making 
angles of 120° with ea^h other, they will be in equilibrium. 

■ For no reason can be assigned why any one should 
vail over the other two. 

■ 145. Parallelogram of Pressures. — If two pressures, 
Ing on a particle, be represented in magnitude and 

ireetion by two straight lines drawn from the particle, 
a pa/rallelogram be constructed on these lines as 
iacent sides, the resultant pressure will be represerded 
iti magnitude and direction by that diagonal of the par- 
i^Bdogram which parses through the particle. 

■ The proof of this proposition is given in two parts : — 
%kX, the direction of the resultant, and second, its magni- 

The following is Duchayla's proof : 
146. Direction of the Resultant of Two Pressures. 
Fi/rBty let the forces be commensurable. 

p 
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Let F and P be two forces acting on a particle at A ; 
Ac^ Fig. 38, represent F and Ah represent P. Let 
be the common measure of the foices; F^=^ ZAa, and 

^2Aa = 2Ad. On Aa and Ad construct a parallelo- 
I, whiclu in this case, will be a I'hombus, and the 
tion of the resultant will be the diagonal Ac, iov W. 
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bi^^ects the aiii^le clAa, Since a force maj^ be ccaisidered 
as acting at anv point in its line of action, the resultant 
may be considered as acting at e^ and the force -4a be- 
comes transferred to de^ parallel to Aa^ and Ad to the 
line ae. Combining the forces de and dh in the same 
manner, their resultant will be along the line di^ and tlie 
three forces, Aa^ Ad^ dh^ may be considered as acting at 
i\ hence, Ai is the direction of the resultant of these 
forces. Kow, combining ae (one-half of ai) with fli? 
gives af\ and <^*vvith ei gives <?/, and the four forces, J.fli 
a J, Ad^ dh^ become transferred to^ ; hence, Aj is the 
direction of their resultant. Proceeding in this way, we 
find the resnltant of Ac and Ah to be in the direction of 
AB^ the diagonal of the parallelogram AcBh, Similarly, 
the proposition will be true for mP and nlf^^ in which ?/* 
and n are integei"S. 

Secondly^ let the forces be incommensurable. A ratio 
may always be found which shall differ from the trne 
ratio by less than any assignable quantity, and hence the 
diagonal AB of the commensurable part will differ from 
the direction of the resultant by less than any assignable 
quantity. But no reason can be assigned why this diago- 
nal should be on one side of the resultant rather than on 
the other ; hence, they will coincide. 
147. The magnitude of the resultant equals the lengO^ 

of the diagonal of the jpar- 
allelograin^ of which ih 
adjacent sides represent th^ 
forces. 

Let AB and AC repi*e- 
sent in magnitude and 
^'^•^^' direction the respective 

forces, and AB the direction of their resultant. TskO 
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AS(m AD produced backward, and of such length as to 
represent the magnitvde of the resultant on the same 
Bcale as the forces P and K Then, the forces AB^ AG^ 
and AE will equilibrate. On AE and AB^ as adjacent 
sides, construct the parallelogram ABGE^ and the diago- 
nal AG will be the direction of the resultant of AE and 
AB, 
Hence, AC must be in the same straight line as -4.^, 

and A GBD will be a parallelogram ; therefore AD = GB. 

But BG^= AE\ ,\AE=AD\ hence, the i-esultant of 

-AC and AB equals AD in magnitude. 
In Fig. 39 we have 

AJ? = AB" H- AC^ + 2^^ . J.C^cos BAG, 

or 

This equation is of the same form as those in Articles 
U and 56. 

148. Triangle of Pressures. — J^ three concurrent 
forces a/re in equilibrium they may he represented in mag- 
f^tide and direction of action hy the three sides of a 
triangle taken in their order. 

In Fig. 39, if EA is a force equal and opposite to the 
resultant of the forces P and F, and all three act upon a 
particle at A, they will be in equilibrium ; and, according 
to the preceding Article, if GA represent P in magni- 
tade, and the direction be from G towards A, and AB 
lepresent j?^in magnitude and direction, then will BG 
represent the equilibrating force AE, 

It should be specially noticed that the sides of the 
triangle do not represent \k^Q position of the forces. 

149, Conversely, if three forces, acting upon a parti- 

fife, are rept^esented in magnitude and directiou by tKt 
o 
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three sides of a triangle^ taken in osdeb, they wUl Tceep 
thejparticle in equilibrium. 

150. If three forces^ dcting upon a pa/rticle^ Jceep it in 

equilibriunij they vnll he pro- 
^^^ portional to the sines of the 
ji ^y^ \ angles between the other two. 

< <^- -^B Thus, from Fig. 40, if the 

>v forces Pj jFj Ji, acting on a 

■F particle at A, keep it in equili- 

'^' ^- brium, we have 

P:F:Ji = AC: CB\AB, 

= sin ABC : sin CAB : sin A OB, 

= sin {F, li) : sin (P, B) : sin {P, F). 

151. Proposition. — If the directions of three forces in 
equilibrium are given, and the magnitude of one is ako 
given, the inagnitudes of the othet* two mxiy be found. 

The truth of this follows directly from the triangle of 
forces. 

Generally, if three forces, P, F, R, acting on a par- 
ticle, keep it in equilibrium, if any three of the quantities 
P, F, li, and the angles which they mahe with each other 
are given, the remaining three quantities may be fouid^ 
PROVIDED one of the given quantities is a force. 

For, the solution consists simply in solving a plane tri- 
angle, in which the given parts are a side and any two of 
the remaining parts of the triangle. 

152. If three forces, OjCting on a pa/rtide, heep it in equi- 
librium, they will be proportional respecti/ody to the sides 
of a triangle formed by drauring lines perpendicidar to 
the directions of the action-lines of the forces. 

For, a triangle thus formed will be similar to the tri- 
angle of equilibrium. J 
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153. If ihftee forces^ ctcting in one plane upon a rigid 
BODY, keep it t» equUibriwu^ their action lines either all 
meet at a point, or are allparaUel. 

The lines of action of two of the forces may meet in 
a point, and their resultant must pass through that point 
and may replace the forces; but, since there is equili- 
brium, this resultant must be equal and opposite to the 
third force ; hence, the line of action of the third force 
mnst pass through the intersection of the lines of action of 
the other two. If they do not meet they are parallel. 

154. The polygon of pressures and the parallelopi- 
pedon of pressures follow directly from the t7'iangle of 
pressures, giving expressions similar to the corresponding 
proportions for velocity, as in Articles 16 and 17. 



EXAMPLES. 

1. If the angle between two forces is right, what is the 
value of their resultant ? If it is 0° ? If 180° ? 

2. If the forces are 3 lbs., 4 lbs. and 5 lbs. respectivel}'^, 
and are in equilibriuhi, required the angle between 
the forces 3 and 4. 

3. What is the angle between the forces when P-=Fr=-Il ? 

4. If P = F= 100 lbs., and = 60°, find B. 

5. If 5 = P + i^ required ^. 

6. What will be when - B = F -- Fi 

7. If P=:50 lbs., the angle (P, i^)=35° and (P, ^) =115°, 
what will be the angle {F, R), and the values of the 
forces F and R for equilibrium ? 

8. A string 7 feet long has its ends fastened at two points 
in a horizontal line 5 feet apart ; a weight of 20 lbs. 
is suspended at a point 3 feet from one end ; required 
the tension on the two parts of the string. 
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9. Two forces represented by two chords of a semicircle 
passing from a point, diow that their resultant will 
be represented by that diameter of the circle whieh 
passes throngh the point. 

EXEBOISEB. 

1. In Fig. 39, the diagonal joining O and ^represents the r^nltant of 

what forces ? 

2. In the same fig^e what will represent the resultant of H azxd ¥ ? 

3. In the same figure, if AD represents a force acting away from A^ and 

another equal force should act along the line BG in. the opposite 
direction, would they be in equilibrium ? 

4. Under what conditions will two forces be in equHibrioin ? 

5. Can a particle be kept at rest by three forces whose magnitudes are 

as 4, 5, and 9 ? Or as 3, 4, and 8? 

6. If jf? is the resultant of P and F^ will P and F act when i? is acting? 

Resolution of Forces. 

155. The resolution of forces consists in finding two or 
more components whose united action will equal that of 
the given force. 

156. Rectangular Components. — Let R be a force 
whose components F and P form a right angle with each 
other. Let 

a = the angle between R and P, 
R ^ = the angle between R and F\ 

then we have 

P = R cos a ; 
■>P F =Rco&^ = RQma; 

R^ = P^ + F^; 

the last of which may be found by squaring and adding 
the tv70 former ; or, by observing that R is represented by 
the hypothenuse of a right-angled triangle, of which tb^ 
sides represent P and F 
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157. To find the angles a and /S. — Since forces may 
act at all possible angles, and be applied at points anj- 
'where in space, it is desirable to have a definite rule for 
determining the angles which they make with the axes 
of X and y. 

In the first place, draw a line away from the origin of 





Fig. 4S. 
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coordinates O, paraUel to the line of action of the force, 

and in the direction of action of the force. If the force 

appears to act towards the origin 2a AOj Fig. 43, it must 

be prolonged so that it may be represented by OF. 

Then, secondly y conceive th^ the angle a is generated 

by a line starting from tlie axis 

OX^j and revolving about O to the 

leftj until it coincides witli the 

action-line of the force ; the angle 

thus generated will bo + a. In a 

similar way, + ^8 will be generated 

by a line revolving from the axis 

OY about O, to the right. Thus, 

in Fig. 42, a is an acute angle, in 

Fig. 43, it is nearly 360°, and in Fig. 44 it is between 90^ 

and 180° ; and ^ in Fig. 42 is acute, in Fig. 43, between 

90° and 180°, and in Fig. 44, between 270° and 360°. It 

^ however, often more convenient to measure the angle 
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iiegativdy ; thus, in Fig. 43, — a is the angle XOF^ and, 
in Fig. 44, -/Sis TOR 

These rules are arbitrary, but a rigid observance of them 
secures uniformity in practice. 

158. Problem. — To Jmd the rectan- 
gular components of any number of 
concurrent forces in a plane. 

Let O be the point of concurrent 
action, and through this point draw 
two lines, OX and OY, at right an- 
gles with each other. These lines, in 
Analytical Geometry, are called rec- 
tangular aoies. 

Let Fly Fi, Fiy etc., represent the intensities of the re- 
spective forces ; 

oi, og, Os, etc., the angles which the forces make 

respectively with the axis of x ; 

Aj Aj /^sj 6tc., the corresponding angle with the axis 

of y; 

X, the sum of the components along the axis of a?, and 

Y, the sum of the components along y ; 

then, according to Article 156, we readily find 

X = i^i cos Oi + 7^ cos og + 7^ cos og + etc. = S Fco& a ; 
Y= Fi cos/Si H- F2 cos/Sa + i^cos/Sg + etc. = SFcos/3; 

in which the expression ^J^cosa means the sum of a 
series of terms of the form Fco& a. 

It is not necessary that the origin of coordinates be at 
the particle on which the forces act. 

159. Resultant of any number of concurrent forces. 

Let li be the resultant, then, according to Article 150, 

we have 

i?2 = X^ + Y\ 
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If the given forces are in equilibrium among themselves 

we have 

^ = 0.-. X=Oand Y=0. 

160. To find the direction of the resultant we readily 
deduce from Fig. 41, 

J^ Y 

cos {B, X) = -^ ; cos (i?, Y) = -p • 



EXAMPLES. 

1. Find the resultant of the concurrent forces in the plane 

xy ; —Fi = 20, oi = 30° ; i^ = 30, 0^=90° ; i^=40, 
og = 150° ; and i^J = 50, a^^ = 180°, and find the 
angle between H and x. 

2. If the forces i<I = 20, o^ = 180° ; i^ = 10, o^ = 270^, 

are concurrent, find R. 

3. If four forces are all equal to each other and concur- 

rent, and oi = 0, og = 90°, Og = 225°, a^ = 270°, find 
R and the angle which it makes with the axis of x. 



161. If the forces are referred to three 
rectang^ilar axes, we have 

X=^ Fi cos ax+F^ cos aa+etc. = E/«^cos a ; 
J^= -Pi cos /?j+i^a cos jSa+etc. = Ei^'cos p ; 
Z = jPi cos yi + 2^a COS 7a + etc. = E2^oos y ; 

-3r Y z 

008a = -g; 008^ = ^; cos7 = -. 
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MOMENTS OF FOBOES. 

162. Definition. — The moment of a force is a measure 
of its effect in producing rotation, or of its tendency to 
produce rotation. 

163. Measure of the Moment. — The moment of a 
jforcBj in reference to a point, is the producft of the force 
into the jperpendicula/r distance of the action-line of the 
force from the point. 

Let a particle w or w\ Fig. 47, be connected widi a 
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point (? by a line without weight, and let a force F act 
at any point A of this line and perpendicularly to it. 
The effect of the force will vary directly as the distance A 
from the point O. Suppose that rotation has been pro- 
duced, as shown in Fig. 48, the particle having been moved 
through an angle A OB. The point of application of tlie 
force will have moved over the space AB^ and the work 
done by the force will be (Art. 92) 

F.AB. 
If the point of application were at A' , it would have 
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AB\A'B'\\OA\ OA 



moved over the space A'B' in moving the particle w from 
A to jB, and the work done by F would be 

F. A'B\ 
But, 

hence, 

F.AB\ F. A'B'w OA : OA' \ 

that is, the effect of a force, in producing rotation, varies 
directly as the perpendicular distance of the force from the 
point about which rotation takes place. The eflfect evi^ 
dently varies directly as the intensity of the force ; hence, 
generally, the eflFect will vary as the product of the force 
i into the distance of the action-line of the force from the 
point This is called the moment, as given above. 

164. If the line of action of the force is inclined to the 
line OA^ resolve the force into two compo- 
nents, one jPi, acting along the line AO^ 
the other, 7^, acting perpendicular to OA 
at the point of application A^ of the given 
force. The former does not tend to pro- 
duce rotation about O, but the latter acts in 
the same manner as in Fig. 47. Hence, 
we have, for the measure of the moment in 
this case, 

Fx.OA^FAnOAB .OAz=: F.OAbxhOAB =z F.OB. 

But OB is the perpendicular from O upon the line 
AB of the force F. 

165. Axifi of Moments. — Botation about a point is 
always equivalent to a rotation about. an axis which passes 
thi-ongh the point, and perpendicular to the plane of 
motion of the particle. This line is called the axis of rota- 
tion, and, in reference to the moments of forces, is the 

ascie of momenta^ or moment aada. 
6* 




w* 
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166. If the axis of rotation is foied^ and the line of 
action of the force is inclined to the plane of motion; in 
order to find the moment of the force, the force is re- 
solved into two components, one of which is perpendicu- 
lar to the plane of motion and the other parallel to it 
The former has no moment in reference to the fixed axis, 
and the moment of the latter will be foimd by Article 
164. 

167. The point or axis about which the particle or body 
rotates may not only move in space, but may also change 
its position within a body. 

168. Definitions. — The point (?, where the axis of rota? 
tion pierces the plane of motion of the particle, or jio 
plane in which it tends to move, is called the origin of. 
moments. 

The perpendicular OB^ let fall from the origin of mo- 
ments upon the action-line of the force, is called the oif^ 
of the force. 

The 7noment of a force in reference to a poi/nt is th 
product of the force into its arm. If a is the arm of the 
force the moment will be 

Fa. 

The moment of the velocity is the product of the vel^ 
city into the perpendicular from the origin of moment^ 
upon the direction of motion. The direction of motio^ 
will be in a tangent to the path at the point where tb^ 
velocity is considered. Let j> be the perpendicular, thet^ 
the moment of the velocity will be 

pv. 

The moment of the momentum is the continued product 
of the mass, velocity, and perpendicular from the origin of 
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momentB upon the direction of motion. Let Q be the 
momentum, then 

Qp = Mvp. 

This principle is important in the solution of certain 
problems involving an aggregation of particles. 

The Taoment of a force oblique to the axis of rotation 
is the product of the component of the force on a plane 
perpendicular to the axis into the arm of the component. 

Generally, the moment of a mechanical agent is a meas- 
ure of its importance in producing, or tending to pro- 
duce, rotation. 

169. The moment of a force may be repi-esented by 
twice the area of a triangle, of which the base ^ 
represents the magnitude and position of the 
force, and whose apex is at the origin of mo- / 
ments. For, the altitude of the triangle will / 
be the perpendicular upon the force, and — 
hence, will be the arm of the force. ^''*' ^^• 

170. Sign of the Moment. — If a force tends to turn 
a system one way, it may be considered positive ; then, if 
in the opposite direction, it will be negative. Either 
direction may be considered positive, but when chosen it 
•must not be changed in the solution of a problem. 

If a watch be placed at the origin of moments, with its 
fece in the plane of the force, the moments of those forces 
which tend to turn the particle or body in the direction of 
the movement of the hands of the watch will be right- 
handed, and in the opposite direction left-handed. 

ITL The value of a moment inay he represented in 
fnagnitvde and direction hy the aods. When the moment 
is positive, let the axis be represented above the plane, as 
in Fig. 51, and a distance laid off on it to represervt its 
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magnitude. When the moment is negative, la j (^ ths 
axifl below the plane of the force, as in Fig. 52. 




-Fa 
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172. Ck>inposition of Moments. — Since momente are 
fully represented by lines, they may be compounded or 
resolved in the same manner as forces. Thus, if the 
forces are all in the same plane, their axes will be paral- 
lel, and, if they have the same origin, their axes will 
coincide; in which case, the resultant moment will be the 
algebraic sum of the several moments. 

If Or be the resultant moment, we have 

Or^Fa^- Fi(h + i^ + etc. 

If the forces act in different planes let all their moment 

o/xes pass through u4, Fig. 53, 
and let 

Oi = Fidi = the moment of 

one force, 
<?2 = F*fi>2 = the moment of 

another force, 
= the angle between the mo- 
ment axes, and 
Of = the resultant moment o* 

Oi and 0^1 
then, as in Article 147, we have 

Or^ = 0^^ + 0^ + 2(?i(92COSft 

If the axes do not pass through a common point, it maY 
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n be proved that the resultant moment may. be found 
from the preceding equation. 

173. Proposition, — If any mmiber of concurring forces 
are in equUibrium^ the algebraic sum of their moments 
will be zero. 

Let Fx, Fs^ F^ etc., be the 
forces acting upon a particle at 
A. Take the origin of moments 
it any point O. Draw OA^ and 
I let fall the perpendiculars Oa^ 
'^, Oc^ etc., upon the action-lines 
of the forces ; and let 

Oa^=^a^\ Ob^^a^\ (?c = flr«, etc. 
Since they are in equilibrium, 
the sum of the components of all the forces perpendicular 
to OA (see Article 142) will be zero ; hence, 

Fx ^vclOAF^ + F^AxiOAF^ + F^^mOAF^ + etc. = 0; 
or 



F 
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Oa 



Oh 



^iTTT + -^^TTtH-^ 



Oc 



+ etc. = 0. 



or 



OA ' ^"^ OA ' ^^ OA 
Multiplying by OAj we have 

F^.0a-^F^.0h + F^.Oc + etc. = ; 

F^Oi 4- F^ + i^8 + etc. = XFa = 0. 

When there is equilibrium in reference to rotation, any 
one of the moments may be considered as equal in value 
but directly opposed to the resultant of the moments of 

aU the other forces. 
174. Unit of Moments. — If the force be given in 

pounds, and the arm in feet, the unit will be a foot-pound, 

ttid the moment will be a certain numbei* of f oot-poimds 
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of rotary e£Fort. It will be observed that this is not 
eame as foot-pounds of work. 

175. The origin of moments may he taken am/whm 
m the plane of the forces. This is evident from the pre- 
ceding article ; for, the point (?, in Fig. 64, was not only 
chosen arbitrarily, but no trace of its position remains in 
the result. This is also evident from the fact that if the 
forces are in equilibrium their tendency to turn the body 
about any point is zero. In statical pi-oblems, therefore, 
the origin may be chosen arbitrarily. 

176. The arm of a force in terms of Rectangular 
Ck)5rdinates. — Let -F be a force, of which Aa is its line 

of action. Take the origin of 
coordinates at Oy which is also 
taken as the origin of mo- 
ments ; then Oa will be the 
arm of the force. 1 

Take any point -4, in the ■ 
line of the force, and drop the 
perpendicular Abj and from 
its foot drop the perpendicular 
be upon aAy and draw Od parallel to aA. 

Let a = dOb ; ^ = the angle between i^and Y = cAl. 




Fig. 66. 



y = Ab ; x = Ob. 



Then 



cb = y cosa ; db = x cos^ ; 
/. aO z= cb — db =y cos a ^x cos fi. 

177. The origin of coordinates may be at one place and 
the origin of moments at any other, for the positions of 
both are arbitrary. Thus, in Fig. 55, the origin of mo- 
ments may be taken at d, or 5, or any other place, the 
origin of coordinates remaining at O. 
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178. Moments of Parallel Forces. — If the forces are 
parallel their a/mns will coincide. Thus, in Fig. 56, if O 
be the origin of moments, then will the arms of the forces 
Fvi -Z^ /5, etc., be Oa^ Oh^ Oc^ etc., respectively. 
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IT®. Problems. — 1. A weight W is suspended frora one 
9nd of a horizontal bar AC^ the other end of which rests 
against a vertical waU^ the har being held in position by 
a cord DB ; required the tension of the cord. 

Take the origin of moments at -4, where the bar touches 
the wall. The perpendicular AE upon the cord BD will 
be the arm of the tensile force of the cord, and A C will 
be the arm of TT. Let t be the tension of the cord, then 
will t.AEhe the nioment of the tension, and we have 

t.AE^W.AC. 

This problem illustrates the mechanical arrangement of 

the bones and muscles at the elbow-joint, by means of 

which the arm may be held in a horizontal position and 

support a weight in the hand. The joint is at -4, the 

hand at C^ and the muscle at DB ; but in the arm the 

distance AE is much less in proportion io AC than that 

ihown in the figure. 
2, A weight W is suspe^uied by a card DB^ and pushed 



113 STATICS. [130,181.] 

rhyn m rerfiiysl iy m iar AB ; reptired Ae tenman of 

Tmke the or%in of moments at Ay mud drop the peipen- 

diealan AC ud BK The perpen^ciibur BE wifl be 

of the same length as if it were drawn 

I honnontallT frtmi J. to a vertical 

throagfa B. If < be the tension, we 

haTe 
^ t.AC^W.BE. 




X. /Kir . f^^^ 



'^^ AC 

If the length and inclination of AB be given, we have 

BE^ABAnO. 

If the length of DB he also knowa. the angle ADB = ^ 
may be found. Or, if the three lines AD, AB, DB^ are 
given, the angles ^, 6, ABI^,mKY be found by solving the 
triangle. 

180. Choioe of the Origin of Moments. — ^When the 
forces are in one plane, the problem may be solved by a sin- 
gle equation of moments, provided the origin of moments 
can be so taken that the moment of one force only will be 
unknown. It will be observed that the forces at the 
origin of moments have no moments, and hence do no^ 
enter the equation of moments. When there are severe- 
unknown forces, it is possible, in many cases, to find tb< 
value of all of them by taking the origin of moments ^ 
different places, so as to involve only one unknown quan 
tity at a time. 

181. Problems. — ^1. In Fig, 58, suppose that the har Al 
^^tta agcmst a smooth swfaoe DA, and ispreimUedfron 



t48L] MOMENTS OF FOBCES. 113 

Mdmg upvxx/rd hy a string AE ; required the tension of 
ike string and the pressure against the surface. 

Let 

jF= the tension on AE^ and 
X^ = the pressure against the surface. 

If the origin of moments be taken at B^ both the un- 
known forces i^and X will enter the equation, and hence, 
neither will be determined. If it be taken at D the mo- 
iment of F will be zero. The forces F and X are the 
teomponents of the compression along BA ; hence, the 
latter will not be considered when the former are. 
flaking the origin of moments at J9, we have 

X.DA^W.EB, 

DA 

Now, taking the origin of moments at By there results 

F.BE=X.AE; 

in which, substitute the value of X from above and reduce, 
and find 

The compression along AB will be 



The compression may be found directly by taking the 
origin of moments at D, Drop a perpendicular from D 
upon £A prolc«iged (which the student can draw in the 
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figure), and call it a. Let e = the compression ; then thc), 
equation of moments will be 

e.a = W.JSB', 
bnt 

JEB 



a = DABiad=DA 



AB' 



I 




Fig. 69. 



a DA 

as before. 

2. Tioo forces, P and I^, act as a pvU tipan the ends 
of a har AB, both of which are inclined to the har ai 
known angles, the point C being 
fixed, and the distance CB 
known; required the dista/nce 
A C for equilibrium. 

Take the origin of moments at 
C, and drop the perpendiculars 
Ca and Cb ; then the equality of 
moments gives the equation 

P.Ca = F.Cb. 

The distance Cb is known from the equation 

Cb= CB^inCBb) 

and A C from the equation 

AC ^ Caco^QcaAC. 

Substitute in this equation the value of Ca found from 
the fii'st equation, and Cb from the second, and we find 

PsmaAC 
The resultant of the forces P and P will pass through 
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their intersection Dj and also through the fixed point O. 
'he moment of the resultant, when the origin is at any 
[point npon it, will be zero. Its vahie, however, may be 
lionnd by taking the origin of moments at A or H. 

3. A weight Pi is made to act vertically upward at the 
of a rigid ba/r OA^ and P^ vertically downward at -ff, 

on the same har^ the bar being 
free to turn about the end O / 
required the distance Ob for 
equilihrium. 

Take the origin of moments 
at 0, and draw the horizontal 
line Oc^ cutting the verticals 
flirough B and A B,t b and c respectively ; then will the 
eqaatiou of moments give 

Pi.OG-P2.0b=zO. 

.'. Ob = ^ Oc. 

If the distance be between the weights is given, then 

Oc=Ob + bc; 
which, in the preceding equation, gives 
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EXAMPLES. 

1. In Fig. 57, if F = 20 lbs., AC =2 ft., AB = 6 in., 

and AB = 4 in., find the tension on the cord BB. 

2. In the preceding example find the horizontal pressure 

against the wall. 

3. In Fig. 67, if the surface at A is perfectly smooth, find 

tlie vertical force 7^ applied at -4, which will just 
prevent sliding. 
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4. If the cord 1)B^ Fig. 57, is inclined 45^, what must bef^ 
the distance f roin AUi B that the tension on tha 
string shall equal the weight TF } 

6. In Fig. 68, if DB = 2AB, = 45% and Tr= 60 lbs, i 
required the tension on the cord and the oompuBS-i 
sion on the bar. jj 

6. A strut BUy free to turn about its lower end, support^ ; 

a weight W from its upper end, j 
the strut being held by a cord AG^ i 
one end of which is attached to tiio 
upper end of the stmt and tb9 

^y^ i w other to a point j1 in the horizontal 

^ B i> plane: required the tension of th^ 

Fio. ei. 5 

cord. 

7. In the preceding example, what conditi(»i must be fulr 

filled that the tension of the cord will equal tho 
weight W% 

8. In Fig. 61, if Tr= 500 lbs., AB=6 ft., BD = 4 ft, 

and Z^C' = 8 ft., what will be the compression upon 
CBi 

9. In Fig. 60, if Pi = I\ and be = 2 ft., what will be the 

distance Ob for equilibrium ? 

10. In Fig. 60, if 05 = 2 ft., and F^ = Pa, what will be 
the distance be for equilibrium ? 

Couples. 

182. Definition. — Two equal parallel forces^ a/^ing in 
eontrary directions and whose li/ties of action are not coinr 
c'dent^ constitute a couple, 

U'lu* last (Hjuation of the preceding article is 



[188,184.1 Cl^trFLBS. IIT 

[* (I which, if jPg =^ P\i it becomes 
6>J = 00 ; . 
ihat is, in order that two such forces shall be in equili- 
biinm, in reference to rotation, the origin of moments 
jinust be at an infinite distance from the forces ; in other 
irords, two equal parallel forces^ whose directioiis are con- 
wwty and lines of action not coincident^ cannot he in 
Uibrium in reference to rotation. Such a system has 
feceived a special name, called a couple, 
'' 183. The office of a couple i^ to produce, or to tend 
to produce, rotation only. For, the only other effect which 
ft can produce is that of translation ; but, since the forces 
ire equal and directions contrary, whatever translation is 
produced by one force in any direction will be exactly 
neutralized by the other in the opposite direction ; hence, 
they cannot produce translation. 

184. Moment of a Couple. — In Fig. 62, let be the 
origin of moments, and I^ at A equal jP at jB, one mo- 
ment being right-handed and the 

other left-handed. The moment K* 

will be 



^ 



yrJP 



p. OB -P. OA (not equal 0). o 

But, 

OB^OA-\-AB\ PIG. 62. 

hence, the preceding expression becomes 

P,OA^P.AB-P.OA', 

or, simply 

P.AB; 

that is, the moment of a couple is the product of one of 
the forces into the perpendicidar distance between the 
Unes of action of the forces. 

This is independent of the origin of moments. If the 
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<irit^in be at ^4, npon the line of action of one of the force^i] 
the iii«>iiiciit of the ctiiiple will be the same as the moment 
of oil*? of the f«»n"es. 

185. A couple can be equilibrated only by an equiva- j 
K'lit o'Uj'K- having a contrair moment. For, the onlyi •- 
efftn-i lioiij^ ix'tatioii. such a system of forces must be era/; 
y]x -x ed as will pn»di;ce a contrary rotation, and this reqoireii 
aii ojuiva'.eur c^..:;pIo. 

186. A resultant couple is one which will produce the^ 
sante t-fFivt a> !::o mt- venal couples. 

If yv, </V i'^^* ^'-o the forces of several couples all im 
one p:A:.c\ 

!k^ their respective arms, 
f a resultant couple, and 
A -:; .vt iho resultant couple; 






the: 



i 



?\.?: - /V, + Ps«5 + etc. 

I-^ ■ . .\ . ..^ jw:v ::: Ovjuilibriuin, any one of them may 
b*.* -fcv, . .«. ,v „.^ , ,.: o.nurary to the resultant of all the j 

^87. Pro^vvatacwx >' Tt^y* coujfle^j having equal irw- ■, 
«««vi^c*^ y.j^ v.'.i.,->t. ..\ \.r., v^ .r\u'4wn are contrary^ act np<n^ j- 

,} ^.t.;', , r*,c"v trfV/ equilibrate each other, - 
rh'.> :> ON iiiont from Article 185, but the - 
v.-^^ ;\>s:::o:i is presented here in order to 
>i:>nv ih^: the forces constituting the' 
^>s\,v^>> :r*Ay K^ applied at any point of 
:ho \v:\\ ar-d that the arms of the cou- 

^ n^ , <\v.uv:\o ihat anv ixant O in the body 

loii..^..^ I '^^^v:: aK< :i:o .^: .c*.- ^^t nionionts, then will the 

***v v^>up.^^^ i:*. rx^!ort^:uv to this j^H>int be 
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Fio. 64. 



since their moments are assumed to eqaal each other, 
have 

ice, there is no tendency to turn about O. The same 
^y be shown in reference to any other point of the body; 
5, the body will be in equilibrium in reference to 
Ltion. 
tIB8. Proposition. — A force^ acting at any point of a 
'y, is equivalent to an equal parallel force at the origin 
moments^ and a couple whose mo- 
ent is the inoment of the original j^ 

brce. j^ 

Let the force P be applied at A^ 
d the origin of moments be at B. 
lAt B introduce two equal and oppo- >l^^ 
bite forces, each equal and parallel to 
the original force P. Since the two forces at B neutral- 
liie each other, the effect of the three forces will be the 
lame as that of the single force P, But, by making a 
new combination of the forces, we have the force acting 
down at -4, combined with the equal parallel force at B 
ictitig upward, constituting a couple whose arm is A B^ 
tnd the force P B.t B acting downward. 
. ' When a body is free to move, a single force acting upon 
ft may produce both rotation and translation, and it may 
lie shown that it will produce both, unless the line of action 
of the force passes through the centre of the mass of the 

body. 

189. Proi)Osition. — When several forces have a result- 
ant, the sum of their moments will be zero when the 
origin of moments is upon the line of the resultant, for 
the moment of the resultant will be zero. 
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Three Parallel Forces. 

190. The relation between three parallel forces in eqi 
librium may be found by means of the principles of n 
ments, and the result may be extended to any number 
parallel forces. ^ 

In Fig. 65, let tfea forces li, Fj Pj act in parallel lir 
and be in equilibrium. 



kr 



jiP 



s 



Fia. 6& Fia. 68. 

Taking the origin of moments at J9, we have 

F.DO = P.I)F; 

and if the origin of moments be at Fy we have 

FCF=Ii.DF. 
Adding these equations gives 

F{BC+ CF) = (P + P)I>F; 

I)C+ OF=DF, 

which, in the preceding equation, gives 

F=P + Ii; 

hence, the force F, acting in one direction, equals the sr 
of the two forces acting in the contrary direction. 
If 7^ and P are given, we have, by transposition, 

F-P = P. 

The same principles apply to Fig. 66, in which t 
directions of P and F are the revei-se of those in Fior. ( 



but. 
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By transposing R in the last equation we have 

n which, if F be called the typical force, and the alge- 
braic signs be understood, we may write it 

XF= ; 

aid this expression is true for any number of parallel 
•orces. 

191. A rigid body, being acted upon by any number of 
>arallel forces in one plane, it is necessary and suflScient 
x>Y equilibrium that we have 

XFa = ; 

XF=0', 

the former of which will determine equilibrium in refer- 
ence to rotation, and the latter in reference to translation. 

192. A single force and a single cov/ple in one plane are 
dvalent to a single force egtuil 

paraUeL to the original sin- 

foQ*cej hut having another 

it of application. 

If they are parallel, as in Fig. 

17, the resultant of the forces in 

ference to translation will be 

F-^F-F^zF 

C 11 this resultant F'j to distinguish it from the F in 
le figure. A force equal and opposite to F\ acting at 
)me point />, will produce the couple F'—DC—F^ which, 
>r equilibrium, must be equal and opposite to F^AB—F. 
fence, to find DCy we have 

F.DG=F.AB 



.-!> 
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:.DO=i^AB. 



122 8TATIGS. [193,190.1 

If the forces are not parallel, combine F with P, and 
their resultant with — P, and the same result will be 
obtained. 

193. Remark. — The principle of moments, strictl/J 
speaking, is applicable only to problems involving extended J 
masses ; for, although we speak of the moment of a foroef 
in producing the rotation of a particle, yet, in order to 
realize it, it is necessary to assume that the particle is 
connected with the point about which i-otation takes place,- 
by means of a rigid bar, which is itself a finite body and 
not a particle. 

194. Proposition. — A system of forces acting in am 
plane^ if not in equUihriurriy must he equivalent to a sinr 
yle force or to a couple. 

For, the resultant of two forces may be found, and the 
resultant of that resultant and a third force, and so on, 
and if their lines of action thus intersect each other a sin- 
gle resultant may be fomid ; otherwise a single couple 
may be found. 

195. Proposition. — A system of forces in one plane^ 
acting on a rigid body will he in equilihrium if the alge^ 
hraic sum of the m^oments of the forces vanishes in refer- 
ence to three points i7i the plane not in a straight line. 

For, if they are not in equilibrium in reference to rota- 
tion, the algebraic sum of the moments could not vanish 
for any point in the plane; and if they had a single^ 
resultant, then the moments would vanish only for points 
on the line oi the resultant. 

196. Problems. — 1. A prism AF is acted upon hy a 
couple in the plane of the upper hase / required the value 
of the couple in the plane of the lower hase that wiU 
equilibrate the forTner, 

The forces in the plane of the upper base tend to turn 
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be prism about ao axis perpendicular to tlie base ; simi- 
arly the couple in the lower base will tend to turn it about 
lie same axis ; hence, if their moments are equal and 
coutotfy, they will equilibrate each other. 

Thi% shows that couples of equal moments in parallel 
les are equivalent 

Sffhe couples, in this case, twist the body upon which they 




na. 69. 

fXhis effect is called torsion. The amount of torsion 
depends upon the pi-operties of the material, as well as 
upon the size of the body and the moment of the couple. 
The/properties of materiaie are investigated in works upon 
QiefResistaTice of Matertah, 

Jl Ktnglfi force apphed at the end of a lever, as in Fig, 
M.'will not only twist the body, but will push it side- 
irife. For, as we have seen in Article 188, it will be equi- 
Vient to a couple whose moment is 
.7 P.AB, 

pod a force 

P, 
^iplied at A, the former of which twists the body and the 
bdter pushes it sidewise. This may be easily illustrated 
by the student in a variety of ways, such as turning an 
mger by one handle, twisting a long rod by means of a 
lingle-hauded wrench, etc 
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2. A door J gate, or frame, Bup2)orted hy two hinges 
carries a weight / required the j/ressv/re upon the hinges. 

When hinges are employed, 

'jT they may be bo set that one o ; 

the other will carry all the( 

\C vertical pressureSw In Fig. 70, 






y^^^ Ow *'^®^ being no provision for ear- . 



f 



rying any of the vertical pres- 
sures at the upper bearing, they 
^ will all be supported at the lower 

Fio. 70. , ^^ 

end. 
Taking the origin of moments at -S, we have 

H.BA^W.DG 

BA 

Similarly, taking the origin at A, we have 

H^.BA^W.DC 

'''^' = BA^' 
hence, 

and as they are parallel they constitute a couple. The 
only remaining force is the vertical one at B, and is called 
K This force, combined with W, must constitute the 
equilibrating couple ; hence, 

r=w. 

The total pressure at the lower end is the resultant of 
Fand J?i, and hence is 



V 



^^^ ir2 ^ TITS S/DC^+BA^ ^ 
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EXAMPLES. 

If three forces are represented in magnitude, position^ 
and direction of action by the sides of a triangle 
taken in their order, show that they are equivalent 
to a couple. 

In Fig. 71, if the forces act along the sides of a trian- 
gle, P from B toward (7, F from C toward A^ and 
H from B toward A ; show that for equilibrium in 
reference to rotation, R-= P-\- F, 

Equal weights are suspended at the comers of a trian- 
gle ; required the point where the triangle must be 
supported that there will be equilibrium. 
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Fig. 72. 



Two men carry 175 lbs. between them on a pole, resting 
on one shoulder of each ; the weight is twice as far 
from one as from the other ; how much weight does 
each carry, neglecting the weight of the pole ? 

If a prismatic block of stone, whose width AB is 2 ft., 
height ^67 is 3 ft., weighs 500 lbs., and it be con- 
sidered that the whole weight acts at the centre ^, 
what force, acting horizontally at (7, will just turn 
the block about the edge B% 

A man, whose weight is 175 lbs., desires to raise a body 
which weighs 4,000 lbs. by means of a lever 8 feet 
long ; one end of the lever being placed under the 
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body, how far from the end shall the fulcrum li 
placed so that his weight at the other end shall jus 
balance the body } 



EXSBOISBS. 

1. The force beixig given in pounds, and the arm in feet, is it proper 

say — a moment of a certain number of f oot-ponnds ? J^ool 
pounds of what ? 

2. What is the moaning of foot-pounds of work ? 
8. What is meant by foot-pounds of momentum per second ? 

4. If velocity is given in feet, and the arm also in feet, what will be 

unit of the moment of momentum ? 

5. Can a single force acting upon a rigid body produce' rotation if tb 

is not a fixed point in the body ? 

6. WiU two couples acting upon a rigid body in planes at right angl( 

with each other produce translation ? 

7. If a person supports a weight of 100 lbs. suspended from 'a rod u 

his shoulder, and he pulls down upon the rod with a force of 35 11 
with his hands so as to balance the weight, how much more th 
his own weight will be the pressure of his feet upon the earth. ? 

8. If a hole be bored by on auger, is the resistance to the cu 

equivalent to a couple ? 

9. In Fig. 70, will the pressure ^ at J. be increased if the weight fr 

be placed at a greater distance from D ? 






CHAPTER VIIL 

PARALLEL FOBGES. 

' 197. Parallel Forces are such as act along parallel lines. 
Phey may be conceived as concurring in a point at an in- 
inite distance, but this would be equivalent to saying that 
Ihey do not actually concur. They are forces not acting 
^pon a single particle, but upon the several particles of a 
body. 
198. ThLe Resultant of Parallel Forces.— Let B be 
le resultant of the parallel forces F^ i^, etc. ; then, 
tording to Article 191, we have 

B = F^+F^+Fs+etc. = SF . ^^' 



^^2 



It will be observed that the value -■• >'jr, 

iOf the resultant is independent of the ■ > 

points of application of the forces. "^ ~*^ 

If the forces are in the plane xy^ and 
are resolved parallel to the axes x and y, we have, accord- 
ing to Article 166, 

X= (i^+ J^+i^+ etc.) cos a = cosa5'J^; 

T= (T^+jPi+i^+etc.) cos/3 = cos j3SF= sinaSF. 

Squaring and adding, gives 

^ = X» + J^ = {SFf{co&^a + sin* a) 

= {SFf 
.'. B = SF; 

which is the same as given above. 
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If the given forces are in equilibrium, we have 

^ = 0; 
.'.SF=0'y X=0; T=0. 

199. The expression for the moments of parallel forces 
is given in Article 178, and the condition for equilibrium 
in reference to rotation, in Article 191. These expressions 
are independent of the points of application of the forces; 
l)ut when these points are given the equation of momenta 
is not only simplified, but it is found that there is alwavs 
a point on the line of action of the resultant, called the 
centre of parallel forces^ which possesses an important 
property. 

200. Centre of Parallel Forces. — The centre of par- 
allel forces is that point through whi^h the resultant vnli 
constantly pass as the forces are rotated about their point% 
of application^ the forces remaining consta/ntly paraUel as 
they are rotated. 

To illustrate, let the parallel forces P, F^ and It be in 
equilibrium, having their points of application at P, J., 

and G in the straight line PC. 
The point C will be the point of 
application of the resultant of P 
and R, Draw CE perpendicular 
to the lines of action of the forces ; 
then, since there is equilibrium, 
we have 




Fzo. 74. j 



P.EC=E.DC. 



(1) 



Conceive that the forces are revolved through an angle 
of 90°, retaining their relative directions of action. The 
force R will then act at A^ parallel to EC and to the 
right (or left), and P will act at the point P, also parallel 
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to EC and to tlie IdFt (or right). In the new position the 
arm of JB, in reference to (7, will be DA^ and of P, will 
be EP ; hence,, if ther^ i& equilibrium, we will have 

P.EP^R.DA. . • . (2) 
For, from the similar triangles CJDA and CEPy we have 

EO'.DC::EP:DA. 

JIA 

.'.DC^^EGi 

which, substituted in equation (1), gives 

P.EP=B.DA', 

which is the same as equation (2) ; hence, the resultant in 
the new position will pass through C. 

In a similar way it may be shown that it will pass 
through C for any amount of rotation of the forces P and 
-B; hence, C is the centre of the parallel forces P 

Similarly, A is the centre of the parallel forces F and 
P, if C and P are the points of application of the re- 
spective forces. . But if ^ be the point of application of 
P, and O oi E, then A will not be the centre of those 
forces. 

The centre of two parallel forces will be on the line 
joining their points of application ; and by combining 
their resultant with a third force in a similar way, the 
centre of three forces may be found, and so on for any 
number of forces. 

201. To find the Centre of any Number of Paral- 
lel Forces. — Let the forces be in the plane xy, their 

points of application being at Ay Cy E, etc. The ccutv:^ 
6^ 



' ISO ^ 



STATICS. 



[201.] 



of the forces Fl and J^ will be at JB, where their resultant 
intersects the line A C. Let 

(ffi, j/i be the coordinates of Aj 



and 






ii 



ii 







/I / /j / 1/1 

' ^..V f */ ^/ 
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Draw A€[ and Br parallel to OX^ Am^ Bn^ etc., parallel 
to OIT^ and Oe perpendicular to the lines of action of the 
forces. The triangles AqB and BrC are similar, and give 



AB\BC 



: Aq^ : Br 

: On — Om \0p — On 

• «/ ~~ *t/j . »«?2 """ tic . 






J, y be the coordinates of the centre of all 

the forces, which, being on the result- ' 
ant, is called the point of application 
of the resultant. 
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Bat, in reference to the point jB, we have 

Fi.ai = F2.bc; 
and becanse ac and ^iC^are cnt by parallel lines, we have 

ab:bo::AB:£C: 

I 

': which, by means of the preceding proportion, gives 

abibciix' — a?! : aj, — «' ; 

: and this, in the above equation, gives 

Fix' -- FiX^ = F^ - F^' ; 
which, by transposing, gives 

{F,+i;)x^ = F^x,-^F^,; 
.\ R^x! = Fxx^ +i^ 
Tn a similar way we would find 

R^'=.R^x''YF^ 

and, finally, 

Rx = F^x^ + jp^ + etc. = tFx ; 

and similarly, 

By = F^x + 2^2 + etc. = tFy. 

From these equations, we have 



x = 


■ Ji 


y = 





2052. If the System be referred to Three Rectangu- 
lar Axes, 0?, y, «, in which a, S^ and 7 are the a-^jles which 
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the lines of action of tlie forces make with the respectlTe 
axes ; then the equations for equilibrium will be 

jr= cos aSF=^ H cos a ; 
Y=co&fiXF=Jicmfi; 

l!x = SFx; Ry = XFy\ Ez = y,Fz', 

The last three equations are the moments of the f orcea ' 
in reference to the respective coordinate planes. 

If the given forces are in equilibrium in reference to 
translation, we have 

jB = 0; 

and, if they are also in equilibrium in reference to rotar 
tion, we have 

hence, the centre of an equilibrated system is indetermi- 
nate. 

203. Centre of a Mass. — 77ie centre of the mass 
which constitutes a hody^ is a point so situated that^ if its 
distance from, any a^is he multiplied hy the entire mass^ 
the product wiM eqybal the sum of the products obtained 
ly multiplying each elementary mass hy its distance from 
the same axis. 

This point will be determined when its position in 
reference to three rectangular planes is known. 
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Let M = the total mass of the body ; 
TWr = an elementary mass ; 
x^ y^ z^ the coordinates of any element, and 
^, y, i, die coordinates of the centre of the mass ; 
then, according to the delinitioii, we have 

Mx = SmXy 
2£y=zXmyy 
J/i* = Jms. 

These equations are applicable to several bodies. If 
tibe prigin of coordinates be at the centre of the mass, we 

have 

X = ; y = ; i = 

.'. Xmx = ; Smy = ; Smz = 0. 



EXAMPLES. 

1 Two parallel forces whose magnitudes are 6 and' 11, 
acting in the same direction upon a rigid line, have 
their points of application, A and -ff, 5 feet from 
each other ; required the point of application of the 
resultant. 

2. In the preceding example, find the point of application 

of the resultant if the forces act in contrary direc- 
tions. 

3. If the weights 2, 3, 4, and 5 lbs. act perpendicularly to 

a straight line at the respective distances of 2, 3, 4, 
and 5 feet from one extremity, what will be their 
resultant and its point of application? 

4. Let the weights 3, 4, 5, and 6 act perpendicularly to a 

straight line at the points A, B, O, and D, the dis- 
tances AJB = 3 feet, jff 6^ = 4 feet, and AD = 5 feet ; 
required the resultant, and the distance from A to 
the point of application ^ of the resultant. 
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5. If two parallel forces, P and Fy act in contrary direc- 
tions at the points A and jS, and make an angle ^j 
with the line AB ; find the moment of each in refe^ 
ence to the point of application of the resultant 



EXERCISES. 

1. Has a statical eoupU a centre of force ? 

2. Will several parallel forces always be in eqoilibriam if the Rom of j 

their moments is zero ? 
8. When may the resultant of parallel forces be zero, and the system 
be in eqoilibrinm ? 

4. If a system is in equilibrium why may the centre of force be at 

point ? 

5. If the mass of a body is homogeneous, will the centre of the maai I 

at the geometrical centre of the body ? 

6. If, in a sphere, the density yaijes directly as the distance from 

centre in all directions, will the centre of the mass be at the 
of the sphere ? 

7. State different laws according to which the density in a sphere 

yazy, and have the centre of the mass at the centre of the sphe 



CHAPTER IX. 

OENTBE OF GEAVITY, 

£204. The lines of action of the force of gravity con* 
srge towards the centre of the earth ; but the distjince 
: die centre of the earth from the bodies which we have 
scasion to consider, compared with the size of those 
)die8, is so great, that we may consider the lines of action 
J the forces as parallel. The number of the forces of 
ravity acting upon a body may be considered as equal to 
le number of particles composing the body. 
20&. The Centre of Gravity of a bodymsLj be defined 
I the centre of the parallel forces of gravity acting upon 
le body ; and hence the centre of gravity of bodies may 
3 found in the same way as the centre of parallel forces. 
206. The Resultant of the Force of Gravity equals 
le weight of the body ; or 

5207. If a body be supported at its centre of gravity, and 
le body be turned about that point, it will remain in 
juilibrium in all positions, for it will be equivalent to 
iming the forces through the same angle. 
208. Proposition. — 7^ a body he 8U8j>ended at any 
oin% then^for equilibrium^ the vertical through the cen- 
-e of gra/oity wUipasB through the point of support. 
Let the body be suspended at the point c, the centre of 
ravity being at a. If the vertical through a does not 
siss through <?, join the points c and a by the lixia ca^diw^ 
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the vertical cS, and the horizontal o5. The weight IT mi 
be represented by the line d>, of which the compoiiM 
ai-c ha aud ca. The component ha will caiiBe the bodji 
turn about c, causing the centre a to approach the Tertiei 
d>. If a be in the vertical (A, eith» above or below tli 
support, there will be no horizontal component, and Al 
bod; will be in eciuilibntim. 




209. Stable Equilibrium. — In stable eqnilibrium, 'i 

the body be turned slightly from its position of restjtt 
will tend to return to its former poeition. Thus, theboi^ 
repj-esented in Fig, 77 is in stable equilibrium. It appesD 
also from Figs. 76 and 77, that when the eqnilibrium i* 
stable, and the body is turned about the support, the ceutit 
of gi-ai'ity will be raised. In this case, therefore, the ceu 
tve of gravity is the lowest possible. The measure of tk 
stability is the amount which the centre of gravity is raisec 
in overtnmiiig the body, 

210, Unstable Equilibrium, — A body is in a conditioi 
of unstable equilibrium, if, when it is turned slightly fron 
its position of rest, it departs, or tends to depart, farthe 
from that position. This is illustrated by Fig, 78. Ii 
this case the centre of gravity will fall, when tiie bodyi 
turned about its support. The centre of gravity will b 
tjifl highest possible. 
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211. Indifferent Equilibrium is that coTidition, in which 
body will remain in equilibrium after being slightly dis- 
rbed. A sphere or cone resting on a horizontal plane 
an example of indifferent, or neutral^ equilibrium. 
9.19.. Trial Methods. — The preceding principles enable 

^«iie to determine, in an eoc^erimental manner^ the centre 

of gravity of bodies. Thus, 

in Fig. 79, let the body be 

carefully balanced upon a 

ihife-edge, and, when bal- 

ianced, the line of support be 

carefully marked upon the 

body. Then balance it in a 

rimilar way along another 

line ; the intersection of the lines will be vertically under 

the centre of gravity, and, if the body be a thin plate, we 

«ay that the centre of gravity is at their intersection. 

213. If a body be suspended at a point a, the centre of 
j|;ravity will be vertically under it. Draw the vertical 
Lfine db upon (or within) the body; then suspend it at 
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Pig. 81. 



another point c, Fig. 81, and mark the vertical line cd. 
The centre of gravity will be at ^, the intersection of the 
L'ues cJ) and cd. 
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EXERCISES. ^ 

1. If a oaxriage stands ui>on a side hill, what condition must be fnlfilkd 

in order that it shall not oyertum ? What mnst be the conditioD 
that it shall overturn ? 

2. A man stands upon a floor ; how far can he lean forward or backwaid 

and not fall over ? 
8. When a man moves his head forward, what other motion mnst hit 

body have that he may remain in eqmlibrinm ni>on his feet ? 
4 Why will not a table be as stable when standing upon two legs as 

upon three ? 

5. Why is it more difficult to overturn a body like Fig. 77 than it is 

one like Fig. 78, the bodies being of equal weight ? 

6. If a book be suspended at one comer, why will its edges be inclined 

to a vertical ? 

7. May a body be in a state of neutral equilibrium in reference to %■ 

disturbance in one direction, and stable in reference to another f . 





Fio. 82. Fig. 8S, 

8. Explain how the toy shown in Fig. 82 may be in stable equilibrium. 

9. Explain how the toy horse shown in Fig. 83 stands upon the posi> 

without falling off. 

Centre of Gravity of Heavy Particles. 

5a.4. Centre of Gravity of two Particles. — ^Let P 

• be the weight of a particle at A^ and 

Q X ^ TT, that at (7. The centre of gravity 

^o. 84. ^-^ l^g g^|. gQjjje point -S, on the line join- 

ing J. and C Hence, 
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AB + BC=AU\ 
[^hich, combined with the preceding equation, gives 

W 



AB = 



W+F 



AC. 



r^eu 



P = F, 
AB=:iAC. 



215. Centre of Gravity of several Heavy Partl- 

— Let Wiy W2, Ws, etc., be the weights of the particles. 
Join tOx and w^ by a straight line and find their centre of 
gravity Ay as in the preceding article. Join A with W2 
and find the centre of gravity B, which will be the centre 
of gravity of the three weights w^, Wi, w^. In a similar 
way find C^ the centre of gravity of the four weights. In 
this way the centre of gravity of any number of weights 
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Pig. 86. 



may be found. It is not necessary that the weights be in 
one plane ; they may be distributed in any manner in 
Bpace. 

216. If the Positions of the Particles are referred 
to Three Rectangular Axes, let 
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Wiy W2y w^y etc., be the weights of the respecth 

particles, 
^15 j/u ^ t^® coordioates of Wi and similarly for w^\ 

w^ etc., 
», y, i the coordinates of the centre of gravity dj 

all the weights, and 
TTthe sum of all the weights ; 
then, we have 

W= Wi + W2+ w^-{- etc. = 2:w ; 
and, according to Article 202, we have 

— _ Siox _ _ Swy ^ __ £w3 

EXAMPLES. 

1. Two particles are joined by a straight line ; if one is f^ 

times as heavy as the other, iind the position of the 
centre of gravity. 

2. If three equal particles are at the vertices of a triangle, 

find the position of the centre of gravity. 

3. If the weights of three particles are as 1 to 2 to 3, and 

are placed at the vertices of an equilateral triangle, 
find the position of the centre of gravity. 

4. If four equal weights are at the vertices of a triangular 

pyramid, find the position of the centre of gravity. 

Centre of Gravity of Lines* 

211. Straight lanes. — By a line, we here mean a mate- 
rial line, whose transvei'se section is very small, such as a 
very fine wire. 

The centre of gravity of a uniform straight line is at 
its middle point. 
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For, we may conceive it to be composed of pairs of 
articles, each of which is at the same distance from the 
middle point ; and as this point will be the common centre 
f .gravity of all the pairs, it will be the centre of gravity 
kf the line. 

218. Centre of Gtavity of the Perimeter of a Tri- 
ingle. — Let ABC be the triangle. The centre of gravity 
)f the sides will be at 
Llieir middle points, 2>, 
i?, F, Join these points. 
The weight at E will be 
to that at Z^ as the length 
of CB is to the length 
of A C, Divide the line 

dE at the point (?, so 

that 

DG\GE\\BC\AG, 

then the point G will be the centre of gravity of the two 
lines AC and CB. Similarly, /will be the centre of 
gravity oiBC and AB, and H, that of AB and A C. The 
coustruction gives 

DF=\BC\ DE^\AB', FE=^AC', 
hence, the preceding proportion gives 

DG:GE::lBC:kAC 
: : DF : FE. 

Therefore, the line drawn from F to G will bisect the 
angle F\ and, similarly, for DI and EH. . 

The centre of gravity of the three sides of the triangle 
ABC^ will be in the line GF\ and, similarly, it will be in 
the lines Dleiud HE] hence, it will be at their intersec- 
tion, which will be the centre of the circh insot^ibed in tlie 
triangle DEE. 
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219. S3rninietrioal Lines. — The centre of gravity ci 
lines which are synimetrical in reference to a point, will 
be at that point. Thus : — 

The centre of gravity of the circumference of a circle, ' 
or an ellipse, is at the geometrical centres of those figures : 
The centre of gravity of the perimeter of an equilateral 
triangle, or of a regular polygon, is at the centre of tho 
inscribed circle : 

The centre of gravity of the perimeter of a squai'e, rec- 
tangle or parallelogram, is at the intersection of the diag- 
onals of those figures. 
"* 5220. Centre of Gravity of a 

Circular Arc. — ^Let ABC be au 
arc of a circle, O its centre, B its 
middle point, and AG its chord. 
The centre of gmvity will be ou 
^s,^^ ^^,* the radius BO^ at some point (J, 

FioT'k gueh that (see Article 234), ^ 

Arc ABC : radius BO : : chord ^C7 : Oc. 

BCAC • 




Oc = 



ABC 



EXAMPLES. 

1. Find the position of the centre of gravity of the edges 

of a rectangular box. 

2. Find the position of the centre of gravity of the edges 

of a regular pyramid having a square base, and 
whose altitude equals the length of one side of the 
base. 

3. Find the centre of gravity of the semi-circumferenoe 

of a circle. 2r 

Ans. Oc-= — . 

TT 
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^ In Fig. 88, if the angle A00= 60°, find the position 
of the centre of gravity of the arc ABO. 

Agis. Og= — . 

; 6. Find the distance from the centre of a circle to the 
centre of gravity of a quarter of the circumference 
of the circle. 

Am. Og = 2V2 -• 

Centre of Ch*avity of Surfaces. • 

221. Definition. — A surface here means a verj- thin 
plate or shell. 

222. The Centre of Gravity of a Plane Triangle 
is in the line joining the vertex with the middle point of 
the hdse^ and at one-third the length of the Unefrom the 
hose. 

Let ABO be a triangle. Consider the triangle as com- 
posed of an indefinitely large number of straight lines 
parallel to the base AB. The centre 
of gravity of each of these lines is at 
their middle point ; hence, the centre 
of all of them will be at some point in 
the line passing through their centres ; 
which point will be the centre of grav- 
ity of the triangle. Let D be the mid- 
dle point of AB ; join O and 2>, then 
will the centre of gravity of the tri- 
angle be in the line OD. Similarly, it 
will be on the line AE^ drawn from A 
to the middle point of BO'^ hence, it will be at ^, the inter- 
section of DO and AE. To find the distance Og^ draw 
DE^ then will the similar triangles DEg and AgO giwe 
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DE gP 
AC~ gO~* 
.■.,0=igD. 

Adding gDXo botli members, givee 

gC ^ gD = DC =ZgJ> 
.■.gD = \DG. 
Similarly, 

gE=\AE. 

We may readily find that, the perpendicular distance ol 
the centre of gravity from the base, equals one-third ol 
the altitude. 

223. Symmetrical Figures.— The centre of gravity oj 
the surface of a circle, or of an ellipse, is at the geoniet- 
I'ical centre of the figure; of an eqiiilatei-al triangle, 
regular polygoii, it is at tlie centre of the inscribed ciitle ;■ 
of a pai'allelogram, at the iiiteracctiou of the diagonals ; 
of the surface of a sphere, or an ellipsoid of revolution, 
the geometrical centi-e of the body ; of the convex sur- 
face of a right cylinder, at the middle point of the axis 
of the cylinder. The centre of gravity of the convex sur- 
face of a regular right pyramid, 
or of a right cone having a circle 
for its base, is on the axis of the 
figure at one-thu^ the altitude 
from the base ; for, the surface 
may be considered as composed of 
triangles having a common apex. 
224. To find the Centre of 
Gravity of a Part of a Body, 
when ike centre of gravity of the whole and of the remain- 
ing part are known. 

iM, Ali be one area, OD the other, O the centre of 



lis; I 
., at \ 
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.vity of the former, o that of the latter, and g the centre 

A gravity of the part remaining after removing the area 

'D. The point c will be on the line through oO. Take 

as the origin of moments. The weights are directly 
iroportional to the areas, and the moment of the whole 

[iials the sum of the moments of all the parts, hence 

rea AB x A 0=zArea CD x Ao -f {Ar^ea AB—Area CD) 

xAo 

AreaABxAO — Area CD xAo 



.-. Ag = 



Area AB— Area CD 



The same formula will apply to lines and volumes by 
Inmply substituting line or volume for area, 

225. Irregular Figures. — Any figure may be divide^ 
into rectangles and triangles, and, the centre of gravity of 
each being found, the centre of gravity of the whole may 
be determined by treating it as if it were an aggregation of 
particles, as in Articles 215 and 216. 

5226. The Centre of Gravity of a Zone ^8 at the mid- 
dle point of the line joining the centres of ihs v/pper ai\d 
lower hases of the zone. 

It is proved in Geometry that, on the same or equal 
spheres, zones are to each other as their altitudes ; hence, 
if the zone be divided into an indefinite number of paral- 
lel zones, and all be reduced, or contracted, to the axis of 
the zone, it will form a line of uniform weight; and 
hence, the centre of gravity will be at the middle point of 
the line. 

EXAMPLES. 

1. If a line be drawn parallel to the base of a triangle, 
dividing it into equal areas, will it pass through the 

centre of gravity of the triangle ? 

7 
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2. If a line bisects the vertical angle of a triangle, in what 

cases will it pass throngh the centre of gravity, and 
in what cases will it not t 

3. If the bases of two triangles are in the same line, and 

their vertices are in a line parallel to the bases, show 
that the line joining their centres of gravity will also 
be parallel to the bases. 

4. In Fig. 90, if the circles are tangent to each other in- 

ternally at Ay find the distance from A to the centre 
of gravity c, after the smaller circle has been re- 
moved. Let JS = AO ; r = Co. 



Ana. Ac = 



i?-^ 



6. Find the centre of gravity of the remainder of a sqiiara 

after one- quarter of it has been removed from one 

comer. 

5 

Ans. AB = ^AC. 



c 






\ 



A 
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6. Find the centre of gravity of a trapezoid. 

It will be on the line joining the centres of the two 
bases. 

A TT .r^^AB+^DE 
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7. Find the centre of gravity of the surface of a right 
cone having a circular baee, including the base. 
Let r be the radius of the base and A the altitude ; 
find the distance from the apex. 



Ans.- 



Vf^+A^+' 



h. 



Centre of Gravity of Volumes. 

227. Triangular Pyramid. — T^e centre of gravity of 

any triangular pyrainAd is on the line joining any 

i^exwith the centre of gra/oity of the opposite faxe^ and at 

apoint threefourihs the length of the line from the apex. 

Let A-BGD be a ^ 

triangular pyramid. 
Snppoee that it ig di- 
Tided into infinitely 
thin sliceE, hod, parallel 
lotheba8e,56'i>. The 
centre of gravity of the 
■ pyramid will be on the 
line passing through 
the centres of all the 
slices. Let F be the 
centre of gravity of the 
base, then will the cen- tk*. 91 

tre of gi'avity of tlie pyramid be on the line AF. Simi- 
larly, it will be on the line BO drawn from the apex_£ to 
the centre of gravity of the opposite face, and hence, at 
their intersection S. Join ^and Q, and the similar tri- 
•nglea i^tf^and AEB give 

E& _ FG 
A£~ AB- 
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But, EG = \AE\ 

.'. FQ = \AB. 

The similar triangles, FOH^m^ AHB^ give 

FO _Fn 

AB ~ AE' 

in which, substitute the value of FO^ and it gives 

ZFH^ AH. 
Add FH= FH, 

and we have ^FH:= AF; 

.'. FH'= iAF. 

5i28. The Centre of Gravity of any Pyramid or 
Cone is on the line joining the apex with the centre of 
gra/oity of the hose and at one-fourth the distance from 
the base. 

That it will be on this line is evident from the preced- 
ing Article. The pyramid may be divided into triangular 
pyramids, and the centre of each will be in a plane paral- 
lel to the base and at one-quarter the altitude from the 
base ; hence, it will be at the point where this line inter- 
sects the plane. The position for the cone is found in the 

same way, for, the cone may be 
considered as composed of an in- 
definite number of pyramids. 

229. Problem. — i^i/i^ tk 
centre of gravity of a spherical 
sector generated by the ret^ohf 
tion of the circular sector AOC 
about the a/3ds GC. 

It will be on the axis GG. I^ 
we consider that the spherica 
sector is composed of an indefinite number of cones, havini 
their bases in the surface of the sphere, and their apices 8 
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the centre (7 of the sphere, the locus of the centre of gravity 
of all the cones will be in a spherical surface DEF^ having 
C for a centre and radius CD = f of CA. The centre of 
gravity g of tiiis surface will be the centre of gravity of 
the spherical sector; but, according to Article 226, jE*^ is 
one-half of the altitude EK of the spherical surface 
DBF, But, from the figure, we have 

EK^IOH', 

:.Eg^%OH', 
and 

Gg^OE-\-Eg 

= i{Ga+iGE). 
But, 

ag:=:CO-Gg 

=^CG-iCG--iqir 

= ^{2CG^GE). 

JS30. Problem. — Tojmd the centre of gravity of a seg- 
fnent of a sphere. 

Let AGB, Fig. 94, be the segment of a sphere, and a 
point / on the line GS be its centre of gravity. Taking 
the origin of moments at the centre C\ we have 

Vol. ofSeg. x (7/ = Vol of sector A G£ Ox Cg 
- Vol.of cone ABC v.lCH\ 



or. 



ir{GHy{CG-^GR) ,Cg'^2^{CGf,~^.\GC.Cg 

-ir{AHf.\CH.iCR', 

n f ^ S{CG)^GII,Cg-S(AII)\CB:^ 
•*• ^^ " 12{GBf.{CG-iGir) 
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EXAMPLES. 

1. Find the centre of gravity of a hemisphere. 

It will be on the radins perpendicular to the baaij 
of the hemisphere, and, according to Article 391)1 
at a distance f the radius from the centre. 

2. Find the centre of gravity of the remainder of a sphdrtt 

whose radins is li^ after another sphere, whose radini 
is r, is taken from it, the two spheres having a coiih 
mon tangent plane. 

3. Find the distance from the centre of a sphere to the 

centre of gravity of a segment of the sphere of one 
base, the chord of the segment being ^ the radios. 

4. A cone is suspended at a point in the circumference of 

the base ; required the inclination of tlie axis to 
the horizontal. Let the radius of the base be 2 
inches and the altitude 8 inches. 

5. In the preceding example, what will be the relation 

between the radius of the base and altitude of the 
pyramid, if the axis is inclined 30° ? 

OentrohariG Method. 

231. The two following theorems are by some accredited ■ 
to Guldinus and by others to Pappus, one or the other of 
whom is supposed to have discovered them. 

232. Theorem I. — The surface ^ generated hy the revo- 
lution of aline about an axi^ fixed in the plane of tlie foW, 
is equivalent to the product of the length of the line into 
the circumference passed over hy the centre of gravity of 
the line. 

Let -4.^ be a plane curve, and JTl^the fixed axis in 
the plane of the curve. Draw any number of eqiui 
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chords, AB^ BC^ etc., and from their middle points, Oj, a^ 
etc., draw the perpendiculars ^5i, a^^^ ©tc, to the axis 
YT. The revolution of 
the curve about the axis will 
generate a double curved 
surface, and the polygon, 
several f rustra of cones in- 
scribed within the former 
surface. 

The surface generated by 
AB will be (see Geometry) 

27r^Ji X AB, 

Similarly, the entire sur- 
face generated by the polygon will bo 

27r(«iJi X AB 4- 03*2 x B C+ etc.). 

Let g be the centre of gravity of all the lines AB^ BCy 
etc., and gc^ a perpendicular to YY^ then will the mo- 
ments of the lines in reference to the axis T' J^ be 

gc{AB+BC+Qtii.) = AB,aA+BC.a2b2-{-etii. 

Multiplying both members of this equation by 27r, gives 

2irgc{AB + BC+ etc.) = 27r{AB, aj)^ +BC.aJ)i + etc.), 

the second member of which is the surface generated; 
hence, 

2irgG y, perimeter of the polygon = surface generated, 

in which 27rgc is the circumference described by the cen- 
tre of gravity of the perimeter. 

Inscribe in the curve another polygon of double the 
number of sides, and so on indefinitely ; the limit of the 
polygons is the arc, and the limit of the surface is the 
iouble curved sm'face ; but, the preceding equation is 
troe for any number of sides, and hence, will be true of 1 
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the limit. Let y^be the centre of gravity of the arc, and 
ffiCi the perpendicular upon the axis ; then the equati(Hi 
becomes 

27rgiCiX length of arc = surf ace geiienxted ly the care. 

The theorem is evidently true for a single line, or for 
several lines of unequal length. Q. E. D. 

233. Theorem n. — The volume^ generated hy the revo- 
lution oj' a plane area about a fixed aosis in its jflane^ is 

^ equivalent to a prism whose base is 
the area revolved, and altitude^ th^ 
length of the circumference passed 
ovei* hy the centre of gravity of the 
area. The plane area must lie wholly 
on one side of the axis. 

Let ZA£ . . . jF^Q be a plane area, 
1^1^ the fixed axis in the plane of 
the area. Divide ZQ into equal 
parts, ZMy MN, etc., and draw the 
ordiuates LA, MB, etc., perpendicu- 
lar to YY, and from A, B, etc, 
draw parallels to YY, forming rectangles, as shown ii^ 
the figure. When the figure revolves the rectangles wH^ 
generate cylinders, and the curve, a double curved surface* 
The volume of the cylindei*s will be 

IT AD. LM+ irBM\ MN-\- etc. 

Let g be the centre of gravity of all the rectangles, aud 
the ordinate to the centre of gravity of each being equal 
to one-half the length of the side of the rectangle, we? 
have for the moments of the rectangles in reference to th^ 
axis YY, 

gc X area of all the rectangles = AL . LM . iAJj+ 

BM.M]}/^.iBMi-etG. 
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.•. ^irffcxarea ofaUihe rectangles = irAD . ZM + 

= Vol, of all the cylinders. 

If now the divisions in Z^ be increased indefinitely, 
the limit of the rectangles will be the area of the curve, and 
the limit of the cylinders will be the volume of revolution. 
Let ^1 be the centre of the plane area, then we have 

Vol. of revolution = ^trg^Ci . area of the plane 

curve^ 
= the area of the curve x by 
the distance described by 
the centre of gravity of 
the area. Q. E. D. 



Applications, 

fi34. Problem. — Tofmd the centre of gravity of a cir- 
cvlar arc. 

Let ABC be a circular arc whose centre is 0\ the 
centre of gravity will be at some point c on the radius OB 
drawn to the middle point, B, of the arc. 
Through Odraw the axis yi^ parallel to the 
chord AC J and conceive the curve to be 
revolved about this axis, generating a zone. iB(*^-[2^-j<^ 
The area of the zone will be (see Geometry) 

^irOB.AC. 

According to Theorem 1, we have 

Arc ABC. ^irOc = Area of the zone = 2irOB.AC; 

AC. OB 
•'^''~ ABO ' 

1* 
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285. Problem. — Mnd the distance from the centre of a 
cvrde to the centre of gravity of a sector of the circle. 

Let AOBC be tiie sector generated by the rotation of 
the line A C about the centre O. Let 6 be the angle A C% 

and r the radius AC; then will 
the arc AGB= 2r6. Accord- 
ing to Theorem 1 we find that 
the area of the sector will be i^9. 
If the sector be divided into 
an indefinitely large number of 
sectors, each may be considered 
as a triangle whose centre of 
gravity is at two-thirds of its alti- 
tude from the centre CI With 
a radius DO^ equal to f?', describe the arc DEF\ this 
arc will be the locus of the centre of gravity of all the 
small sectors ; and the centre of gravity of all of them, or 
the sector ^C^ will be at^, the centre of gravity of the 
arc DEF, According to Article 234 we have 

.^ _ 2x|rsin^.|r _ o rsintf 
^^"" 2^a^^g "*~^ 



I 
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1. If ACBO is a semi-circle, prove that Gg is f -. 



TT 



2. If g\ Fig. 98, 1)6 the centre of gravity of the circular 

segment AGB^ find the distance Cg'. 

3. Find the volume of a sphere. 

4. Find the volume generated by the revolution of the 

circular segment ^6^^^ about an axis through C'and 
parallel to the chord AB. 

5. Find the volume generated by the circular sector GA GB^ 

about an axis through G and pamllel to AB. 



CHAPTER X. 



eoLunoN OF problems according to the principles of 
I energy. 

Problems in which the Solutions depend upon 

Potential Energy, 

236. Energy represented by the Three States of 

Equilibrium. — ^According to Article 210, when a body is 

in the condition of unstable equilibrium, the centre of 

gravity is in the highest position. In this condition its 

potential energy is a maximum, that is, it is in a condition 

to do the most work. When the centre of gravity is 

lowest, the body is in a condition of stable cquilihriuvi 

(Article 209), and its potential energy is a minimum^ that 

is, it is in a condition to do the least work. In neutral 

equilibrium, biopotential energy^ for successive positions 

of the body, remains constant, 

237. To ji/nd a curve such that a heavy bar AE^ rest- 
ing against it and against a vertical 

plane DE^ will be in equilibrium in 

all positions, there being no friction 

on the surfaces. 
Let g be the centre of gravity of 

the bar. If the bar is prismatic and 
homogeneous, g will be at the middle 
of the length, but, in other cases, it 
may be at any other point along the bar. 

This is a case of indifferent equilibrium, and hence, the 
centre of gravity is neither raised nor lowered by a change 




Fig. 99. 
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of position ; in other words, its locus will be in a horizon- 
tal line. Thei-efore, if the centre of gravity g be moved I 
along the line CB^ and the end E be kept constantly 
against the vertical DE^ the end A will trace the cnrve. 
But this is equivalent to the well-known method of con- 
structing an ellipse by means of a trammel. Hence, the 
curve CAD is an ellipse. 

[Let 

X = BF, y = FA\ 
then, 

Fg=\x, 

and 

FA'' + Fg''=Ag^', 

or, 

f'+l^ = F ; 

which is the eqaation of the eUipse. A more general solutioo 
wiU be found by letting Ag = n, JEg,] 

238. Required the form of a curve such that a heavy 
har resting against it and against a smooth pin above ih 
cui^e^ will he in equilihrium in all positions. 

Let AD be the bar, D the 
position of the pin, and ABC 
the required curve. 

This is also a case in which 
the potential energy is con- 
stant / hence, the centre of 
gravity will be found in a 
horizontal line gg'y passing 
through the centre of grav- 
ity, ^, of the bar in the vertical position. The curve may 
therefore be constructed by drawing any number of radial 
lines DB^ DA^ etc., through D, intersecting them by the 
horizontal line gg', and laying oflP on the radial lineft below 
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the horizontal the constant distance gB=^g'Aj etc. The 

curve is called the conchoid of Nicom^des. 

[Let 

Ag' =zBg = a\ gD = c\ ADB=e\ AD^p\ 
then, 

AD = Ag'-hg'B 

= Ag' + DgBGoO; 
or, 

p = a + <j sec ^ ; 

which is the polar equation of the carve.] 

239. A cord of given length is suspended at two points 
in the same horizontal / required the form of the curve 
when the centre of gravity is the lowest. 

The cord, being perfectly flexible, will naturally assume 
the position of stable equilibrium, 
and its potential energy will be a 
ininimum ; that is, its centre of ffrav- 

Fio. 101 

ity will be the lowest possible. The 
curve assumed by such a cord is called a Catenary. If the 
cord be of variable density, it will still assume the position 
in which the centre of gravity is lowest. 

[The equation of the catenary is found by higher mathematics. 

If tD = the weight per unit of length of the cord ; to = the ten- 
sion at the lowest point of the cord ; e = the base of the Naperian 
system of logarithms ; x horizontal and y vertical ; the origin of 
coordinates being taken at the lowest point, then 







240. A curve of given length is revolved about the line 
passing through its extremities / required the form of 
the curve such that the surfa^ce generated shall he a 
maacirrium. 
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The area will equal the length of the carve multiplied 
by the distance passed over by the centre of gravity of the 
curve. The curve being of constant length, the area 
will therefore be greatest when the distance of the centre 
of gravity of the curve from the axis of revolution is 
greatest ; hence the curve must be a catenary. 

241. Two cylinders of unequal radi% hut of the same 
material and lengthy arepTxiced in a larger hoUow cylinder; 
find their position when in equilibrium. 

Their position will be that in which the potential energy 
is least ; hence, their centre of gravity will be lowest. 

Let g be the centre of 
gravity of the cylinders when 
in contact. If they be rolled 
in the hollow cylinder, re- 
maining in contact with each 
other, the centre of gravity 
will describe a circle MgN^ 
about tlie centre C of the 
hollow cylinder, and the line 
EF joining the centres of the cylindei*s will be constantly 
tangent to this arc ; hence, when they are in the position 
of equilibrium, the line EF will be horizontal and the 
point g vertically under the centre C, 

To find the angle ECg, let E=:AC,r^ = FB, and 
n = AE, 

Then, jEZ^= ri+ 7*2 = the sum of the radii of the two 
cylinders ; and the equation of moments gives 




and from the figure we have 
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Eg + gF=^ r^ + r^ 
W 



01:=: B-Ti 



.'. sin £0g = 



W^r^+r^) 



{W,+W,){Ii-ny 



Required the effort necessary to maintain a hody 
oih^ inclined jplane^ the effort heing exerted par- 
he plane. 

3 effort be exerted by a body acting vertically, as 
03 ; then will the centre of gravity of the two 
J in the same horizontal line for all positions of 
on the plane. 

C be the inclined plane, on which the weight P 
I position by the weight TT, all without friction. 
\dhe the centres of the 
5spectively in one posi- 
n will their centre of 
>e at some point g^ on 

joining their centres, 
dies are moved into an- 
ition, having their cen- 
jctively at h and e, their 
f gravity will be in a 
1 line through g, 
he energy is constant, the potential energy gained 
g the weight P will equal that lost by lowering 

other words, the product of P into the vertical 
through which it has been raised, equals W into 
;al distance through which it has been lowered. . 
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Dmwiug the horizontal line bcy and the vertical line ae, 



we have 
but, 



P.ac= W.de; 
oo = oJ sin 0^ 

:=::desmA 
BO 






= de 



AC 



y 9 



which, substituted in the preceding equation, gives 

P.BC^ W.AC; 



r • 



P'rr 



i!ei 



or. 






P:W::AC: BC; 

that is, the effort is to the resistance as the height of ik^ 
plane is to its length. 

243, Determine the conditions of equilibrium of ^ 

single pulley, 

111 one position let the weight W be at d^ and P, at a ; 
and in another position, P at 5, and W at C* 
The centre of gravity will be at the same point 
g^ in both positions ; hence, we have 

P.ab = W,dG\ 

but, 

ah=^dc\ 

that is, the effort equals the resistance when there is no 
friction, 

244. Determine the conditions of equilibrium of the 
straight lever. 

Let ^^ be a bar in a horizontal position, having weights 
P and W suspended at its extremities ; it is required to 
find the point C, upon which they will balance. Their 
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[f'^entre of gravity, y, will be in the line joining the centres 
'' of the bodies, and vertically nnder the required point C. 
\ JjBt the arm be turned 

into the position aJ, 
: the perpendiculars da 
. and €i> from a and h 

be dropped upon 

^JS ; then will the 

ueeight W have been 

raised a height equal 

to he, and P will have 

fallen a distance ad. 

Since there is equili- 

rium, we have 

F.da=zW.€b. 




/>•: 



/..-*•»--' 



♦.-' 
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The similar triangles adC and heC, give 

da aC AC 



fj 



eh'^ IC~ BC 

and, by combining these equations, we find 

P.AG=W.BC', 

^^' P\W:'.BG\AG', 

that is, tlie effort is to the resistance inversely as the arm 
of the effort is to the arm of the resistance. 

In this problem the centre of gravity of the bodies re- 
mains at g for all inclinations of the arm AB ; for the 
similar triangles adC and Ceh, give 

dC\ Ce\\aC\ Oh^ 

but rf(7 and Ce are the arms of the forces in the new posi- 
tion ; hence, they are proportional to the original arms. 
When the support is not in the line of the points of attacli- 
Haent of the weights, the centre of gravity will change its 
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)K;^itioii as the ann is rotated, as will be seen in the fol- 
lowing pn^blem : 

245. Tojind the conditions of efHtHhrium of the kn^ 
letter. 

I Jit A G and BG\ie the arms of tlie lever, the support, 
or fulcrum, l>cing at G^ and the weights snspendcd as 

shown in the figure. 
B The centre of grav- 
ity of the weights, 
when in eqnilibri- 
nm, will be in the 
line joining the cen- 
tres of P and % 
and at a poiut ;, 
vertically under the 
poiut of support 6'- 
Let the lever be 
tiirnc;*! tliroiif^li a small angle, then will the end A de- 
hcHImj tluj arc AA\ and B, the arc BB'^ and the weights 
\\ill Ikj found in the positions P' and W\ The centre 
of gravity will h(j raised to a point g' ; hence, when the 
bodicfH anj l(jft to themselves they will return to their 
former jiosition. 

W(j may, however, determine a practical formula for this 
cawj by liSHuming that they remain in equilibrium when 
the hjvcr is turned through an exceedingly small angle. 
For this case, we consider the arcs AA' and BB' as 
straight lines. Draw the horizontal lines A*a and B'h^ 
then will the i)otential energy of P be increased by an 

amount equal to 

P, Aa ; 

and that of fTwill bo diminished by an amount equal to 

W.Bb', 



• 
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hence, according to the hypotheses, we have 

P. Aa = W. Bh. 

Tlirongh Q draw the horizontal CD^ meeting the verticals 
through A, and B at the points C and D, From the simi- 
lar right angled triangles A A' a and AGO, we have 

Aa GO 



AA' " OA' 

Similarly, the triangles BB'h and BGD give 

Bl _ GD 
BB' " GB • 

But the arcs BB* and AA* are proportional to the radii 
OB and GA ; hence, 

AA* __ BB' 
GA'^ GB' 

and, by combining these three equations so as to eliminate 
Aa and Bh^ we find 

P.GC=^W.GD', 

^'' PiWiiGBiGC; 

that is, the weights are inversely a^ their arms ; a result 
which agrees with the preceding problem. 

Problems involving Kinetic Energy. 

246. A body faUs freely through a height h / what will 
be the kinetic energy stored in it f 

A body whose weight is TT, at a height h above a given 
point, has a potential energy of 

Wh ; 

and when it has fallen through this height its energy will 
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1)0 changed to kinetic energy. Snbstitating for A itB value 
in teriuB of v (sec Eq. (3), Art. 72), gives 

as given in Article 112. 

If the body had fallen tliroagh a portion of the hei^ 
Ai, leaving a height A^, thi*ongh which it may afterwards 
full, wo have tlie kinetic energy 

and the jx)tcntial energy 

hence, tlie total energy will be 

= Wh, 

which is constant for that height. 

247. 7W bixfivM ofunegical weights a/replaced on two 
vnequally indinal jihines^ aiid connected hy a fine iiux- 
tcn^iU^ <v>/y/, 7v/i ich j)a88e8 over a pulley so placed ahou 
the angle o/ t/te planes that the cord wiU he parallel to the 
planes / required the equations for their tnotion^ then 
heing no frietional resistances^ nor resistance of the air. 

Let -^16^ and ^6^ be the inclined planes, TT and P the 
positions of the bodies 
wlicn motion begins. Af- 
ter a time t let them be 
in the i)ositions I'epresent- 
ed by F and W ; the dis- 
tances over which they 
have moved being 

dc = ab. 

In the initial position, the centre of gravity of the bodies 
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will be at some point g^ in the line joining their respective 

centres of gravity ; and after a time t it will be at some 

lower position g'. Through g and g' draw horizontal lines ; 

fche vertical distance ge between them, will be the height 

Jirough which the common centre of gravity of both 

bodies will have fallen. 

Let 

gez=zh\ 

then, the potential energy lost will be 

(P+ W)h, 

which is a gain of kinetic energy equal to 

Let 

then will the vertical height through which P has fallen be 

8€\viB\ 

and the height through which W has been raised will 

be 

« sin JL ; 

and the total potential energy lost will be 

(Psin^-TTsinJL)*; 
bence, we have 

(/> + Tr) '^ = (Psin^ - Fsin^)«; 

Tom which we find 

2 P^\w B — TTsin A ^ ,^. 

^= — iMnr — ^^*' • • ^^ 
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In this problem the acceleration will be constant ; hence, 
according to Article 24, we have 

s = ivt; 
which, substituted in the preceding and reduced, gives 

Psin^-TFsin^ 



v = 



gt. 



(2) 



^""V [/^sin^- 



(3) 



P + W 
Eliminating v from the two preceding equations, gives 

W 2^1 

W&inA' ^ J 

248. If one of the todies as P^ in the j^eceding prdfh 
lem^ moves vertically^ while the other moves on the jplane^ 

required the formulas for 
their Diotion, 

This problem may be solved 
in the same way as tlie pre- 
ceding one; but the results 
may be obtained directly from 
^^r' ^'^ preceding formulas by 
making B = 90°. The re- 
sults are 
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'-W[ 



p _ TTsin^ 2 ^ 



P - TTsin A 



] 



P + F 



gi\ 



and, 



t 



= v/[: 



P + TT 



TFsin A 



2«1 



249. If in the preceding prohlems^ hoth bodies move 
Vertically^ required the formulas for the motion. 
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Making A = 90°, in the preceding formulas, we find 
the formulas of Problem 3, Aiticle 90. 

250. A vessel isjiUed with a liquid ; required the velo- 
city with which it wiU discharge itself through an orifice 
near the hase. 

Let ABE be the vessel, F the position of the orifice. 
Suppose that a small portion, equal to the hoi'izontal slice 
A.C£^ has been discharged. The 
tsentre of gravity of the mass will ^* 
have been lowered from some point 
g to another point g\ and the poten- 
tial energy Ic^t is equal to the weight 
of the liquid above the orifice, mul- 
tiplied by the distance gg' . But a 
Bfiore simple way of considering 
the problem, is to assume that the centre of gravity of the 
part below the slice ACB remains at /, and hence, that 
the change in the position of the centre of gravity has 
heen produced by the transference of the slice A CB to the 
level of the orifice F. Assuming that there are no f ric- 
tional resistances, nor resistance from the air, then the 
whole energy will be expended in producing the motion 
of the liquid. 

Let 

8 = the horizontal section of the vessel at AB^ 

k = the section of the orifice at Fy 

X = the thickness of the thin slice AB, 

h = DO = the vertical height of AB above the 

orifice, 
t = the time of the discharge of a quantity of the 

liquid equal to that in the slice AB, 
w = the weight of a unit of volume — say one cubic 

inch of the liquid, and 
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r = 'li^ TtO •t-iTT c<f lie dk-ciargc- 

-V = tJi*- - < '"iirrie <'»f iLe tlice. 
w.v = iLe "wel^t of die tlioe, and 
' .:.\tA =■ iLe -W' -rk nccTunulatCfd in the &Llce when : 

fjtijeD thrr>Qgii the height A. 

Tht qnuntiiT m-hich vill flow thiou^ the orifice 
time t will be 

the weight of which will be 

the mass of which i£ 

tthrt 

T' 

and of which the kinetic energy, due to the flow, wi 

hence, 

y 
But the weight wSx = whvt^ and by cancelling an( 
ducing we have 

wliicli is the same as that of a particle falling t 
through a height A. 

This result is modified in practice on account of th 
sistance of tlie air, friction, and viscosity of the liquid 
there is a pressure upon the top of the vessel, we asce 
what height of the liquid will pi-oduce the same pref 
])(5r square inch of the upper surface, and add the he 
to the value of A, given in the problem. The h( 
which induces the flow is called a head. 
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EXAMPLES. 

.. If, in Fig. 107, P = 25 lbs., W=30 lbs., the angle 
jB = 60°, and A = 30°, determine which will move 
down the plane, P or Wy and how far they will 
move in 5 seconds. 

>. Determine the relations between the weights P and TT, 
and the angles A and jB for equilibrium in Fig, 107. 

I. If the angle A = 30° and B = 45°, find the relation 
between P and W so that the acceleration of the 
bodies will be ^ that of a body falling freely. 

t. In Fig. 102, if the radius CA is 3 feet, AE 1 foot, and 
FB 6 inches, and the internal cylinders of the 
same material, what will be the angle EOg for 
equilibrium ? 

i. Solve the problem in Article 248, when there is a con- 
stant frictional resistance on the plane equal to 
fi TTcos A. 

5. In the problem of Article 241, find the angle EOffy 
where the cylindera E and P have the same diame- 
ter, but Fi = 2 Fa. 

T. A vessel is filled with a liquid and kept constantly full ; 
required the time necessary for the discharge of a 
quantity q from an orifice whose section is k, the 
distance of the orifice below the surface of the liquid 
being h feet. 

8 



CHAPTER XI. 

OONBTfiAlKED EQUILIBBIUIC. 

251. A body is said to bo constrained when it is pre- 
vented from moving in a particular direction on account 
of ia point or line of the body being Jixedy or on account 
of the interposition of a body which is considered as iwr 
movahle. By the term fixed is not meant that the resist- 
ance offered by a point, line, or surface, cannot be over- 
come by any force, but that it will not be equaled by any 
force which may be involved in the problem. The term 
irn^movahle is also considered in the same restricted sense. 
When only a point of the body is fixed, the body will be 
free to rotate about it in all directions ; and when a line 
is fixed the body may rotate about it or slide along it. 

252. Normal Resultant. — If a body be in equilibrium 
on a smooth surface, the resultant of all the forces which 

act upon it must be in the direction 
of the normal to the surface and act 
towards the surface. For, if it be not 
normal, it may be resolved into two 
components, one of which will be 
normal and the other tangential, the 
j.j^ jjQ latter of which would produce mo- 

tion. 

253. Equilibrium of a Body on a Smooth Inclined 

Plane. — Let AOhe the inclined plane, o the centre of the 
body, i^the resultant of all the forces which act upon the 
body, and FT the weight of the body. Resolve the weight 
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W into two components, one, cJ, parallel to the plane, and 
he other, <?5, normal to it ; and, similarly, resolve the 
oree JF^ into the normal com- 
X)nent de, and the component 
>6 parallel to the plane. The 
excess of ob over de need 
lot be considered, since the 
plane mnst resist it ; but, that 
here shall not be movement 
ilong the plane, the compo- 
lent cb must eqnal oe, 
Fmm the figure we have 

S = ocmncoh 
= TTsin^ ; 

Qd 

oe = odccmdoe 

here ^ = doe^ the angle between the action-line of the 
)rce and the plane, hence 

i^cos <f> = TTsin A ; 

W 
/. cos^ = -^8in-4. 

254. Equilibrium on a Rough Inclined Plane. — 

£t the notation be as in the preceding article. The 

mount of friction will be, according to Articles lOT and 

08, the normal pressure multiplied by the coefiicient of 

riction, or, 

fi(oi — de) 

= fi{ TFcos A — jFsin <f>). 

If the body is in a state bordering on motion down the 
lane, the upward pull of I^ along the plane, and the 
riction, will equal the downward pull of W\ oi^ 
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from which we find 

If the Tftlne oi Fia sach that the bod; is ia a sUte 
borderiog on motion vj} the plane, the component of F, 
parallel to the plane, will eqnal the component of W, alio 
parallel to the plane, j>lus the friction ; or 

I'oo6<f> = WainA+fi^ ITcos^— i^'sin 0) 

.^^6m^+MCos^^_ 
co6 9+/t8m9 

255. Determine the conditions of equiUbrium of a \ 
homogeneous disc, having a hole cut in it near one edge, | 
the disc heing placed vertically on an inclined plane which i 
is aujidently rough to prevent sliding. 

ThU problem is essentially tiie same as if one side of tlie I 
disc were loaded with a heavier substance, or if, from any ] 
other cause, tlie centre of gravity 
is not at tlie centre of the disc. ' 

Let g be the centre of gravity 
of the body. The point of sup- 
port for equilibrium must be at 
d vertically under g, wliich will 
also be a point of tattgency of 
the circle and plane. j 

With e as a centre, and radius 
eg, describe a circle ; then if the centre of gravity be at g' 
vertically over d, the body will also be in equUihHum,. In 
the former position the equilibrium will be stable ; in the 
latter, unstable. In tlie latter case, if the body be dis 
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iurbed, it may appear to roll up the plaae, hnt the centre 
>f gravity will really be falling until it assamee a position 
)f stable eqailibrinm. If the vertical through d falla out- 
lide the circle g^, it will uot be in equilibrium in any 
josition ; if tangent to it, the body will be in equilibrium 
ji only one position. 

256. To find the mdination of the plane so that the 
tnialanced disc of the preceding problem will Just be on 
'Ae point of rolling down the plane. 

According to the conditions given in the preceding arti- 
de, the vertical through d niust be tangent to the circle 
ig'. Through c draw a horizontal line, and a right-angled 





briangle ogd, will be formed, in which the angle edg, Fig. 
US, will equal CAB ; hence, 



_ dist. of centre of gravity from centre of cirole 
radius of the circle. 

257. A small prismatic bar rests upon two smooth in- 
'jUnedplcmes; determine the position for equilibrium. 
Let AB be the beam, and E its centre of gravity. The 
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reactions at A and JB muBt be perpendicular to the respect- 
ive planes ; and since these reactions, and the weight IF, 
are the only forces which act upon the body, their lines of 
action must all meet in a common point Hence, the 
pei-pendicnlars AD and JBD most meet the YerticaJ 
through jS* at a common point If a string ADB bo 
attached to the extremities, A and B^ of the bar, and 
hung on a smooth pin at D^ vertically over the centre of 
gravity Ey there will be no tendency to slide on the piiH 
and the bar will remain at rest in the inclined position. 
If the inclinations of the planes are given, a formula may 
be found for the inclination of the bar. 

5258. A prismatic ha/r rests upon the edge of a smooA 

hemispherical howly one end being against the inner sur- 

face of the howl; required the position for equilibritm. 

Let JS be the centre of gravity of the bar, and C the 

centre of the bowl. At A the reaction will be normal to 

the surface of the bowl ; and 
hence, its direction will coin- 
cide with the i*adius aiul pass 
through the centre O. At / 
the reaction will be perpen- 
dicular to the bar ; hence, 
when the I'adius through A 
prolonged, meets the perpen- 
dicular EDy at a point 2> in a 
vertical through £y the bar will be in equilibrium.. 

259. A weight Wis on the arc of a vertical circle whose 
centre is O, and is held in position hy a weight P sus- 
pended from a cordy which passes over a pin at Cy verti- 
cally over O ; required the position for equilibrium^ 
there being nofrictional resistances. 
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The tension upon the string will be equal to the weight 
P ; hence, the body TF will be held by a force equal to P 
acting in the direction cC^ the force of 
gravity acting vertically downward, 
and the normal reaction of the curve. 
The normal to the circle coincides with 
the radius passing through the point, 
and hence, passes through the centre of 
the circle. 

Draw a vertical ca to represent the 
weight TT, and a J, parallel to c (7, to re- 
present P ; then the position must be 
such that the extremity J, of the line 
cib^ will fall on the normal cO. The 
triangles ahc and OCc are similar, hence, we have 

W\ P:\ca: ah 

\\0C\ Cb; 

/. Cc = -^OC. 

w 




260. A particle W, attached to one end of a string^ is 
placed on the convex side of a smooth jparaiola^ and held 
in position hy a weight P attached to the other end of 
tlie string^ the string passing over a smooth pin at the 
focus of the parabola j required the position for equUi- 
hrium,. 

Let the axis of the parabola be vertical, C the focus, 
and c the position of the weight W. Construct the tri- 
angle of forces cha as before, ce being the normal to the 
pai-abola. Since ca is parallel to the axis Cfe, the normal 
will bisect the angle Cca ; hence. 
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but, from the construction, 

ahc = CtA 

.: ahc r= boa 

therefore, the triangle abc must be 



eles, and we Iia\'e 1 



or. 



w=r. 



which establiahca a relation between the given quantities. 
It does not determine any particular point, but it shows 





that, in order that the weights shall be m equilibrinm at 
any point, they must equal each other, in which case they 
will be in eqnilibrium at alt points on the curve, 

281. Instead ofaparab(da, let the curve be an eUvpse, iha 
major axis being v^tical and the pin at the upper focus. 
Construct the triangle of forces cab as before, ce being 
the normal. Then, 

W:P::ca:ab 
:;de: dc 
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Let e be the eccentricity of the ellipse, then it is shown 
in Conic Sections, that 

« de : dcwe : 1; 

hence, 



or, 



W 

that is, when the ratio of TF to P equals the eccentricitj 
of the ellipse, they will be in equilibrium for all positions 
of TTon the curve ; and if they have any other ratio they 
will not be in equilibrium at any point, except at the ex- 
tremities of the axis, A and B. 

[In ^^ Conic Sections " the proportion involving «, given in this 
article, may not be g^ven in this form. If a be the semi-major 
axis, and x the abscissa of the point c in reference to the centre, 
then the foUowhig equations are nsoally g^ven, viz. : 

iht raditts vector y de, = a ± ex; 
the diatanee from the focus to the foot of the normal^ 
de, = e{a ± ex) ; 

iihepku sign being used for the distance e^d, and the minu8 sign 
for ed. These values readily give 

de _^ e{a ± ex) __ 
dc"" a ± ex "~ ' 

hence, the proportion given in the text.] 

262. Let the curve he an hyperbola^ the pin hemg in the 
upper Jbcus. 

Proceeding as before, we find 

but in this case e exceeds unity ; hence PTmust exceed P, 
while in the former case TTmust be leas thwi P. 
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:63. SuppoM^ in the preceding ca9e, that the pin ot 
f€hic/i the string passes is at the cen^e of the hyperbola 
Let a be the semi-major axis, b the semi-minor axis, t 





axis of X horizontal, and y vertical. The axis of the hyp 
bola being vertical, the equation will be 

aV-iV=-«2i2. . . . (1) 

Construct the triangle of forces cab, in which ab will 
parallel to c6^; draw cD horizontal, and we have 

W: P::ca : ai 
:: Ce: Cc\ 

which, according to the principles of Conies, becomes 

W.P\\^.CD\ Cc\ 

or, observing that CD = y, and Do = aj, we have 



hence 



W\ P\\&y\ Vy^+a?] 
which, reduced to an equation, gives 



(2) 
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According to Couics we also have 

^z=z—^. . , . (3) 

EHiminating a and x from these three equaticns, we find 

hW 







EXAMPLES. 

Ill Fig. Ill, if F= 50 lbs., A = 30°, Fof=i 60°, what 

must i^be for equilibrium ? 
In Fig. 121, if CAB = 45° 

Tr= 60 lbs., what must F 

be, acting horizontally, for 

equilibrium ? (The value of 

j?^ may be found from the 

equation of Article 253, observing that ^ will be 

- 45°.) 
Find the value of F, Fig. Ill, for equilibrium when it 

acts parallel to the plane. (Deduce it from the 

equation of Article 253.) 
Similarly, find the value of JF] for equilibrium, when 

it acts horizontally. 
In Fig. Ill, if ^ = 30°, Tr= 50 lbs., coefficient of 

friction fi = 0.2, the angle ^ = — 5° ; what will 

be the value of Fqo as to just prevent motion down 

the plane ; also so that it shall be just on the point of 

moving it up the plane ? 
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6. In the same figure, if J. =45% W= 100 Iba^ ^ = 
(M5, irhat wDl be the vBlne of ^ meting panUd 
to the plane, bo as just to pTCvent motion down the 
plane. 

T. In Fig. 113, if the diameter of tlie small circle equals 
the radius of the larger one, and the remainder at 
the laiger one be hcnnogeneous, what will be the 
greatest inclination of the plane ^Ctfaat the body 
inav remain at rest, there being no sliding ! 

8. The weight IT being 20 lbs., P 15 lbs., in Kg. 116, 

the radius of the circle 2 feet, the distance OCy from 
the centre O to the pin, being 4 feet ; required the 
angle OCc for equilibrium ! 

9. In Fig. 116, if OC = Cc = the radius of the circle, 

what will be the relation of I^ and Wj and the angle 
COc, for equilibrium. 

10. In Fig. 120, if ir= 100 lbs., P = 25 lbs., &= 3 feet, 

and e= 2y what will be the distance CD for equili- 
brium. 



EXERCISES. 

1. If a force, equal to the reaction of the plane, be snbetitiated for the 

plane, will the body remain in eqoilibrimn ? 

2. If a plane is perf ectlj smooth, can a body remain at rest on it if the 

plane has any inclination ? If the body were pressed narmaUjf 
against the plane, woold it remain at rest ? 
8. In Fig. 112, what will be the position of ihe disc so that the poten- 
tial energy shall be greatest, and what, so that it shall be least ? In 
Fig. 113, is the potential energy a Tnaximnm, a minimnm, or in- 
different ? ■ 

4. Is the potential energy of the bar in Fig. 114 a maTimnm or a mini- 1 

mum ? Similarly, in reg^ard to the bar in Fig. 115 ? 

5. When the relations of Pto IT are sach as to secnre equilibrium in 

Figs. 117, 118, and 119, will the potential energy be a nuudmunif 
a minimom, or indifferent ? 



i^ 
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6. In Article 868, when the bodies are in eqoilibrinm, will the potential 

energy be a TnaTimnm or a minimnm ? 

7. In Article 262, can the bodies be in eqnilibrinm on the onrre, if P 

exceeds TF? 
S. In Fig. 118, if TTexceeds P, can there be eqnilibrinm at any point 

of the cnrve ? 
DL In Fig. 115, what is the longest bar that can rest on the bowl and 

have one end, A^ in the bowL 

10. If the planes are equally inclined in Fig. 114, what will be the posi- 

tion of the bar when in eqnilibrinm ^ 

11. If the plane AG^ Fig. 114, were horizontal and perfectly smooth, 

what mnst be the position of the bar for equilibrium ? 



CHAPTER XTT. 

AXALTnCAI. MKXHMM. 

SB4. AnalyttoalMealuiiiaB is generally nnderetood to ^ 
refer b> that ejetem of anatySB in wliic^ the eqamti(«a of 
e<juililjriuin, or at motioD, are establlGfaed in refetenoe to 
a eyetem of oodrdioatee, and the resnlts obtained b; opeia- 
tione ujKtii thoec equations. The coordinates most com- 
inoiily used are Retrtangular or Polar. 

26&. Before establishing the general equations, we ob- 
serve that when the forces are in a plane they may be 




riiiiiiued to u siiifitle resultant, or to a single couple, Article 
I'Jl. If tlicy are not in one plane, let P, Fig. 123, be a 
fiiivio a|i])lied at Ji, and i^ another force applied at A. At 
any point .<1, of the force Ji^inti'oduce two equal and oppo- 
eile f'orcoB, each equal and parallel to P, and as they mutu- 
ally doBtroy each other tlioy will not change the mechanical 
condition of the problem. Now, combining P eX, £ with 
— /' at j1, wo have a conple, whoee moment is 

/*. AB ; 
and the other forces, FaxiA + P, at A, will have a single 
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tant. A similar operation may be performed when 
3 are several forces ; hence, we imfer that, when the 
38 are not in a plane, they may be reduced to a single 
3 and a single couple. This result, however, may be 
)ed from the following equations. 

»6. Greneral Case. — ^Forces may be applied at any or 
lie points of a body, and act in all conceivable direc- 
u The angles which the 
>n-lineB of the forces make 
the axes may be determined 
1 Article 157. The origin 
xJrdinates may be taken at 
point, and the rectangular 
have any position. in refer- 
I to the body or the forces, 
axis of a? will be considered 
3sitive to the right, y posi- 
upward, and z positive in front of the plaue yx. 

iH. Foroes Resolved. — ^Let the coordinate axes be 
ingular, and the forces resolved parallel to them. 

i^, J^ Flj etc., be the forces, 

a^ Os, Og, etc., the angles which the lines of the 

forces make respectively with the axis 

OX, 
Aj /Sj, /Ss) ^tc., the corresponding angles with OT, 
7ij 72? 78> Gtc., the corresponding angles with OZ, 
JT, T'y Zj the algebraic sum of the components of 

the forces parallel respectively to the 

axes of X, y, and 3j 
Hy the resultant of all the forces, and 
a, by and g, the angles which it makes with the axes 

Xy y, Zy respectively. 
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The components of the forces parallel to the axis of x 
will be, according to Article 156, 

^coBOi, ^coeoi, ^oosoa, etc, and . 

These components constitute a system of parallel forcGB, 
which are not confined to one plane, bat are simply paral- 
lei to the axis of x. The resaltant of any two of die forces, 
since they are in one plane, vrill be their algebraic sum, \ 
Articles 190 and 198 ; or, 

i^ cos a|+^ cos Of 

This resultant and a third force will be in one plane, 
and, hence, the resultant of this resultant and a third force 
"^vill be their algebraic sum ; or, 

JF[ cos Oi + T^ cos Oj + i^ cos Og. 

Continuing this pi^ocess, we finally have for the result- 
ant of all the components parallel to the axis of a?, 

X= i^cosoi+i^cosajj+^cosas+etc. = Sl^cosa; 

which value must equal the anjomponent of the result- 
ant of all the forces ; hence 

X= Bern a =SI^coBa, 

Proceeding in a similar way with the y and s- compo- 
nents, we have 

F= ^ cos A = SFco&fiy 

Z = jff cos t? — SJ^coB 7. 

Squaring and adding, we have 

= {SFi^ ay + (5i^cos fif + {SFcos y)\ 
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The direction of the axis may be determined from the 
equations 

X . Y Z 

COBa=-^, 008^ = -^, C0S(? = -p. 

If there is equilibrium we have 

.•.X=0; r = 0; Z=0. 

These equations are the same as those for concurrent 
forces, Article 161 ; hence, the tendency of a system of 
forces, having given intensities and directions of action, 
to produce translation will be the same whether they con- 
cur or not, and will be independent of the points of appli- 
cation of the forces. 

268. Moments of the Resolved Forces. 

Let 

^i> yij % be the coordinates of the point of applica- 
tion of 7^, and a con-esponding notation for 
the forces i«^, i^, etc. 

The component of F^^ parallel to the axis of aj, will tend 

to turn the point of application either to the right or left 

about the axis of z (unless it be in the plane X2\ and the 

arm of the component will be y^ ; hence the moment will 

be, Article 164, 

i^^cosai.yx; 

and the component of J^, parallel to y, will also tend to 

turn the point of application about the same axis, z^ and 

the moment will be 

Ft cos A . Xi. 

In Fig. 125, the c(»nponent F^ cos a^ tend^ to t\\\w \\\fe 
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point of application right-handed, and J!^ cos iS^, left- 
handed; hence, the resultant moment in reference to the 

axis of 3 will be 

Y 

^H^t -y/Ci Ffyx COS O, — fl?i COS A). 

The quantity in the parentheses is 
\ the arm of the force F^^ as shown 
-J- in Article 176. This expression is 
Fia. i». equivalent to 

i^ cos oi.yi — J^i cos A . aJi ; 

and the other forces give 

i^ cos Oj. y, — i^lCOS jSs* fl^b 

etc., etc. ; 

and taking the sum of these expressions, we have I 

SF cos a.y — SFcoR fijc ; 
or, 

and, similarly, in reference to the axis of y, we have 

Zx — Xz ; 

and, in reference to the axis of a?, we have 

Yz -Zy. 
Let 

G = the moment of tlie resultant couple, which, as 

shown in Ai'ticle 171, may be represented 
by its axis ; 
d = the angle which the axis of the resultant 

couple makes with the axis of oj, 
e = angle which it makes with the axis of y, 
y = angle which it makes with the axis of z ; 
then will the component of the resultant couple, in refer- 
once to the axis of a?, be 

6rcos<?; 
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and similarly for the others. Hence, we have for equili- 

briiini, 

Qcioi&d = Zy — Yz^ 

Q cos e = Xz — Zoj, 

G^oBf^Yx—Xy, 

If the given forces are in equilibrium in reference to 
rotation, we have 

6^ = 0; 
/. Zy = Yzj 
Xz = Zo?, 
Yx — Xy\ 

the last of which may be deduced from the two preceding 
by eliminating z, 

111 many cases it is advisable to find the moments of the 
forces directly instead of the moments of the components. 



Problems, 

269. A cord is secured at the points A and (7, and sus- 
tains a weight attached to it at B / required the tension 
of each part of the cord^ 
the weight of the cord he- t '^■^z;;^— ----^-----------;:;^^ 

ing neglected^ and the ^ 

parts AB and BC being O^ 

unequal, fm. 126. 

Let t = the tension of AB^ 

ti = the tension of BO, and 
W = the weight of the bod3\ 

Taking the origin of coordinates at any point as By 
X horizontal, and y vertical, and resolving the forces 
horizontally and vertically, we have 
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X= < COB 5AD — ^ co8^C2> = 0, 
T=z tsin BAD + ^sin JBCD — W^ 0. 

There being only two unknown qoantities, the equation of 
moments will be nnnecessary. If the origin of momenfs 
be at J?, all the moments will vanish. 
From the first of these equations we have 

^ cos ^^ /> = ^ cos J? CZ? ; 

hence, the horizontal components of the tensions are equal 
to each other. From the last equation we have 

cos^ffC^ 
^"cosJ?^/>^^5 

which, combined with the second equation, gives 

sec BAD 



t = 



U = 



taxi BAD -^tSLW BCD 



IT. 



^.e^BCD 



tsLU BAD i- tern BOD 



W 



270. A weight W is attached to a cord DB of given 
length and pushed frora a vertical waU hy a strait BA of 

known length / required the tension^ t, 
of the string J the comjyression^ c^ of the 
struty and the upward push^ F^ on 
the vertical waU^ when there is equili- 
hrium. 

Let AD be known, and the angles of 
the triangle ABD computed. 

Take the origin of coordinates at J., 
X horizontal, and y vertical, and posi- 
tive upward. Resolving the forces acting at -ff, we have 
(see Article 167), 




Pio. 127. 
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X= ^cos(90°+^) + cco8(270°+ ff)+ Trco8 270°= 0; 
r= ^ Bin (90° + ^) -h (J Bin (270° + ^+ TTbIii 270° = ; 

and taking the moments of the forces dii-ectly, we have 

SFa = + t.AC'\-c.O-W.£i:=0. 

These reduced^ give 

— ^ sin ^ + (?sin ^ = ; 

+ ^ cos ^ — c cos ^ — W= ; 

^.^i?8in^-Tr.^-ffsin^=0. 

These equations solved, observing that sin </> =z -^-j., and 

^^^ = j^y give 

Affsin^ ^^ 
^""^i^sin^'^-^C'^' 

In a similar way, resolving the forces c^ I] and X at -4, 
and we find 

AD 

EB 

X = c sin d = -jrj\ W. 

AD ♦ 

ini. Two braces, or renters, secured at their lower ends 
hy a horizontal tie rod, carry a weight W at the point 
where they meet / required the vertical action at the sup- 
"ports, the tension qftlie horizontal tie, and the compres- 
sion of the hraces. 

First, consider the parts as rigid, and determine the re- 
lations between the external forces. 

Let the braces be equally inclined, then will D, verti- 
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cally under W, be midway between A and S. Also, let 
Vi be die vertical action of the saf^rt at A, and V that 
at B. Take the origin of codrdinates at A, x horizontal 
and y vertical, and we have, from Fig. 128, 

Z = FiCOB 90° + WcoB 270° + Fco8 90'' = ; 
r = Fi sin 90° + IFsin 270° + Fsin 90° = ; 
£Fa = Vt.O-W.AI> + r.AB = Oi 

and these give 

X=0; 

F=Fi+F-Tr=0; 
SFa = r.A£-iW.AB = 0; 



which readily give 



F=4Tr=Fx, 



lience, each support sustaius one-Lalf the load W; a result 
readily deduced from tlie principle of the lever. 




A F 
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Secondly^ to find the stresses which are transmitted 
along the pieces, conceive that a plane EF is passed 
tln-ough two of the pieces, cutting them at the points E 
and K Let the part AEF^ between the end A and the 
plane section, be removed, and let the forces c and t^ 
equal to the compression and tension which previously ex- 
isted, be substituted. The frame in the new condition 
will bo in equilibrium, the forces c and t being tlie unknown 



[272.] PROBLEMS. 191 

quantities to be determined from the equations of equili- 
brinnu The direction of action of these forces is repre- 
sented by the arrow heads, Fig. 129. 

The origin of coordinates remaining at Ay we have 

X = Fcos 90^ + TTcos 270^ + t cos 180^ 
+c cos 042^ = 0, 

T = Fsin 90° -f TTsin 270° + t sin 180° 
-\-cmiCAD = 0, 

2:Fa = r.AB-'W.AD-ht.0+c. = 0; 

which give, observing that F= iTF, 

-^t + Gcos GAB =z 0, 
-iW+csinCAjD^O; 



and these give 



= i Trcosec CAD, 
t=ziWcotOAD; 



or. 



c cos CAD = tj 
c sin CAD = i W; 

f roin whicli it appears that the horizontal component of 
the compression on AC equals the tension of the horizon-^ 
taZ tie AB, and 

The vertical component of the compression on AC 
equals the vertical action at A, 

III a similar way tlie stresses on any frame may be de- 
temiined, provided the plane section does not intersect 
more than three acting members. There being three 
equations for equilibriupi for forces in one plane, two for 
forces, and one for moments, only three unknown quanti- 
ties can be determined from them. 

272. Remark. — These solutions are gjiven that the stu- 
dent may learn the process of establishing the general 
equations, and not because the solutions are the shortest 
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or the mo6t simple. The eolatkms here given are ap 
eiJtly longer than are necesaaij, for thoee qaantities 
teniis which reduce to zero need not be entered iu 
equations ; but it was thought best, for practice, to e 
every force in each eqoation. The Anidjtical meth( 
not used because it makes the solution of a partic 
problem shorter than by special methods, but becau 
establishes a uniform method of procedure^ and also , 
nis/ufs a powerful method of investigation in more i 
cult problems. 

278. The preceding problem may be solved by 
following shorter method. Let Ch represent the weigh 

and ba be drawn parallel to . 
and ad horizontal ; then wil 
represent the compression 
CTZf, aC -=• ah =. the comj 
sion on CA^ and ad the ten 

we have 
ad = Cd cot Cad ; 

t = \ IT cot CAB ; 
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or 



and 



or. 



a6^= CiZcosec Cad^ 
(? = i TFcosec CAB. 



EXAMPLES, 

1. In Fig. 126, if W- 100 lbs., -4C^= 5 ft., AB = . 

= JJ ft., what will be the tension of the cord? 

2. In the sauio figure, if the length of the cord is 1( 

A 6\ 5 ft., what must be the length of AB that 
tension of it sliall be twice that of BC% 
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3. If AB be horizontal, in Fig. 126, and BC inclined, find 

the tension on AB and BC. 

4. In Fig. 128, if AB is 20 ft., DC 10 ft., and TTSOO lbs., 

find the tension on AB and the compression on A O. 
6. Seqnired the inclination of the rafters, so that the stress 

on each will equal the weight W, 
6. Bequired the inclination of the rafters so that the stress 

on AB shall eqaal the weight W. 



EXERCISES. 

1. In Fig. 122, if the resnltant of F and Fi equals R^ and another force 

equal to J? be introduced at the point of concurrence, and another 
force equal and opposite to B acting on another part of the bodj 
be also introduced, will the four forces have a single resultant ? 

2. If the force i?, at the concurrence of F and Fx be removed, will the 

three remaining forces have a single resultant ? 

3. In Fig. 125, if the point of application of the force be in the second 

angle, both components will turn the point of application right- 
handed ; does the expression for the moments need to be modified 
for this case ? 

4. In Fig. 1 26, can the cord be drawn into a straight line when the 

weight B is upon it ? 

5. If the parts of the cord AB and BG are vertical, what wiU be the 

tension on each part ? 
S. If the points of support A and G are not in the same horizontal, while 
the inclination of the parts AB and BG remain the same, will 
the tension remain the same ? 

7. If the weight be moved to and fro on the cord, in what curve will be 

the locus of the point B^ 

8. In Fig. 128, if the lower ends of the braces, A and J?, be moved to- 

wards each other, will the compression on the braces be increased 
or decreased ? Will the thrust at the lower ends be changed ? 

9. What will be the effect upon the stresses if the apex be lowered by 

lengthening the cord AB? 

10. If a vertical strut GD be placed under C,will there be any stress on 

the rafters? 



CHAPTER XUL 

STRENGTH OF BAB8 AND BEAMS. 

5274. Strength of Prismatio Bars. — It has been 
served, Articles 129 and 130, that, if a solid be piillec 
the direction of its length, it will be elongated. We ; 
know that if the pulling force be sufficiently great, 
bar will be broken. 

The strength of solids is determined by experim 
The most common way of doing it is to take a bar wl 
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Fig. 131. 



Fig. 1S2. 



cross- section is somewhat larger than the section whic 
is desired to test, and then turn down a portion near 
middle of the piece to an exact cylinder of definite 
meter. The piece is then placed in a powerful mac] 
and pulled asunder. The total pulling force being r 
Bured, the stress per unit of section is easily compu 
By experimenting upon pieces of different diameters 
lengths, and with different materials, certain general J 
or lawn have been determined. 
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. Results. — The strength of prismatic ba/ra varies 
ly as their cross-section. This is the law assumed 
ctice, and it appears to be nearly evident without 
iment ; but, like all other physical laws pertaining 
ds, it is not rigidly exact. It is found that, when 
diiced portion ah is very short,the piece is stronger 
svhen it is longer, but no law for this increase of 
;th is known. Bars of small cross-section generally 
/• to be stronger in proportion than those of larger 
>ectiou, but the difference may be more apparent than 
or it may be due to the difficulty of producing a pull 
y in line with the axis of the larger piece, and cross- 
3 will generally break a piece more easily than a 
pull. If, however, the pieces are made small by 
so forged before they are turned, instead of being 
i down from larger pieces, the difference in strength 
)e due to the process of manufacture, 
len a piece is elongated, its cross-section is contracted. 
L the material is ductile, the contraction may be con- 
.ble before fracture takes place. Thus, in some ex- 
ents upon wrought iron, the cross-section has been 
ed in this way to one-half of its original area. 
I the part ab, Fig. 132, is very short, the contraction 
ch less than when it is longer. The shoulders of the 
• portion appear to aid in resisting the contraction 
J smaller part, and this may account for the increase 
ength above referred to. 

L Modulus of Tenacity. — 27ie jpuUy in pounds, 
', wiU break a bar whose cross-section is one sguare 
is a measure of the tenacity of the material and is 
[ The Modulus of TENAcrrT. It is represented 
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Mean Values of T. 

For wronght iron 45,000 lbs. to 60,00011 

For steel 70,000 " to 190,000 «' 

Araerican cast-iron 20,000 " to 45,000 " 

English cast-iron 13,000 " to 25,000 ** 

A&h (English) 15,000 « to 17,000 « 

02Ai {English) 9,000 " to 15,000 « 

5277. Formula for the Tenacity of Solids. 

Let 

T = the raodnlns of Tenacity, 
jP = the pnlling force, 
S = the area of the cross-section ; 

then we have 

P = TS. 

278. Strength of Beams. — In order to make a formula I 
for the strengtli of beams, it is necessary to know the law! 
of action of the forces within the beam. Within the elas- 
tic limits this law is quite perfectly known, but, when a 
state bordering on rupture is reached, the law of action is 
qnito complex, and is not accurately known. But the same 
/(ffo of renistance is assumed for both cases, and the error, 
if any, which results from the assumption is corrected 
by means of a constant factor. 

279. Law of Resistance. — ^When a beam is fixed at 
oni^ end and loaded at the free end, as in Fig. 133, the 
iibrcB on the uj^per side are elongated and on the lower 
pjdo, compressed, and there is a surface between the ex- 
lundt'd and compressed elements which is neutral, and 
jp fnlUnl a ncidral surf ace. It is assumed that the stress 
on the ilbres varies directly as their distance from the 
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mtritl sniface. The intersection of the netitral surface 
ith a vertical, loiigitiidiual plane is called tAe tieutralaxis. 




5180. Modulus of Rupture. — The Modulits of livp- 
twe is the stress at the instant qfruptttre on a unit of 
area of the eross-seetion which is most remote from, the 
nsutral axis. It is represented b^ H. 

28L E^pTessioQ for the Moment of Reaistanoe of 
-Rectangular Beams. — In Fig. 133, let pr be the neutral 
*xi8. Take In = mo = tzi = do = Ji. Pass the planes 
po and pc, then will the wedge p^-nofnZ represent the 
•total pnlling stress, and pg - abcU the total pushing or 
eonipreesive stress. 
Let 

i ^ Im = the breadth of the beam, and 

d = la = its depth ; then 

\bd= Kre&plmq, and 

iRbd = the volume of the upper or lower wedge. 

The moment of this resistance equals tlie total resistance 

into the distance of the centre of gi-avity of the wedge 

from the neutral surface. The centre of gravity of the 
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wedge is at the same distAnce from the neutral sur&Mse 
that of the triangle jml; that is ipl; hence, the aim 
the resistance is ijpl = f x i^ = irf and the moment is 

and the total moment of resistance of both the upper and 
lower stresses will be twice this value, oi 

This expression is true for all rectangular beams whoft 
sides are vertical, whether the beam be fixed at one end, 
supported at its ends, or otherwise, and whether the beam 
be loaded at one point, several points, or uniformly loadei 

282. Problems. — 1. Zet a rectangular beam he fixed (A 
one endy to find a load P.. placed on the free end^ whid^ 
will just break the beam. 

In Fig. 133, let lz=ipr = the length of the beam ; theni 
the moment of P, in reference to the fixed end as the 
oriffiu of moments will be 

PI; 

and this must equal the moment of stress ; hence, 

PI = ^Pbd^ 

,.p = ii^. . . . (1) 

From this equation we find 

i? = j^; ... (2) 

from which the value of P may be easily computed wheu 
the breaking weight P and the dimensions of the beam 
are known. The value of P has been determined for a 
variety of substances, and the results given in tables ii 
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n^orks on the Resistance of Materials. It is a remarka* 
:>le fact that the vahie of Ji is not the same as T for any 
(Tibetance. 

Equation (1) is true for any sti*e8S less than that which 
mil break the beam. It is customary, in practice, to use 
& fractional part of H^ called the factor of safety^ when 
beams are to be proportioned. About |^ to ^ of j5 is used 
for wrought iron, ^ for wood, and ^ to |^ for cast ii-on, 
syhich values give for the safe value of R about 

10,000 lbs. to 12,000 lbs. for wrought iron, 
1,000 lbs. to 1,200 lbs. for wood, 
5,000 lbs. to 6,000 lbs. for cast iron, and 

12,000 lbs. to 20,000 lbs. for steel. 

Any one of the quantities of equation (1) may be found 
«vhen all the others are given. 

2. Let the beam he fixed at one end and uniformly 
loaded. 

Let W equal the total load ; then will the lever-arm of 
the load be the distance from the fixed end B to the centre 
of gi-avity of the load, which 
is ^l ; hence, the moment is 

in 

and the equation for equili- 
brium becomes 

3. Let the beam be supported at its ends and loaded in 
the middle. 

The point where a beam is most liable to break is called 
the dangerous section. If the beam at this section is 
strong enough to support the load the beam will not break. 
In this problem the dangerous section is at the middle of 
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the length ; hence, the equation of moments should be 
established for this point 

The reaction of each snpport will be ^P, and the arm, 
of this force, in reference to the middle point of the beam 
as an origin of moments, is ^ and the moment is 

and the equation becomes 

iPl = \Bbd\ 

4 Let the beam he supported at its ends and uniformly 
loaded. 
Each snpport will sustain one-half the load, or 
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which acts upward and tends to turn the beam one way. 
The arm of this force is \l m reference to the centre of the 
beam taken as the origin of moments, and its moment will be 

The load between the middle of the beam and one of the 
supports, which is also i TF, acts downward, tending to 
turn the beam in the opposite direction to that of the 
former force ; and the arm of this force is the distance 
from the origin of moments to the centre of gravity of 
this load, which is \l ; hence its moment is — i W, il ; and 
the resultant moment will be 

and the equation for equilibrium becomes 

iWl = llibd\ 
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EXAMPLES. 
[It is best to reduce all the linear dimensions to inohes.] 

A. rectangular beam, whose depth is 8 inches, length 8 
feet, ^=1,400 lbs., is supported at its ends; re- 
quired the breadth so that it will carry 500 lbs. per 
foot of its length* Ana. h = 3^ inches. 

L rectangular beam is fixed at one end and is required 
to carry 1,000 lbs. at the free end ; if i = 8 feet, 
li = 1,200 lbs., and the depth is four times the 
breadth, required the breadth and depth. 

A. rectangular beam, whose length is 12 feet, bi'eadth 
2 inches, modulus of rupture 10,000 pounds, is sup- 
ported at its ends ; required the depth so that it will 
support 8,000 pounds placed at the middle of the 
beam. 

[f a beam whose length is 10 feet, breadth 4 inches, 
and depth 9 inches, is supported at its ends, and 
broken by a weight of 20,000 pounds placed at the 
middle of its length, what is the value of i? ? 

Al beam whose breadth is 1^ inches, depth 3^ inches, 
is supported at its ends and loaded at the middle 
with 10,000 pounds ; what must be its length so 
that the stress on the outermost fibres shall be 20,000 
pounds ? 

A beam whose length is 15 feet, breadth 6 inches, and 
depth 12 inches, is supported at its ends ; required 
the load, uniformly distributed, which it will safely 
support, calling the safe value of li 12,000 pounds. 

Ati iron beam, two inches square, projects horizontally 
from a wall ; what must be its length to break it- 
self at the wall, the value of li being 30,000 pounds^ 
and the weight of the material being J pound per 
cubic inch ? 



CHAPTER XIV. 



MOnOM OF A PABnCLE OK AN INCLINED PLANB. 

f 

283. To find the formulas for the movement of a parti- 
cle down an inclined plane by the action of gravity^ oU 
resistances being neglected. 



.j 



Let 

AC he the plane, 
W = the weight of the particle, 
I^= the component of the force of gravity pai^ 

allel to the plane, 
s = the distance over which the body moves in 

the time t, 
V = the velocity acquired in the time t, and 
= CA£ = the angle of elevation of the plane. 

The force of gravity resolved parallel to the plane gives 

o F= TTsin <f>, 

which, being constant, will, ac- 
cording to Article 60, produce a 
constant acceleration, the value of 
which may be found by Article 
86, and is 




Fig. 181. 



^ F TTsin 6 . ^ 

/= ;^ = \\r = S'Bm 0. 
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This value of yj in the equations of Article 24, gives 

t; = ^^ sin 0, . . , (1) 

'^ = V2ff8 8m<l>, . . . (2) 
s = igf sin ^, . . . (3) 



=v/: 



^ ... (4) 



• g • • • • 

^sm^ 

Iiet 8 = ACj then, from the figure, we have 

« sin = £C, 
"which, substituted in equation (2), gives 

^ = V2g.JSC\ 

"Vrhich equals the velocity acquired in falling through a ver- 
tical height £C. Since a similar result will follow from a 
plane having any inclination, and hence, from several suc- 
cessive planes having different inclinations, it follows tliat 
the velocity/ oboquired hy a particle in foMing from, one 
jpoifU to aThother when there are no resistances^ will be in- 
<iependent of the path over which it moveSj and will equal 
the velocity acquired infallinq vertically through a height 
equal to tlie height of one point above the other. 

This result also follows directly from the principles of 
Kinetic Eneigy, f or the energy imparted by gravity equals 
the weight of the body into the height through which it acts. 
The formulas of this article may be deduced from those 
of Article 247, by supposing that one of the bodies van- 
ishes. 

284, Initial Velocity- — If the body is projected down 
the plane, or, in other words, has an initial velocity v^ at 
the instant t begins to be reckoned, we have, 

v = v^-h gt sin 0, 
s = VqI + igt^ sin <f> ; 
f^ = v^-\- 2^5 sin ^, 
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and, if the body be projected up the piano, With a.volQdtT 
Vm. we have 

t> = t^ — j^sin^, 

^ =± v^ — ^j^ sin ^ 
t? = t?o' — 2^ sin ^ 



- * T 



Problems. 

• • • • • 

285. The times of descent down aU chords of a vertvm 
eirdej which pass through dth^ extreipnMy of a vertical 
dicmieier, a/re the swme. 

Let ACB be the circle, and AC any chord dmni 
through' j1. According to equation (4) of Article 283, tbe- 

time of descent down AC will be \ 




V J' Bin ^ 

Draw CB^ then will the angle 
ACB be right, for it is inscribed in 
a semicircle. The angle (f> is tlie com- 
plement of CAB ; hence, 

• ^ vi ^ AC 

8m^ = COS^ i= -JTo> 

which, substituted in the preceding equation, gives 

.9 

which is not only constant, but is tlie time of falling 
vertically through the diameter AB. 

286. Fmd the straight Ihie from a given point to ^ 
given imili/ned jplane^ down which a body will descend if* 
the least tim£. 
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Let A be the poiut and B C the plane. Through A draw. 
& vertical line A Oy and on it take O at sach a point that 
& circle described with the radius OA shall be tangent to 
BC\ then will the chord A2>, drawn from the upper ex- 
tremity J. of the diameter, to the point of tangency Z>, be 
the required line. For, all other lines drawn from A tc 
tiie right line will be secants of tlie circle, and, accord- 
ing to the preceding article, the times of descent down 





the internal portions will be the same, and hence, the time 
of descent down the whole line will be greater than that 
down AD. \ 

[To find the centre of the circle, draw a horizontal line AB^ 
which line will be tangent to the circle, and bisect the angle B by 
the line 0B\ the point of intersection, 0, of the lines AO and 
BO^ will be the centre required. From the property of tangents, 
Al will equal -BZ).] 

287. Tojmd the straight line of quickest descent Jrom 
one circle to another y the centres of the circles being in the 
^ame vertical line, and one tangent to the other internally. 

Let A be the point of tangency. Draw any secant ADC^ 
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and draw BC. On aB as a diameter, draw Ae oireb 
dbB^ and draw the chord oft. The angles C^and i will be 
right, for each is inscribed in a semicircle, and cib will be 
parallel to DO. The time of descent from D\oO will be 
the same as from a to i, which is the same as from a to B\ 
hence, the time of descent from any point of the cirde 
whose centre is O^ down the external portion of the secant 
drawn from A through a point D to die external circle, k 
constant and eqnal to that down the vertical aB, If d 
is a given point on the circle AJ)a^ then DC will be the 
line of quickest descent. If the common tangent is at the 
lowest point of the circles, at B^ and C the given point; 
draw the secant BC^ and Ob will be the required line. 

288. To find the straight line qfquiokeat descent from 
a given circle to a given line. 

Let AEB be the circle, and CD the line. Through A 
draw the horizontal line AC^ make CD equal to ACj and 
draw AD ; the line required will be ED. 





Fxa. 136. 



289. To find the line of quickest descent from a straighl 
line to a given circle. 

Let CD be the line and AEB the circle. Draw the 
horizontal tangent J. (7; make (7Z> = -/IC; draw 2> J., and 
DE will be the required line. 
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'- 290. Fl^id the time of descent dovm a rough inclined 
tiane. 

Let the forces be resolved as in Fig. 131, and /* be the 
eoefficient of friction. The normal pressure will be 

Jf=z IT COS ^, 
and the resistance due to friction will be 

A TTcos ^ ; 
jbence, the effective moving force will be 

TTsin — /A TTcos ^ 
= (sin ^ — /A cos ^) TT; 

«nd the constant acceleration will be 

/= (sin </> - /A cos <^)5r ; 

"which, substituted in the equations of Article 24, gives 

V = (sin <f>— fi COB <f))gty .... (1) 

V = V2(8in ^ — /A cos ^)g8, ... (2) 
8 = i{ain <f> — fi COB <f>)gfi. ... (3) 

5291. Approximate Formulas.^ — Substitute the values 
of the sine and cosine in the preceding value of ^ and we 
have 



/= 



/BO AB\ 

= \ao-''ao)^'' 



but, when the angle A is small, AB may be considered as 
equal to ACj and BC -^ J. 6^ will be the grade (a term 
which is in common use in Railroad Engineering). Let 7 
be the grade, and the formula becomes 

and we have 

V =z {f>f ^ fi)gt, (1) 

t;=|/2(7~A*)^«, .... (2) 
« = K7-/*)i^^- ..... (3) 
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2BSL Fonnnlas mdapted to the movement of can m. 
jplanes ofamaU indination. 

The grade is commonly given in feet per mile. Leti 
be the elevation per miloi then 

_ h 
'^"■6280' 



.11 



and the friction may be taken at 7.5 lbs. per ton groes; 
hence, 

_ 7.5 _ 1 . 
'*" 2340 ~ 800' 

and the fonnnlas become, with sofficient acenraey, 

V = ^{A - 17.e)t, . . . (1) 

« = iv'(A.-17.6)»,. . . (2) 

« = 3^(A - 17.6)^. . . (3) 

If the body has a velocity, the distaucc it will move on 
a horizontal plane, in being brought to rest, may be found 
by making h = Oj in the second of these equations, and the 
time of the movement, from the first, after making A = ^ 
in that equation ; hence we will have for this case 

t = 9^ (nearly), . . . • (4) 
s = 4.6?;^ (very nearly). . . (5) 

EXAMPLES. 

1. A smooth inclined plane is 100 feet long ; what must 
be its inclination that the time of descent of a parti 
cle down it shall be 5 seconds ? 
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i. A body is projected up a smooth plane whose slope (that 
is its inclijiation with the horizontal) is 45 degrees, 
with a velocity of 50 feet per second ; find its posi- 
tion at the end of 3 seconds; five seconds; ten 
seconds. 

B. A body starts from rest at the top of an inclined plane 
whose length is 100 feet, and height 20 feet ; with 
what velocity must a body be projected up the plane 
from its foot in order to meet the former one at the 
middle of the plane ? 

4. Find the line of quickest descent from a point with- 

out a circle to the circumference of the circle. 

5. A train of cars starts from rest on an inclined plane 

and runs down it by the force of gravity only ; the 
grade being 40 feet to the mile and the coefficient of 
friction -g^, what will be its velocity at the end of 
one mile i 

6. A car starts from the upper end of an inclined plane 

whose length is one-half of a mile, and grade 50 feet 
per mile, coefficient of friction 3^, and runs down 
the plane ; how far will it go on a succeeding hori- 
zontal plane before being brought to rest, the coeffi- 
cient of friction remaining constant ? 

7« In the preceding example, required the time of the 
movement down the plane; also the time on the 
horizontal plane. 

^» Required the height of a plane which is 1,200 feet long, 
so that a car starting at rest from the upper end of it, 
and running down shall go just 1,000 feet on a suc- 
ceeding horizontal plane, the coefficient of friction 
being ^J^. 

• Suppose that there is an available height of 25 feet for 
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an inclinod iilane, required its length so that a body 
descending it shall go jnst 800 feet on a sacceediog 
horizontal plane, the coefficient of friction being j^' 

[The examples f zom 5 to 9 indcuhre maj be eolTed l](7 the &»> 
mnlae of the last artide. The redatanoe of the air, and ti» 
effect of the rdling maaa in the wheels, is nes^eeted. In tin 
fomralas of the preoeding aztiole, t is in seoonds, « inteetpv 
■eoond, and • in feet.] 



CHAPTER XV. 

PBOJEOTILBS. 

293. A Projeotile is a body thrown into space and 
ujted upo^j by gravity. It is important in the art of Gun- 
lery; but the sohition of problems in that Art pertain- 
ng to the flight of the projectile, to be of any value, in- 
volves the resistance of the air, and this element so com- 
Jicates the problem that its solution will not be attempted 
n this work. Some interesting properties may, however, 
)e easily determined by assuming that the body moves in 
I vacuum; and it will be found that the formulas thus 
leduced are of practical value in the science of Ilydro- 
lynaraics. 

294. The path of a projectile is the Ihie which it de- 
cribes. This assumes that the body is a particle, but if 
be size be consid<^red, we would say that it is the line de- 
Kribed by the centre of its mass. 

The horizontal range of a projectile is the distance 
15, Fig. 139, fix)m the point A^ where the body is pro 
'cted, to the point jff, where the path crosses the horizon- 
J plane passing through A. 

295. The path described by a projectile in a vacu- 
m is a parabola. 

Let A be the point from which the projection is made, 
^B the line of projection, and v the velocity of projection, 
n a certain time, ^, the body will have moved a certain 
istance, AB^ under the action of the impulse only; 
ence, 
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Vfti/<M/^ \h M'A\\\\v%% tt yi:hj<:\tyv; then, according to Arti- 

v^ = 2rjh, 
wlil/'Ji, >iMlmUtiit<5d ill the preceding equation, gives 

wlih'li U tli« (jrjiHition of a parabola. The line AB is a 
linip[<uit to tli<j (Mirvo, and A/J ia a diameter. 

Wii, To find the velocity at any point of the path. 
iH /I, KifC. 138, ho the point. The velocity will be 
th<» Mauio UN if tbo body had fallen a height A; but 4A^ 
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according to the last equation, is the parameter of the 
parabola to the diameter AD, Let EG be the directrix 
of the parabola, then will the velocity be equal to that 
d^e to A fall through a vertical height EA ; or, 



297. To find the position of the foous. Let F be the 

^ocus, and AL be drawn horizontally. According to a 
Property of the parabola, the tangent AB makes equal 
^^gles with the diameter AD and the line ^i^ drawn from 
^^e focus to the point of tangency ; hence, 

BAF= J AD 

z=zEABz=z90^^BAL', 

therefore the angle between the tangent to the path, and 
the line from the point of tangency to the focus, is the 
Complement of the angle of elevation of projection. 

The distance AF= EA^ is, according to the preceding 
article, 

hence, when the velocity of projection and the angle of 
elevation are given^ the focus can be found, 

5298. To find the equation ^ 
of the path when referred to 
rectangular ojxea. 

Let A be the point of pro- 
jection, and P the position of 
the body at the end of a time t. 
Take the origin of coordinates 
at A^ X horizontal, and y vertical. Let a = EAF, The 
coordinates of P being 
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we have, 



AF^m, FP^y, 



AE=zvt^ 
AF:=zvtooBa=zXf . • . 
FF=:vtBinaj 

.\FP=vtBma-'ifffi = y . 
Eliminating t from equations (1) and (2) gives 

go? 



(1)^. 



(2) 



y = x tan a — 



= X tan a 



2t;^co8^a 
a? 



(3) 



4Acos^a' 
which is the required equation. 

299. To find the range AB. Making ^ = in equa- 
tion (3), we have 

aj = 0, 
and 

X = 4A cos a sin a = 2A sin 2a = AB. 

300. To find the Time of Flight. Substitute tlic 
vahie of AB, given in tlie preceding article, in equation 
(1) of Article 298, and we find 

4A sin a ^v sin a 



t = 



= 2 



V 



ff 



301. To find the greatest height in the path.— 
It will be vertically over D, the middle point of AB* 
From Article 299 we find 

AD = 2A cos a sin a ; 

^;^^^^h, substituted for x in equation (3) of Article 298, 
mv«« ^ ^ ^ 



CD = h sin* a. 
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302. Greatest Range, — T&Jmd the angle of devotion 
' the projectile which wOtgive the greatest ra/nge. 

This requires that the value of AB^ in Article 299, 
all be a inaximum ; henoe, 

sin 2a = 1 
/. a = 45°. 

303. Greatest Height. — To find the angle of eUvoition 

^projection which %hall give the greatest heigM. This 

qaires that the value of CD^ Article 301, shall be a 

aximnm; hence, 

sin^ a = 1 

.-. a = 90° ; 
lat is, the projection must be vertical. 
804. Equal Ranges. — Since the sine of an angle equals 





Fig. 141. 



le sine of its supplement, the value of AB^ Article 299, 
^ill be the same 

for sin 2a, as for sin (180° — 2a) ; 

ence, the range will be the same for the angles 

a, and 90° — a ; 

tiat is, if the angles of elevation of two projectiles be the 
omplements of each other, and have the same initial 
elocity, their ranges will be equal to each other. 
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905. Range on an Inelined Plane. — If an vMsUnd 
plancy O Bypasses through the point of projection, Uii 
required tojitui the raivge on the plane. 

Let the angle BO C= ^, then will 

CB r=iyz=^x tan ^, 

and this valne of y, sabstitnted in equation (3) of Articio 
298, gives 



^^ 2i;*cosasm(a — ^) 
X = <?C/= \ ^ ; 



therefore, 



^ ^cos*9 

Wlien the projectile is moving in a vacuum, gravity is the 
only force which acts upon it. 

306. Problems. — 1. Itnd the eqxuition of the path 
when the hody is projected horizontally. 

In this case a = in equation (3) of 
Article 298 ; hence we have 

a? = — 4Ay. 

If y be taken positive downwards, wo 
have 

Fio. 142. ^ = ^y* 

2. When the hody is projected horizontally^ find the 
range BC on a horizontal pl^ne helow the point of pro- 
jection^ and the time of flight. 

Let AB = yi. Substitute yi for y in the preceding 
equation, and solve for a?, and we find 

The time of fliglit will be that necessary to move the 
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liorizontal distance J? 6^ with the yelocitj v. Let t be thQ 
time, then 

, 2VA^i 

• / 3— •Lt, 

V 

3. To find the vdodty cmd angle of elevation so that a 
'ryrojectUe shaUpa^s through two points whose coordinates 
are known 

JjGt a?i and yi be the coordinates of one point, ojg and ya 
the coordinates of the other, and these substituted for 
a? and y respectively in equation (3) of Article 298, give 

Eliroinating h gives 

^^{^ — ai) 
JEHiminating tan a, gives 



4c6s2a(yiaj8 — yaajj)' 
hence, 

^ 2cosa v yi^i^j/ffOi 



EXAMPLES. 



1. A body is projected with a velocity of Sg at an angle of 
elevation of 45^ to the horizon ; determine the 
range and gi*eatest height. 
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S. A body is projected horicontallj with a velodty eqaam [ 
to that acquired by a body falling through a heiglill]gi 
of 15 feet ; required the range £Oj Fig. 148, on ft|^ 
plane 12 feet below the point of projection. 

8. The horizontal range of a projectile is 1,000 fe6t,aiid|j 
time of flight 15 seconds ; required the angle cl 
elevation, velocity of projection, and greatest alti- 
tude. 

Ans. a = 74^ 33' 9". 

V = 250.29 feet 

A = 904.69 feet 

4. A body projected at an angle of elevation of 45° has a 

horizontal range of 25,000 feet ; required the velocity 
of projection, the greatest altitude, and time of flight 

Afi8. V = 896 feet 
A = 6,250 feet 
^ = 39 + seconds. 

5. The horizontal range of a projectile is four times its 

greatest height ; required the angle of elevation. 

6. A body is projected from the top of a tower 150 feet 

high, at an angle of elevation of 45°, with a velocity 
of 75 feet per second ; requii-ed the range on tbe 
horizontal plane passing through its fcxjt. 

7. The eaves of a house are 25 feet from the ground, and 

the roof is inclined at an angle of 30° to the horizon, 
the ridge being 32 feet from the ground ; find where 
a smooth sphere sliding down the roof will strike the 
ground. 

8. A body passes through two points whose coordinates 

are a?i = 400 feet, y^ = 60 feet, x^ = 600 feet, and 
^2 = 50 feet ; find the velocity, angle of elevation? 
horizontal range, and time of flight. 
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The effect of the resistance of the air may be illus- 
trated by the fact that a certain ball being pro- 
jected with a velocity of 1,000 feet per second in the 
air, its range was found to be about 5,000 feet, instead 
of 31,250 feet, as it would have been in a vacuum. 

EXEBOISES. 

A body is projected verticaUy upwards ; what wiU be its range ? 

A ship is sailing due east at the rate of 5 miles per hour ; if two 
bodies are projected from the ship at the same angle of elevation, 
one in an easterly direction and the other in a westerly direction, 
win the range of the projectiles be the same ? 

rf a ship sails at the rate of 15 miles per hour, and a body be thrown 
from it in an opposite direction with a velocity of 11 feet per 
second, required the actual velocily of projection. 

Considering the rotation of the earth, will the range of a projectile 
be the same if it be fired in a westerly direction that it wiU if 
fired in an easterly direction ? 

tt a projectile be struck horizontally, when at its highest point, by 
another body, will it reach the horizontal plane in the same time 
as if it had not been struck ? 

If two particles be projected from the same point with the same 
velocity, but the angle of elevatioxi of one is as much above 45° as 
the other is below it, will their ranges on a horizontal plane be the 
same? 

If two bodies are projected from the same point on a smooth hori- 
zontal plane, with different velocities, and in different directions, 
show that the straight line which joins them always moves paral- 
lel to itself. 
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CENTBAL FOBCES. 
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807. A Central Force is one which acts directly to- 
wards or from a point. The point is called the centre 
the force. The body may move directly towai^s or from 
the centre, or it may move about it in a curved path, called 
the 07'bit The latter is the one commonly understood 
when central forces are refeiTed to. Thus, the centre of 
the sun is considered as the centre of the attractive force 
which acts upon the planets, and the planets move in orbits 
about the sun. Similarly, the centre of tlie earth is con- 
sidered as the centre of tlie force which acts upon the 
moon, and causes it to move in its orbit. When a stone is 
whirled in a sling, the centre of the force which coutiiiu- 
aHy pulls upon the body is at the point where the striug 
is held bv the hand. 
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[In the case of the sun and planets, the centre about which 3 
they revolve is not the centre of the sun, but a point which is at x 
the common centre of the system, and which is relatively neat 
the centre of the sun.] 



308. Centripetal Force is a name given to that central 
force which acts towards the centre. It is either attract- 
ive, or of the nature of a pull. Thus, the attractive force 
of the sun upon the planets, and of the primary planets 
upon their secondaries, is centripetal. The ^;wZZ of the 
string upon the body whirled in a sling is centripetal. 
The cohesive force of the metal in a fly-wheel, which 
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preventa the rim from flying away from the centre, is of 
the same nature. 

309. When a body moves in an orbit, the centripetal 
J^orce constantly draws the body away from the straight 
line in which it tends to move. According to the fibst 
XAw of motion, the body would move in a straight line if 
it were not acted upon by any force, but by the constant 
Action of the central force, it moves in a curved line. The 
straight line in which the body tends to move, is a tangent 
to the orbit, 9& I)Q, Fig. 143. 

310. The Orbit. — If a body at i-est be left to the action 
of a central force, it will move directly towards or from 
that centre. The same will be true if it be projected 
directly towards or from the centre. In such cases the 
orbit is a straight line passing through the centre of the 
force. 

Thus, if there were a hole through the earth so that a 
body could move from surface to surface, a body placed in 
the hole, or thrown direct- 
ly towards or from the 
centre of the earth, would 
move under the action of 
a central force, and the 
path would be a straight 
line. 

But if the body be pro- 
jected at an angle with 
the line joining the body 
and the centre of force, 

it will move in a curved path. The orbits of all the 
planets are ellipses, with the sun at one of the foci. 
Thus, if ADB be an ellipse, representing an orbit of a 
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planet, V and C tJie foci, then wi)l the ann be at one of 

the latter points in reftrenee to tlie orbit. It is generally 
aseuraed that comets move in parabolic orbits, the sun be- 
ing at the focus. This ia done so as to eimplify the com- 
putations for determining their positions. 

311. To find the orbit it is necessary to know the law 
of action of the central force, and tiic position, velocity, 
and direction of motion of the body at some point in the 
orbit. In the solar system the force varies inversely as 
the square of the distance from the centre. See Article 
65. The complete investigation of tliis subject propei'ly 
belongs to higher mathematics, and we shall consider, in 
this chapter, only that case in which the orbit is a circle. 

312. Centrifugal Force. — This is a name given to a 
force which is equal and opposite to that which deflects 
the body from a tangent to the curve. If the body movea 
in the arc of a circle it will be equal and opposite to tlie 
centripetal force. If the orbit is not a circle the central 
force will act at an oblique angle to the tangent at nearly 
eveiy point of the path. In Fig. 143, let the body bo 
at D, and the centre of the force at (J. Let DF repre- 
sent the magnitude of the force, and let it be resolved 
into two forces, one, £F, parallel to the tangent, tlie 
other, DE, perpendicular to the tangent. If the body is 
moving in the direction DO, the eoinponent £!F will rt- 
faid the motion ; if in the opposite direction, tlie motion 
will be accelerated ; bnt in either case the component DE 
pulls the body directly away from the tangent. Then will 
the centrifugal force be equal and opposite to the noi-nial 
component DE. 

(The idea is often ootiTeyed that the centrifugal and deflectiiig 
forces act upon the moving bod; at tho same Ijnie, but aadi ii 
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not tbe case ; for, if thegr did, tfccj voold 
other, and tiie bo^ would nove m. a saai^i ise. Tens, 
a tiain of can Tuna aiomid m carre. the fcvoes «ader viiicii the 
body mofes are «^ pnpelliap fane of the sMaiaaad the deflecs- 
ing foEoe of the tiack. The dgfleeUMf fonx is coktripei^ The 
so-caUed eentnfmgtdfvm is cxacti|y eqpal and opposite, and it a 
measoie, in the eoDtiaiydirecCioii. of the pc ea gme exerted bjthe 
rails of the tradL If we oonsider the deflecting force as acdnp 
between the rail and wfaed, then will the action of the foxoe npon 
tiie wheel be ceMiripetttL and the reaction, or preaenre ontwaid 
against the rail, be eaUrifrngaL Some hare also stated that the 
centrifiagal foxoe is that which <anaes the body to dr awaj. or 
to tend to ^ away, feom the centre, as if theze weie an acdve 
f oioe radially ootward, dne to the rerolntion. Bat there reaUr 
is no such force in this case. The body tends to go in a straight 
line, tangent to its path. Got the atdng of a ding, or let go of 
one string, and the body starts off in a soaight line. The term 
centrifugal is not so objectionable as the idea which it has been 
made to represent.] 

Motion in the Circumference of a Circle. 

313. To find the value of the central force vchen 
e hody describes the arc of a circle. Conceive that the 
)dy is held by a string fastened to a fixed point at the 
mtre of tlie circle ; it is proposed to find the tension of 
le string as the body moves along tlie circumference. 
solve this problem, first consider the conditions by 
liich a body may be made to move over tlie successive 
des of an inscribed regular polygon with a uniform 
'locity. Let ABCD^ etc., be a regular inscribed poly- 
>n. If a particle moves over the side AB with a uni- 
fm velocity, it is required to determine the direction 
d magnitude of an impulse applied at B^ that shall 
i»6e the body to move along the side -ffC" with the same 
locity that it did along AB, 
Since the velocity is to be uniform, the sides AB aiid 
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BC will be proportional to the velocities along those 
Bides; and the velocity along the chord jffC'^will be the 

resultant of that along jdLff, and 
of that produced by the re- 
quired impulse. On AB and 
BCy 9A sides, oonstmct the 
rhombus ABCF\ then will 
the diagonal BF be propor- 
tional to tlie velocity which 
must be produced by the re- 
quired impulse, and will also 
repi^esent the direction in which 
the impulse must act See Ar- 
ticles 14 and 15. 
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Let 



I = AB = BG= the length of a side of the poly- 
gon; 

8 = BF\ r = OB = the radius of the circle ; 

t = the time of moving over a side of the polygon ; 
V = the velo(jity with which the particle moves ; 
771 = the mass of the particle ; 
Q = the value of the impulse ; and 
Vi = the velocity imparted by the impulse. 

The diagonal jff 7^ bisects the angle ABC and passes 
through the centre of the circle. Prolong it to O, and 
draw the chords GC emd AC. The similar right angled 
triangles BCG and BFC give 

BF BC 



BC ~ BG 



or. 



is 
I 



2r' 
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• o —— 

• • o — ^ • 

r 



Multiply both sides of this equation by m and divide by 
fy and it may be written 

s P 



t r > 



which gives 



--— = m-. . . . (1) 



According to Article 122, the first inember of this equa- 
tion is the force which, acting during a time t (the time of 
moving over one side of the polygon), will produce the re- 
quired velocity Vi ; that is, we have 

i^=^. ... (2) 

But, in order that the motion shall be along the straight 
line jSC, the velocity Vi must be produced in an instant. 
Let J^^ be the force which will produce the velocity Vi in 

an element of time At ; then, according to Articles 122 
and 124, we have 

F^ = ^^ = l. ... (3) 
Jt At 

If this force acts upon the particle at all the angles of 
the polygon, the particle will describe the successive sides 
of the polygon with a uniform velocity. 

The second member of equation (1) is independent of 
the number of sides of the polygon, and, hence, for the 
same circle and a constant velocity, the ratio of v^ to t in 
the first member will remain constant. If the number oi 
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sides of die polygon be increased, the velocity remaiuiiig 
constant, the time of describing a side will be diminished, 
hence, Vi, equations (2) and (3), will decrease, and F"j in 
equation (3), will also decrease. Let the number of sideB 

of the polygon be increased until the element of time At^ 
during which F' acts, is the same as that occupied by die 
particle in describing one of the sides of the polygon, and 

let Jvi be the velocity which it will produce in that time; 
then will the value of F' be 

and since Aty Av^ and v are simultaneous quantities, equa- 
tion (1) becomes 

r = mE' = m^. . . (4) 

At ^ 

Under these conditions the particle describes the sides 
of a polygon of an indefinitely large number of sides with 
a uniform velocity. But the limit of the polygons is the 

circle ; the limit of the fraction ^=J is, according to equa< 

tion (4), the constant quantity — ; and the limit of JF' is 

some constant, whose value equals the limiting value of 
the second member of equation (4). But what is con- 
stantly true of a value as it a/pproaches a limit indefinr 
itelyj is true of the limit ; hence, calling f the limiting 
value of F' ^ we have, for the value of f when the motion 
is in the arc of a circle^ 

/=^7; • • • W 

which is the constant force which acts towards the centre 
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)llow6 from this equation that the deflecting force 
3s direcUy as the mass of the body and tlie square of 
docity^ and inversely as the radius of the circle. 

4. To find the value of the central force in terms of 

ingular Velocity, 

it o) = the angular velocity, then 

V := rto'y 

equation (5) becomes 

fz= mroD^. 

3. To find the vahie of the Centripetal Force in terms 

e time of a com,plete revolution, 

le time of a complete revolution is called the Periodic 

of the motion. 

t T= the periodic time ; then 

vT = 2irr\ 
2irr 

' V ^n • 

' • ^ — 7^ ' 

h, substituted in equation (5) of Article 313, gives 

4c7r^r 



f=m 



2^2 • 



h Centrifugal Foroe of Bodies of finite size. — 

%, m^ etc., be the masses of the particles of the body, 
, etc., be their respective distances from the axis of 
ution, Mthe total mass of the body, and r the point 
lich, if the whole mass of the body were concentrated, 
jcntrif ugal force would remain the same ; then ve 

MroD = (mxri+m2r2+etc.)ft>= to'Smr; 

Smr 

• f» ^^^ • 

M ' 



i 
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hence, according to Article 216, the centrifuffcUJbrce «mB 
he the same as if the whole mass of the body v>ere omenta 
trated ai Us centre ofgrof&ity and revolved with the seme 
angular velocity. 

Problems. 

817. Find the oentrifligal fbroe on the equator {/ti«^ 
the revolution of the earth on its axis. 

The time of the revolution of the earth on its axis is 
T = 86,164 seconds of mean solar time ;^ the equatorial 
radius of the earth is 20,923,161 feet ;t and w = 3.14159. 
These values in the equation of Article 815 give 

/= aill2w. 

The force of gravity exceeds this value ; for it is found 
that a body on the equator weighs (see page 32), 

W= mg = 32.0902m ; 

hence, if the earth did not rotate, and other things re- 
mained as at present, a body would weigh 

TTi = TT +/= 32.2014m. 
We also have 

f_ _ 0.1112m _ 1 , 

W^ "" 32.2014m "" 289 °^^^^ ' 

hence, the rotation of the earth causes a diminution of the 
weight of bodies ; the diminution on the equator being -^ 
of their original weight. 

318. /// what time must the earth revolve so that lodie» 
on the equator will weigh nothing f 

* The earth makes a complete revolution in leas than 24 hours xneax^ 
time, 
f See foot note on page 33. 
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Let Ti be the required time, then wiliyj in Article 315, 
equal TTi, and we have 

and dividing the equation of Article 315 by this equation, 
calling T the periodic time of the revolution of the earth, 
we have 

JTi "* r* "" 289 

-^^=\/^^=^ r=lA.24m.42^8ec. 

819. To find the central (centripetal) force necessary to 
keep the moon in its orbit. 

The mean time of the periodic motion of the moon is 
T = 2,360,585 seconds ; and the mean distance of the 
moon from the centre of the earth is 60.361 jK, in which 
B is the mean radius of the earth. Calling li = 20,897,- 
600 feet and substituting these quantities in the equation 
of Article 315, gives, for a unit of mass, 

/= 0.0089. 

320. What is th^ force of gravity at the moon f 
The force of gravity varies inversely as the square of the 
distance from the centre of the earth, (See Article 65.) 
Calling the mean value of g at the surface of the earth 
32.246, we have 

32.246 
(60.3612)5 

If the data in the two preceding problems were correct 
^D eveiy particular, the results should be exactly alike, 
Aat is, fz=. g\ In this way Sir Isaac Newton tested th^ 
^aw of tlNrvEBSAL Gravitation. 



^ = ,^:^^ = 0.0088. 



230 



KINETICS. 



[321,322.; 



321. A looomotive whose weight is W tons runs around 
a horizontal curve whose raditcs is rfeet^ with a velocity 
of V miles per hour ^ required the centrifugal force i 
that is, the pressure against the outer rail. 

These quantities, reduced to the units of equation (5), 
Article 313, — that is, to feet, pounds, and seconds — and 
substituted in that equation, give 



(i 



5280 



)■ 



2,000 W \60 X 60 
•^ "" 32| T" 

^„^ W{intons)xV\i7im.pr,h.) ^-g , 

= 130 J-, — -jr—r. — lbs., nearly, 

r {i7i jeet) ' ^ 

822. To find the elevation of the outer rail so that 
the resultant pressure of a locomotive, as it passes around 
a curve, will be 'perpendicular to the plane of the tra^k. 

Let DE represent the weight, 
TF, of the locomotive, and EFihid 
centrifugal force ; then will DF 
be the resultant of these forces. 
The elevation of the outer rail 
must be such that Z^T^will be per- 
pendicular to the line joining the 
tops of the rails, which, in prac- 
tice, will be parallel to the line A C. Draw AB horizontal 
and CB vertical. 

Let b = AB\ h =i BC\ r = the radius of the curve; 
and V = the velocity of the locomotive. 

Then the similar triangles DEF and ABC give 
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or. 



DE\EF\\AB\BC', 
W:f::b:hi 



I 

r 

■1 

r 
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Substitute the value of yj equation (5), Article 813, and 
Pr= mg, and we have 

n which v and g are both measured in feet per second, and 
► and r in feet. In practice, the elevation is usually so 
nmall that b is taken equal to A C, tlie gauge of the track. 
Ct will be seen that the elevation is independent of tiie 
9veight of the body, and that it varies as tlio square of tlie 
relocity. 

823. To determine the motion of a Conical Pendu- 
inrni. — A conical pendulum is a heavy body revolving 
U)ont a vertical axis. The governor of a 
iteam engine is an example. The forces 
^hich act upon the body B are the force 
>f gravity, which equals the weight of the 
>ody, the tension of the piece JBA^ and 
ilie. force which produces the rotation- 
Let the body be at rest and a force, equal 
-o the centrifugal force, act upon the 
>ody ; then will the relation of the parts 
^ the same as before. 

Let W = Bby and resolve it into two forces, one, Bc^ 
i^orizontal ; the other, be, parallel to BA ; then will the 
Bonner represent the centrifugal force, and the latter the 
^nsion on BA. Let m = the mass of the body and v its 
►^elocity, then, according to Article 313, 

BC AB^YEL^ 
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We also have 

Boz=zW tan Bhc = IT tan ^ ; 

.% m -j- j, . . = m^ tan ^ ; 

from which we find 

V = V^AS . ^ sin ^ tan ^. 
Let T = the time of one revolution, then 

V 

V^jff.^sin^tan^ 



= 2^y 



^5 

cos 9; 



17 
from which we find 

hence, the an^le is independent of the mass of the body. 
In the governor the balls are not permitted to move ont 
freely^ but are required to overcome a resistance. The 
resistance may be reduced to an equivalent horizontal 
force applied at B. Let F be this force ; then will 

/= TTtan ^ + i^; 
.'. F^ m -g7, — Ftan ^ 



= W( — 1^-- r— I — tan A y 
\g . AB» sm 9 ^y 



.^■^■taH^. 
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EXAMPLES. 

A body revolves about a point in a horizontal plane to 
which it is attached by means of a cord ; required 
the velocity of the body so that the tension on the 
cord shall be twice the weight of the body. 

In the preceding example, if the radius of the circle is" 
2 yards, what must be the number of revolutions per 
minute so that the tension on the string will be three 
times the weight of the body ? 

A. body is attached to a point by means of a cord 2 feet, 
long, and revolves uniformly in a vertical circle ; re- 
quired the number of revolutions per minute so that 
the tension of the cord shall be zero when the body 
is at the highest point of the circle. 

[n the preceding example, what will be the tension of 
the cord when the body is at the lowest point of the 
circle ? 

A. body is placed on the inside of the rim of a wheel 
which revolves about a vertical axis ; if the weight 
of the body is TF", the radius of the wheel i?, and the 
coeflScient of friction /a, what must be the number of 
revolutions of the wheel per minute so that the fric- 
tion due to the centrifugal force will just prevent 
the body f ix>m sliding vertically downward ? 

A. body is placed in a groove in a horizontal disc, and 
attached to the centre of the disc by means of a 
string 30 inches long. The disc is revolved about a 
vertical axis through its centre at the rate of 250 
revolutions per minute ; the coefficient of friction 
between the body and disc being 0.15, what will be 
the tension of the string, the groove being radiaL 
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7. A car niiiB aronnd a curve wlioee radios is 2,500 feet; 

if the rails arc in a horizontal plane, and a bod; rests 
on the floor of the car between which and the body 
the coefficient of friction is 0.10, what must be the 
velocity of tlie car in miles per honr bo that tlie body 
will be jngt on the point of sliding ontward f 

8. What nnist be the elevation of the outer rail so that a 

car, moving on a curve whose radius is 3,000 feet^ 
witli a velocity of 30 miles per hour, shall press 
equally upon both rails, the distance between the rails 
being 4 feet 8 inches. 

9. A weight is suspended from a point in the roof of a 

car by means of a string 6 feet long; the car runs, 
ai'ound a curve, whose radius is 4,000 feet, at the 
rate of 40 miles per hour ; how much will the string 
deviate from a vertical on account of the deflecting 
force ? 

10. In Fig. 14^, if AB i& 15 inches, and the body makes 

100 revolutions per minute, find the angle IiAC\ 
and the distances ^6' and HC. 

11. In Fig. 146, if the resistance which the centrifugal 

force has to overcome is 4 lbs., acting horizontally 
when reduced to the point -ff, the weight of ^ 5 lbs., 
and the length J. jB, 14 inches; what must be the 
number of revolutions per minute so that the resist- 
ance will be overcome when the angle SAC is 
3 degrees ? 

12. If a grindstone whose diameter is 4 feet, thickness 4 

inches, tenacity 600 pounds per square inch, revolves 
about an axis through its centre, how many revolu- 
tions must it make per minute to produce roptnrc 
along a diameter, no allowance being made fc' 
the eye. 
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EXERCISES. 

If a body moves in ft curved line which is not the arc of ft circle 

under the action of a central force, will the deviating force be the 

same as the central force ? 

Why will the water in a rotating vessel be highest around the out- 
side of the vessel ? Will this be true of anything besides water ; 

as grain, or pebbles ? 
If the rotation of the earth were to cease, about how much would 

the water in the ocean be raised at the poles, and how much would 

it be depressed at the equator, the earth bein^ considered as fluid ? 
Does the centrifugal force have any effect upon bodies or particles 

below the surface of the earth, as in a deep mine, for instance ? 
If the earth were a hollow sphere and water were throton into the 

hollow, where would it come to rest ? 
If the earth were to revolve on its axis once in 84 minutes, what 

would happen to bodies on the equator ? Would the cohesion of 

the parts prevent their being thrown off ? 
If the moon retained a circular orbit, but should revolve around the 

earth every 15 days, would it be nearer or more remote from the 

earth than at present ? 
Why do those planets near the sun go around it in less time thai 

those more remote ? 
Does elevating the outer rail destroy the centrifugal force of a mov- 
ing train ? 
. Water is put on the face of a grindstone and the stone revolved so 

rapidly that the water flies off ; does it go off radially or tan- 

gentially ? 
. Do the centripetal or centrifugal forces have anything to do with 

the velocity with which the stone leaves the sling ? 
. Clothes may be partially dried by placing them within a perforated 

vessel which is made to revolve very rapidly ; explain the principle. 
•. Are bodies at the poles of the earth affected in their weight on ac- 
count of the rotation of the earth ? Show why they weigh more 

there than they would if the earth ceased to rotate ? 
L If a train of cars runs around a circular track in which both rails 

are in the same horizontal plane, is there any dang^ of the car* 

being overturned by the centrifugal force ? 
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FORCE VARIES DIRECTLY AS THE DISTANCE FROM TBS V 
CENTRE OF THE FORCE, AND IS ATTRACTIVE. 

824. When a perfectly elastic solid is pulled or com- 
pressed, or distorted in any manner, the force which resists 
distortion varies directly as the amount of distortion, if the 
elastic limits are not exceeded. See Article 131. This 
law, in which the force varies directly as the distance, 
holds good in several other problems. 



General Formulas, 

325. To find the Velocity. — If a hody starts from rest 
and is acted upon hy a force which varies directly as the 
distance from the centre of the force ; required the velo- 
city of the hody when it reaches the centre of the force^ 
and also the velocity at any point of the path. 

Let A, Fig. 147, be the origin of the force, B the point 

where the particle starts, and the 
line AB the path along which the 
particle moves. Erect ^6^ to re- 
present the intensity of the force 
at ^, and draw the straight line 
AO\ then will any ordinate U 
represent the force acting upon 
the particle when it is at 5. The body, starting fi-om rest 
at B, will be constantly accelerated until it arrives at i, 
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but the rate of acceleration will continually decrease frorn, 
M to -4, because the force decreases in intensity. 

To represent the velocity approximately by a geometri- 
cal construction, divide the space AB^ Fig. 148, into equal 
small spaces, Bf fg^ gh^ etc., and erect ordinates, fa^ gCj 
he^ etc. Consider the force as constant while the particle 
18 passing from B tof and represented by the arithmeti- 
cal mean between BC andyb. This force will produce a 
certain velocity, which represent by Bm. Draw 7nn par- 
allel to ABj and at n, where it intersects af prolonged, 
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draw TW to represent the velocity produced by ^{af + cg\ 
and draw op parallel to AB^ to meet eg prolonged at j?, 
and so on. The points B^ n, j9, etc., will be the vertices 
of a polygon ; and by reducing the spaces Bf fg^ etc., in- 
definitely, the polygon will approach a curve, BD^ as a 
limit. Any ordinate to this curve, as bd^ Fig. 149, will 
represent the velocity of the particle when it has reached 
the point b of its path. 

To find a formula for the velocity ^ let 

ri = the intensity of the force at a unit's distance 

from the centre of the force ; 

9q = AB = the distance of the particle from A 

when motion begins ; 
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8 = Ab = any distance from A ; 

V .-= the velocity of the particle at b ; 
Vi = the velocity of the particle at A ; and 
7/1 = the mass of the particle ; 

then will 

tjftQ= BC= the intensity of the force at ^; and 
rj8 z=bc = the intensity of the force at b. J 

The work done by the force npon the particle while 
moving it from B to A, will be represented by the trian- 
gle A£Oy see Article 96, and hence, will be 

which will impart to the body an amount of kinetic energy 
expressed by 

/. imvi^ = ir}8^ ; 
and 

^^i^V^^o; . . . 0) 

hence, the velocity at the centre of the force will vary 
directly as the distance over which the body moves, a^ 
directly as the square root of the intensity of the force at 
a unites distance from the centre of the force. 

The work done while moving from b to A will be 

hence, the work done in passing from JB to b will be the 
difference of these, or. 



•••^^/l^^^o'-*"' • • (2) 



tn 
which gives the velocity at any point of the path. 
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The last equation may l)e written 

7ni? + rj^ = rjSo^ ; . . • (3) 

id since v and 8 are variables, and all tlio other qnanti- 
es constants, it is the equation of an ellipse. Hence, the 
u've BDE^ Fig. 149, is an ellipse, of which the semi- 
ds AB\& % and that of AD is found by making * = <?, 
id finding the value of v. This value of v becomes i^i, 
id is 






\ given in equation (1). 

After the particle arrives at A it will, by virtue of the 
netic energy of the body, pass that point and move on 
itil the force at A overcomes the energy, when it will 
r>p and return. The distance ^^will equal AB. The 
I tire distance BE is called the amplitude. This motion 

called oscillatory or vibratory. 

326. To find the time of the movement of a particle 
Vom any distance to the centre of the force^ when the 
orce varies directly as the distance from the centre. 
Equation (2) of the preceding article may be written 

«g2 — ^ = — iT* ; 

hich may be represented by a right-angled triangle, in 
Inch ^0 is the hypothenuse, s one side, and y — t;, the other 

ide. If with ^ as a centre, and a radius AD = ^o, a 
^uadrant be described, then will BD, the sine of the arc 
^D to the radius of the arc, and Ali^ the iioe»\\\^ v^t \\\ti 
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same arc, constantly represent the relation between the 

space Sy and the y — times the Telocity v, 

V 

The velocity is constantly varying ; hence, at any insttn^ 
we Iiavei according to Article lO, 



2i = ^ 

V 



(1) 



in which j^ is the increment of space passed over in tbi 
corresponding increment of time. In Fig. 151, let^ 

= 8oy BD = B, and AB = \r^v. 

V _ 

On the line BBj take Bb to represent Jj, and drawii 

parallel to AB to meet the tangent Ba dravm throngii If* 




ft 




Fig. 150. 

The triangles Bba and ABB are similar, having the sito 
of the one perpendicular respectively to the sides of the 
other. Hence, we have 

ABiABiiBhiBa; 
or 






V : SqIiAs : Ba ; 
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combined with equation (1), gives 



— Da 

i^^so. . . . (3) 

?a be diminished indefinitely, it will approach the 
a limit ; hence, an element of the time equals an 

it of the arc divided by v/ — ^o 5 and the time of 

; from C^ to ^ will equal the quadrant CDE^ 
d by y^ ^o- I^^t tx be the required time, then 






V — s 
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, this remarkable result, that the time of the move" 
f a particle from^ any point to the centre of the force, 
the force varies directly as the distance from the 
is INDEPENDENT OF THE DISTANCE. The times, there- 
re isochronous. 

Lce, also, the time will he the same for all distances 
the centre / and for the same body it will vary in- 
t as the square root of the intensity of the force at 
'« distance fi'om the centre of the force, 
t = the time of moving through the amplitude ; 

t=^tx = ir^. . . • ^^ 
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Problems. 

327. Simple Pendulum.— J. dmjple pendulum is a 
material particle, suspended by a mathematical line^ and 
Kwinging under the action of gravity. 

Let O be tlie point of suspension, P the position of the 
particle, and w = mg the weight of the particle. Resolve 
the weight w into two components, one, ha^ parallel to 

OP ; the other, Ph^ perpendicu- 
lar to OP J which will also be tan- 
gent to the arc BA. The line 
OA being vertical, the angle 
haP will equal that at O. The 
component ab will be resisted by 
the tension of the cord OP^ and 
the motion will be produced by 
the component hP. We have 

bP = w sin a, 

= mff sin Oj 

AP 

= '^9 Qjj nearly, 

when the angle is small. As OP is a constant radius? 
it follows that, for small angles of oscillations, the moving 
force varies directly as the distance AP^ of the particle 
from the lowest point A, Hence, the time of an oscilla- 
tion may be determined from equation (5). For this pnr- 
pose we must find the value of t). We have 

AP 

bP _^^_qP __ mg . 

"^^'AP-TT" 
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OP 



which, substituted in equation (5), and making OP = h 
gives 
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s the Yalae given in Article 67. In practice a 
od pendulum is always used. 

[k>inpound Penduhun. — Any body of finite size, 
5 under the action of gravity, is a compound pen- 
It is shown, both by analysis and by experiment, 
re are always two points in a compound pen- 
ibout which the body will oscillate in the 
QC, and the distance between these points is 
^th of an equivalent simple pendulum, 
the body be suspended at A^ and the num- 
vibrations be noted, then there is another 
?, at which, if it be suspended, it will vibrate 
ime time, and the distance AB will be the fiq. isa 
)f the equivalent simple pendulum. Tlie 
is called the centre of suspension and B the cen- 
cillation. It requires very accurate measurements, 
Y close observations to determine the length of the 
m which oscillates in a certain time, but it has been 
lany times in different places and the results have 
jorded. Having found this result, the length of a 
m which will oscillate once in a second may be 
3 follows : 

= the length of the pendulum which will oscillate 
a second ; then, according to the equation of the 
ig article, we have 

1 sec. =^ TT kJ ±. 
^ 9 

ing this equation by the former one, and solving 

ives 
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From the 



equation we haTe 

by means of which the a^cceleratiou due. to. gravity may be 
found. 
828. Ifength of the Seoood's PendidiWL 

Table oivino thv Lvngth of the Sboond's Penduluh ai 

DIFFERENT PlAGBS ON THE EaBTH, AND THE AOCELBB- 
ATION DUE TO GpJLYITY AT THOSE PlACEB. 



Sabine 




Spitzbenren. 


Sabine 

Svanbeig. . « 


Hammerif est . . : . 
Stockholm 


Bessel 


Konigsberg 

Greenwich 


Sabine ..... 


Borda, Biot, 
Sabine. . . 


and 


Paris 


Biot 


Bordeaux 


Sabine 


New York 


Freycinet 


Sandwich Islands 


Sabine 


Trinidad 


Freycinet ... - 


Bawak 


Sabine and 
perrey. . . 


Du- 


Ascension 


Freycinet 
Duperrey . 

Brisbane 
Bumker, . . 


and 
• . • • 
and 


Isle of France . . . 
Paramatta 


Freycinet 
Duperrey . 


and 

• • • . 


Isles Malonines.. 



N. 79^50' 
70''40' 
59 31' 
54''42' 
51*'39' 

48'50' 
44°50' 
40 43' 
20^52' 
10^39' 
S. 0° 2' 

7^55' 

2ono' 

33''49' 



Length of 

•eoooda 

ponduloin 

ininQh^s.. 



51 ^'SS' 



39*21469 
39 19475 
39 16541 
39 • 15072 
39 13983 

39 12851 
39 11296 
39-10120 
39 04600 
39-01888 
39 01433 

39-02363 

39-04684 

39-07452 

39-13781 



Aooeleratfa^ 

foroeoCgra' 

vity; feet 

p«r second. 



32-2528 
32-2:i6{) 
32-2122 
32-2002 
32 1912 

32-1819 
32 1691 
32 1594 
32-1148 
32-0913 
32-0880 

32-0956 

32-1151 

32 1376 

32 1895 



330. To find the number of seoonds lost by a olock 
%nlken oarried to a given, height ohove the surface of the 
earth 
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Let the clock on the surface of the earth indicate mean 
Bolar time, then in one day it indicates 86,400 seconds; 
^vhen taken to a height above the earth, the vibrations of 
the pendulam will be slower, because the force of gravity 
will be less. 

Let ir= 86,400, Ni = the number of seconds indicated 
by the clock when at a height h^t =■ the time of one vibra- 
tion on the surface, t^ = the time of one vibration at the 
height A, and r = the radius of the earth. The length of 
the pendulum remaining the same, we have 



But 



hence. 



. . 1111 



^g ' i^i-> -.qiA 

::ir:.2Vi; 






which, subtracted from N^ gives 






N 



T 



The quantity iT — JVi is called the rate of the clock. 
The quantities r and A must be of the same denominatioiu 



If the low in a day be knom ve may find the hpigfat, 
for we find 



A = 



jy—i 



8SL Ttt find the time In which a 1x>dy would paM 
through the earth tram mirftoe to sorftoe, if it e&vld 
pOMfreAy witAottt retittanoet, tUe earth being oonsidered 
at Komogeneona. 

If the earth were a homogeneooB sphere, the attractive 
force would vary directly as the distance fromi the centra 
of the earth; see Article 78. Hence, 
if r be the ladioB of the earth, we 
X have 



which, Bnbetitnted in equation (5), 
Article 326, gives 



t = .^l 



(1) 
• ? 

and in equation (1) of Article 325, gives 

v^=V^- • - ■ (2) 

Equation (1), compared with the value of t in Article 
327, shows that the time required for the particle to pii> 
through the earth equals the time of ons oaeillatioit, 
through a small arc, of a m/iple pendulum, whose leng^ 
equals the radius of the earth. 

Equation (3) of Article 72 gives v =^V%gh ; which, com- 
pared with equation (2) above, shows that the velocity at 
the centre of t/te earth will equal iV2 times the veloiniy 
acquired iy a body faUing freely through a distance egad 
to the raditis of the earth, under the action of a consta/ai 



B 
b 
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qual to the force of gravity at the surface of the 

Vibration of an Elastic Bar.— Let AB be a 
ic bar, having a weight P suspended at its lower 
!f the weight be pushed up or down 
, or be struck, or in any other manner "Bm^ 
irbed in a vertical direction, it will oscil- 

and down ; but, in the case of a solid 
5 oscillation will be small. The longi- 

vibrations of rubber, coiled springs, 
) like, may readily be seen, 
sveree vibrations, which really follow 
le law, maj'^ readily be seen in the case |j« 

bare, as may be illustrated by a tuning pi^. 155. 

>ose that .^^ is the length of the bar when P is 
led at its lower end, and that by some means it is 
ed to b. When the disturbing force is removed 
»tic force in the bar will pull the weight up and the 
1 pass the point B and rise to some point as <?, in 
jiondition the bar will be in a state of compression. 
iight will then descend to J, and thus produce a 

oscillation. Let a force I*^ elongate the bar from 
and let Bb = \i, then, according to the equation of 

131, we have 

i^=-^\i; . . . (1) 

h E^ K^ and I are constants, hence, the elongation, X^, 
lirectly as the pulling force, F, The force neces- 
produce an elongation equal to unity, will be 

- = , = -^; ... (2) 
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which, subetitated in equation (1 ) of Article 835, making 

t,= v/5; ... (8) 
or, sabstitatiiig the valae of F, gives 

in which, if m = P-r-g, we have 

Vi = w/-p^. . . . (4) 
Let X be the elongation dae to P, and we have 

«i = >iV|. ... (5) 

The value of % equation (2), substituted in equation (5) of 
Article 326, gives 



/ nd I PI 



9 



(6) 



hence, the time of an oscillation is independent of the 
amount of elongation produced by the disturbing force F. 



EXAMPLES. 

1. What is the length of a pendulum which will vibrate 

twice in a second ? 

2. What is the length of a pendulum which will vibrate 

once in two seconds ? 

3. A pendulum whose length is 39.1 inches, vibrates 
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86,420 times in a day ; how much must it be length- 
ened to vibrate once each second ? 

4. A second's pendulum carried to the top of a mountain 

lost 45.5 seconds in a day ; required the height of 
the mountain. 

5. A pebble is suspended by a fine thread two feet long ; 

required the time of making 5 oscillations. 

6. If the radius of the earth be 20,923,161 feet, and g at 

the surface is 32.0902 feet, what would be the velo 
city of a body as it passes the centre of the earth if 
it could pass freely through it ? 

7. In the preceding example, what would be the time of 

passing from surface to surface ? 

8. A prismatic bar, whose cross-section is i of a square 

inch, length 5 feet, coefiicient of elasticity 28,000,000 
lbs., has two weights suspended at its lower ends, 
one of 1,000 lbs. and the other of 3,000 lbs. The 
latter weight suddenly drops off ; required the max- 
imum velocity imparted to the remaining weight by 
the elastic action of the bar. 

9. Required the time of one vibration in the preceding 

example. 

[In these problems the mass of the bar is neglected.] 



CHAPTER XVHL 

GENERAL PE0FBBTIE8 OF FLUIBB. 

888. A fluid is a sabstance in which its partdcles are 
free to move among themeelves ; as air, water, aloohol, etc. 

A perfect fluid is a sabstance in which the particles are 
perfectly free to move among themselves, there- being no 
friction nor cohesion between them, and in which the least 
force will move any particle in reference to sorronnding 
particles. No sach Biibstance is known to exist Even in 
the most volatile gas its particles are supposed to ofiEier 
some resistance between themselves. But the hypothesis 
of perfect fluidity leads to results which are useful in de- 
termining certain formulas applicable to imperfect fluids. 

An impetfeot or viscous fluid is one in which there is a 
resistance between its particles. There &re all grades of 
viscosity, from that of the most volatile gas to that of solid 
bodies. Mons. Tresca, a French physicist, proved that 
even certain solids, as steel and iron, were somewhat vis- 
cous. If steel be subjected to an immense pressure by a 
blunt tool, the metal, in the immediate vicinity of the 
place pressed, appeal's to flow like thick tar, or molasses, 
when either is pressed at a point on the surface. Several 
armor plates, ten or twelve inches thick, which had been 
struck by cannon balls, were at the Centennial Exhibition, 
and were excellent examples of the viscosity of metals. 

There are two classes of fluids: liquids and gaseoxi^ 
bodies ; the latter of which includes permanent gases and 
vai)or8, and are called aerifonn bodies. 
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334. A liquid is a fluid in wliich there is a slight cohe- 
sion between its particles. Water is taken as a type of 
liquids. The Greek word for water is %h(ap^ hence the 
science of the statical eqnilibi-ium of fluids is called HydrO' 
statics y and of their motion. Hydrodynamics, 

A perfect liquid is a perfect fluid in which there is no 
cohesion nor repulsion between its particles. The hypo- 
thesis of perfect fluidity is assumed unless otherwise stated. 

335. Adriform bodies are those in which the particles 
mutnally repel each other. 

If a vessel, made of elastic material, or provided with a 
piston, be filled with a gas and then enlarged, the gas will 
constantly fill the vessel. There is no known limit to the 
expansion of a gas. The space which it occupies depends 
upon the pressure to which it is subjected. 

336. Forces in the Three States of Matter.— The 

particles which constitute a body act upon each other by 
forces of attraction and repulsion. Supposing that both 
forces exist at the same time, the three states of matter — 
solid, liquid, and gaseous — may be defined by the relations 
which these forces bear to each other. Thus, a solid is a 
body in which the force of attraction greatly exceeds that 
of repulsion ; a liquid, one in which the force of attrac- 
tion equals that of repulsion ; and a gaseous body, one in 
which the repulsion constantly exceeds the attraction. 

Many solids may be reduced to liquids by means of heat ; 
the amount of heat depending upon the degree of attrac- 
tion existing between the particles. Thus, ice, lead, zinc, 
iron, etc., are examples ; and in some cases a substance 
may be made to assume the three states, of which carbonic 
acid is a well-known type. The repulsive fcrce may be 
considered as the effect of heat. 
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887. Iaw of ISqual Preasurefl. — T&epr€S9ure aH, mi 
paint of a perfect fiuid ai rest is equal in aU direotioni, 

If it were not equal in every direction the partiele it 
that point would move in the direction of the reBultant d 
the forces. 

888. Normal Presmire.— ?%« pressure of a per/kt 
fluid at rest upon the surface of a vessel which ooniaini 
it is noriruU to the surface. 

For, if it were not, it could be resolved into two com- 
ponents, one of which would be tangential to the surface 
and tlie other normal to it, and the former would produce 
motion. 

838. ISqual Transmission of Pressures. — Tf a vessd 
contain a perfect fluid at rest^ and the fl/aid he destitute 
of weight J thepressv/re will be the sa/rne (U aU points within 
the vessel. 

For tJie pressure against the fluid arises from the reac- 
tion of the sides of the vessel which contains the fluid, and if 
there was a greater pressure at any point above tlian at any 
other point, motion would result, (lases are so light, that, 
for small quantities under pressure, their weiglit may gen- 
erally he neglected. Liquids would be without weight if 
subjected to the conditions given in Article 77. 

340. 2%e presHure upon ths lower part of a vessel which 
contains a Iteavf/ fluid is greater than that at the uppen 
part, 

A heavy fluid is one that has weight. The force of 
gravity acts downward on each particle, producing a down- 
ward pressure. This will be equally transmitted to every 
point below it, but not above it ; hence, the pi*essure below 
any particular particle will exceed the pressure above it. 
The downward pressure follows the same general law ae 
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*hat of a "pile of blocks; the preBsiire increaaes from the 
■top to the bottom, 

841. In a heavy, perfect fluid, every pressure, except 
that due to the weight, wiU he transtrtitted to every part 
(jfthe vessel without diminution of intensity. ^ 

This may be shown experimentally by means of a closed 
vesael provided with pietona, as in Fig. 156. Let the veH- 
eel be filled with a fluid and the pressure upon the pistons 
be noted. Then, if any piston be pressed inward it will 
be found that, to prevent the other pistons fnun moving 
outward, the same pressnre per squai-e inch must be 
applied to them as to the first piston. In otlier words, the 
pressure per square inch will be the same on all the pis- 
tons after deducting that due to the weight of tlie fluid. 




342. Vertical Pressures. — The difference between the 
pressures on the top and bottom of a vei-tical prismaiic 
vtssel, filed toiih a heavy, perfect fluid, equals the weight 
of the fluid. 

Let the narrow strip ah, Fig. 157, represent a vertical 
prism. If there is a downward pressure on the top at a, 
it will, by the principles of equal transmission, be trans- 
mitted without diminution of intensity to i. The weight 
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«»t' tho particles will also press do\vn\rard, and since the 
tliiitl is?iippiiso«l ti> 1k» iH?rfect, the entire weight willbesup- 
{H.'rteil l»y tho Uaso h. Hence, the pressure at h will equal 
the Jt»wnward pressure at a plus the weight of the fluid. 

A? a n^sult v>f this pivj^^oeition, it follows that, if there is 
11' » pivssure at /./. the pressure at h will equal the weight of 
the tluid in the prism. If the vessel is filled with a gas it 
must he cI«»sei.K and there will necessarily be a pressure at ' 
a. hut iu the ease of a lii^uid there is not necessarily any 
pressure at that i^»int. 

343. In Fiir. l.">7, the vertical pressure upon the base at 
(• is of the sjune iuteusif^y as that at h ; for the pressure at 
b will be transmitted horizontally to c, but at c it will act 
vertically. The pivssure at/* will l>e less than that at c by 
the weiixht of the tluid in the prism /<.?; hence, the pres- ■ 
sure on a jHirtion of the surface at/* will equal the weight 
of a prism i>f the tluid having for its base the area at/, 
and for its hoiirht the distance of the p)int /* below the 
top of the tluid, y'/'^^• the downward pressure upon the 
same area at the top «.»f the vessel. 

T/u j>/y''<sti/Y iij»ui the fi'.ist! of a vessel containing a 
hetirij^p.rttet ifniil is imlejhudent of the form of the ves- 
st7, and equitl^ the Wtif/ht of a j)rism of the fluid haviiig 
for its Inise the f^a-^e of the ressei, and for its altitwie the 
altitudt of the yv.v.v/, plus a jyressure ujwn each unit of 
the ha.se equal to the j>ressure per unit u-pon the upper 
base. 

Let N = the area of the base of the vessel ; 
a = the altitude of the vessel ; 
S = the weight per unit of volume of the fluid ; 
p = the pressure per unit on the top surface of the 
fluid ; and 
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P =: the total pressnre upon the base ; 



\. Resultant pressure against the inside of a ves- 
- containing a h^avy fluid. 

Iln Fig. 157, if the points d and e are in the same hori- 
rital, and directly opposite to each other, the pressure 
H)n them will be equal and opposite, and similarly for 
L other pairs of points on the inside of the vessel ; hence 
e resultant pressui-e npon the whole in- 
rior surface is zero. 

If a hole be cut in one side of the vessel, 
en, as the flnid is being discharged, there 
111 be no pressure on that part of the ves- 
l, and the pressure on the part directly 
^posite will tend to move the vessel in the 
i-ection of the pressure. If the vessel be 
spended by a small cord the effect of this 
'essure may be observed. 
It is on this principle that sky-rockets are 
Xit into the air. The pressure due to the 
iming of the powder acts upward against the rocket, and 
>wnward against the air, and the former pressure raises 
le rocket. 

345. Resolved Pressures. — ^Let the normal pressure 
1 ABCD be uniform and equal 
► P per unit, and let be the in- 
ination of the surface to the 
^rtical ; then will the horizontal 
>mponent of the pressure per 
nit be 

A = Pco6d. 



HS 


1 




■mi 


1 



Fig. 158. 
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T^t S = area ABOB, and S, = the projection of the 7 

area on a vertical plane paaaing throngh AS ; then z 

Si=:S<M«0, - 

and the normal presanre npon the surface Si will be 

J\.Si = P*xse.Scw0; 
henco, the hortsontal component of the pressure a^Mt 
an ofj/itjiia nur/ace equals the horimntal pressure aqm^ 
tlie rer(lc<d projection of the same surface. 

346. Resultant Pressure on a solid body Immenel 
In a heavy fluid. — The resultant of the horLiontal 
811 res will be zero; for the pressure on one side of tta 
body projected in a vertical plane (Article 345) will e^ml 
tliat on t)io other Bide projected on the same plane. 

If tlic body be divided into small vertical prlsnis ic, tl» 
voilicnl component of tlie pressure at c will exceed tliat it 
^ b by an amonnt eqnal to the weight o£: 

r V\ prism of the fluid whose volume eqiiab 

' I ' that of the prism bo (Article 342). IleiK*, | 

1 1 _ _ i \\ tko total upward pressure upon Me Wj] 
y_^ipr_ "I equals the weight of a quantity of tk\ 
h^ umffmn ^^ liquvl of the saine volume as tlutt of tin 
solid If the weight of the Itody be \<f* 
than this pressuie, the body will ascend, as is tlie case wilt 
a baU(X)n using in the air, and light wood rising in water; 
but if the bod\ be liea\ier than an equal volume of the 
Utiid it H ill fall 111 tt, as in the case of bodies falling in tli^ I 
air or a stoiie smkiiij^ in water. j 

347. The point of application of the resultant pres«nTf : 
will be at the centre of gravity of the solid, considered « ' 
a homogeneous fluid. If the s()lid be not homogeneous, I 
its centre of gravity will not coincide with the centre <* I 
pressui-o, and if such a body ho placed in the fluid bo tli^ 
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ts centre of gravity and the centre of pressure are not in 
:he same vertical, the body will rotate more or less as it 
rises or falls in the fluid ; for the two forces constitute a 
couple (Article 183), or a couple and a single force (Arti- 
Sles 188, 192). If such a body is not spherical, the com- 
bined motions of rotation and translation will generally 
cause the body to describe a curved path. 

848. Equilibrium of Fluids of Dif^rent Densities.— 

IftwoflAiids which do not mix he placed in two open ves- 
sels which communicate with each other^ the heights to 
which they will stand above thei/t* com^msn hose will he in- 
versely proportional to their densities. 

Let CahB be the vessel, A the common 
base, C the surface of one fluid and B that 
of the other. The portion AD will be in 
equilibrium, hence the pressure of BD will 
equal that of CA. 

Let S = the density of the liquid in BD^ 
8i = the density of the liquid in 6M, 
h = the height BD, and 
hi = the height CA, 

The pressure npon a unit of area of 
the section at A, due to the fluid in BD, will 
be (Articles 342, 343) 

ffSh, 

and the pressure due to that in AC will be 

gBA ; 
but, there being equilibrium, we have 

gSh = gS^hi ; 

h _Si 



I 
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Thifl i)roposition does not apply to the case in which one 
of tlie fluids is lighter than air, for the vessel containing 
the lighter fluid must be closed at the top. 

EXAMPLES. 

1. A rectangular closed box, whose depth is 1 ft, breadth 

2 ft., and length 3 ft, is filled witli afluid. A cylin- 
drical piston, whose diameter is one inch, is fitted 
into tlic top of the box ; required the pressure on 
the bottom and sides of the box which would result 
fi'om a pressure of 20 lbs. on the piston. 

2. If a vessel whose base is 6 square inches and heights 

inches, is filled with water, what will be the pressure 
upon the base, calling the weight of water 62^ lbs. 
per cubic foot ? 

3. Ilic lower part of a vessel is a cylinder whose diameter 

is 8 inches and height 6 inches ; the upper part is 
also a cylinder whose diameter is 6 inches, and height 
4 inches, the vessel is filled with water and subjected 
to a pressure of 100 lbs. on its upper surface ; required 
the pressure on the base. 

4. A cubic foot of wood that weighs 35 lbs. is placed in a 

vessel of water which weighs 63 lbs. per cubic foot, 
and the body is prevented from rising by a string 
fastened to the bottom of the vessel ; required the 
tension of the string. 

5. In the preceding example, if the body is free to ri^e, 

and there were no resistance to motion from the fluid, 
what would be its velocity when it has risen 50 feet? 

[The acceleratioD may be found by Article 86 and the velocity 
by equation (3), Article 24. The result, however, is of no prac- 
tical value, for the resistance of the liquid will be considerable, 
varying nearly as the square of the velocity.] 
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If a cubic block of stone, whose edge& are each 1^ ft. 
and weight 180 lbs. per cubic foot, is suspended in 
water and held by a cord, what will be the tension 
of the cord, the water weighing 62^ lbs. per cubic 
foot'^ 

One half of a prismatic bar is composed of wood and 
the other half of iron ; the iron being 8 times as 
heavy as the wood, and the whole immei'sed in a 
liquid whose weight is 65 lbs. per cubic foot, at what 
distance from the middle must a cord be attached so 
that the bar may rest in a horizontal position ? 

If a prismatic tube is bent as in Fig. 161, and filled 
with mercury to a height DA, how many inches of 
water must be placed in the tube AO to depress the 
mercury three inches, the weight of mercury being 
13i times that of water. 



EXERCISES. 

If a vessel fUled with water were placed at rest in a hollow space at 
the centre of the earth (see Article 77), and the vessel should sud- 
denly vanish, would the liquid disperse ? would it remain in the 
same form as that of the vessel before it vanished ? 

In the preceding exercise, if the vessel were fiUed with a gas, what 
would become of it if the vessel should vanish ? 

If a pail were fiUed with tar would the pressure on the bottom of the 
pail equal the weight of the tar ? 

How much less wiU a heavy body weigh in air than it wiU 'n a 
vacuum ? 

What must be the weight of a body so that it wiU neither rise nor 
faUinair? 
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84B. Deflnitioiiui. — ^Tbe speeific grmvityof a bodyifl 
ratio of the weight of the body to the weight of an eq 
volume of some other body taken as a standard. ' 
specific gravity of the standard is taken as nnity. 

Distilled water is generally- taken as the standard 
comparison for solids and liquids, and atmospheric sir 
afiriform bodies, but both of these substances change t 
volume for every change of temperature and of press 
It is necessary to fix a standard temperature and press 
Some writers have assumed 60° F. for the standard i 
peititure for water, while others have taken it at 38.7o 
assuming that water at that temperature has its n 
mum density. We will assume the latter as the temi 
ture for the standard, although the exact temperature 
responding to the maximum density of water is 
positively known, it being fixed by some at 38.85° F., 
by others at 39.101° F. The pressure of the air is d 
mined by means of a barometer, and, at the level oi 
sea, equals that of a column of mercury about 29.92 in 
high. When the pressure and temperature are known 
specific gravity may be reduced to the standard. 

The specific gravity of air at 32° F., with the barou 
at 30 inches, is about y^, water being unity. The ( 
relation being established, all substances, including { 
and vapors, may be compared directly with water 
standard. 
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[The term denntjf, as used in MechanioB, is not identical with 
that of specific gravity^ although the ratio of the specific grayi- 
ties of two bodies is the same as that of their densities. The 
specific gravily of a cable foot of distilled water is nnily, but its 
density is 62| lbs. + 32^, see Article 85.] 

SO. To find the Speoifie Gravity of a Body more 

Qse than that of Water. — ^Weigh the body in a vacuum 

1 then in the standard water ; let 

= the former weight and w^ the lat- 

; then, according to Article 346, the 

ight of a quantity of water equal in 

urae to that of the body will be 




w — Wi^ 
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I, according to the preceding article, the specific gravity 
Ibe 



« = 



w absolute weight 

w ^ Wi loss of weight ' 



fil. To find the Specific Gravity of a Body less 
ise than Water.— Attach it to a body B^ which will 
Lse it to sink in the water, and let 

w = the absolute weight of the given body, 
Wi = the absolute weight of the body jB, 
W2 = the absolute weight of both bodies, 
Wi = the weight of B in water, and 
Wz = the weight of the combined bodies in water. 

en 

Wi — Wi = loss of weight of B, 
W2 — W2 = loss of both bodies, and 
{W2 — W2) — {wi — Wi) = loss of weight due to the 
en body, which equals the weiglit of a mass of water of 



the same volame as that of the given body, 
this ezpreauon 



W 



and it becomes 



toii = to + ^ 

to + tl>i'— Wg 



/.« = 



W+tl>i'— t£>S|'* 



800. To And the Speoiflo Cteavity of a Iai^dL->j 
Weigh a body in a vacaam, the water, and in the reqaiied 
liquid. 

Let w = the weight of the body in a vacanm, 
Wi = the weight of the same body in water, and 
1^ = the weight of the same body in the liqaid; 
then 

w — Wi = the weight of an equal volume of water, 

and 
«/? — -2^2 = tlie weight of au equal volume of the 

liquid ; 
but the volumes being equal, we have, from the definitioir, 



8 = 



w — W2 
w — Wi' 



If an empty bottle, whose weight is Wy weighs, when filled 
with water, Wi^ and, when filled with the liquid, w^ we 
have 



« = 



W2 — W 



Wx — W 

which is the same as the preceding formula. 

353. To find the absolute Weight of a Body.- 

Weigh the body in air and in M^ater. 



[854.1 SPECIFIC GKAVITY. 263 

Let Wi = the weight in air, 

W2 = the weight in water, and 

w = the required weight in a vacuum ; 
then 

w — Wi = the weight of a mass of air equal in 

volnme to that of the body, and 

w — W2 = the weight of an equal volume of water ; 

then, if s be the specific gravity of air compared with 
"water as a standard, we have 

w — Wi 

s = , 

w — W2 

/. W =: -^ • 

1—8 

But as 8 is very small, less than Trfir, the value of w for 
most 8olid8 will be very nearly equal to w^ ; hence, for 
most practical purposes, the weight in air may be used in- 
stead of the absolute weight. 

354. Specific Gravity of a Soluble Body.— Find its 
specific gravity in i-espect to some liquid in which it is not 
soluble, then find tlie specific gravity of the liquid in 
reference to water. Let 

8 = the specific gravity of the liquid in reference 
to water ; 

81 = the specific gravity of the substance in refer- 

ence to the liquid ; and 

82 = the specific gravity of the substance in refer- 

ence to water ; 
then 

for if the body is 81 times as heavy as the liquid, and the 
liquid 8 times as heavy as water, then will the substance 
be 81 times 8 times as heavy as water. 
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855. Speoiflo Gravity of the Air. — ^Weigh a lugaj 
globe which is filled with air. Exhaust the air as otHfr 
pletely as possible, the degree of exhaustion beiiig deta 
mined by a barometric column, and weigh again. Wei^ 
the same filled with water. Detennine the total weight 
of the air originally in tlie vessel, and divide it by the 
weight of the water. 

This explanation is intended to give only a very crade 
idea of how it n)ay be determined. In determining the 
specific gravity accurately there are many details, a de- 
scription of which is not suited to this work. 



JTydrometers, or Areometers. 

856. Instruments for determining tlie specific gravity of 
fluids, are called Hydrometers, or Areometers. They are 
of two kinds, one in which the weight is constant and the 
other in wlii(}h the volume is constant. 

357. Areometer of Constant Weight. — ^When the 
same instrument is placed in liquids of different densities it 
will sink to different depths, because the weight 
of the volumes displaced must constantly eqnal 
the weight of the instrument. In Fig. 163, let 
CD be a tube of uniform size, B a hollow ball, 
and -4 a small vessel containing mercurj^, so as to 
make the instrument stand upright in the fluid. 
To graduate the stem, place suflScient mer- 
cury in the vessel -4 so as to make the instru- 
ment float to some definite point and mark it 
1.0. Then float the instrument in a liquid whose 
specific gravity is known to be 1.1 and mark the 
point to which it sinks 1.1. Divide the intermediate space 
into 10 equal divisions, and continue the divisions both 



0,9 



0.1 



a 
b 




Fio. 163. 
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mbove and below as far as desired. This method of equal 
divisions is not exactly correct, as may be seen from the 
liollowing formula. Let 

T^= the volume of the part immersed in water ; 
V = the volume included between two consecutive 
divisions of the stem ; 
Di = the density of water ; 
D = the density of the liquid ; 
X = the number of divisions between the point 
marked for water, and the surface when it 
floats in the liquid, and 
s = the specific gravity of the liquid. 

Since the' weights of the liquids displaced are constant, we 

bave 

gD,r = gD{r - vx) 

V 
D V 







D^^V-vx 



Let the instrument be immersed in a liquid of known 
specific gravity, say 1.1, and call it ^i, and let a? = 10 for 
the space observed, and call its value aJio ; then we find 
from the preceding formula 

r St 

V Si—1 

Substitnting this value in the preceding equation gives 

8= -^»— ' 






8^-1 

and letting a? = 1, 2, 3, etc., the values of the specific grav- 
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itr oorresponding to the successive spaces may be 
puted aud marked on the scale ; or, if desired, the sp 
gravities mav be assumed and the spaces, x, coinpate 

308. Niobolson^i Hydrometer. — This is an areo 
of constant volume. It consists of a hollow brass cy 
A^ having a small basket, £y at the lowe 
and carrying a small scale pan, ^, at the 
end. At C is a small vessel of mercu 
make the instrument float upright. Suf 
mercury is placed in the vessel so that wit 
grains in the pan, jE*, the instrument will 
to a given notch, D. This instrument m 
used for determining the specific graWty of 
or liquids. If the soUd is lighter than 
the vessel at £ is inverted so as to force the 
down into the liquid. 

To Jind the sjyecijic gravity of a solid^ place a 
quantity of it in the pan E and add weights siiffici 
sink the instrument to D, Then place the substa 
the basket i?, and the additional weights necessary t 
the instrument to the same mark will be the weight 
equal volume of water. Let 

w =. the weiijht necessary to sink the instr 

to /> in pui*e water ; 
Wi = the weight which must be added to th 
stance to sink the instrument to th( 
point, when the substance is in the p 
W2 = the weights in the pan ^, when the siil 
is in the basket £, necessary to sinl 
the same point, and 
3 = the specific gravity of the substance. 
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XSion 

7V — Wx = the weight of the substance in air, 

7^2 — Wi = the loss of weight of the substance in water ; 



W — Wt 



w^ — w^ 



To find, the specific gravity of a liquid. Sink the in- 
ttruraent to the same depth, Z>, in water and in the liquid, 
and let 

Tr= the weight of the instrument, 

w = the weight in the pan £1 when in water, and 

Wx = the weight in the pan when in the liquid ; 



Ihen 



_ W-\-Wx 



Problems. 

359. Meohanioal Combinations. — To find the weights 
of the constituents in a mechanical com/position when the 
epedfi^c gravities of the compound and the constituents 
are known. 

This is a general statement of the noted problem solved 
by Archimedes, in which he determined the respective 
amounts of gold and silver in King Hiero's crown. 

Let Wy Wxy W2, be the weights of the compound and con- 
stituents respectively ; 
s, Sx, Sz, their respective specific gravities ; and 
Vy Vxy V2, their respective volumes. 

In mechanical combinations we have 

w = Wx + W2; . . • (1) 
v = Vi-^ V2. • . . (2) 
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But 

to = gI>vi Wi=:gDiVi; w^^gD%v^\ . (3) 

which, combined with equation (2), gives 

5~A A' * ' ' ^^ 
or since their specific gravities are as their densities, 

!?=!fL+!^; ... (5) 

8 8i *a 
which, combined with equation (1), gives 

(«, — 8)8x 

360, Chemioal Combination. — Two fluids whose vol 
ume8 are v and ^i, and 8j>eGific gravities s and 8^ resjped 

ively^on heing tnixed^ contract - thpart of the sum ofihei\ 

111 

volumes ; required the sjpeciflAi gravity of the mixture. 

Let 82 = the specific gravity required, and 

S = the weight of a unit of volume of water. 

If there were no condensation the volume after mixtur 
would be 

but, on account of the condensation, it will bo 



(i-^-)(.-,-.0. 
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-The sum of their weights before mixture will equal the 
^tal weight after mixture, hence, 

(V8 + Vi8i)S = (l - -)(^ + ^i)«a8; 

__ n V8 + Vi8i 

•*• ^ — 



n — 1' V -{- Vi ' 

381. In the preceding problem the specific gravity of 
the mixture being foundy required the amount of conden- 
sation. 

Solving for — gives 

1 _ ^ __ W + Vx8i 

n" {v-^ Vi)82 

362. To find the Speoifio Gravity of a Body lighter 
than Water "when -weighed in Air. — A body B^ whose 
density is less than water ^ weighs b^ grains in air, and B^ 
im, water weighs b^ grains^ and B^ and B^ connected^ weigh 
c grains in water. The specific gravity of air being 
0.0013, required the specific gravity of B^, 

Let Vi and n^ be the volumes respectively of B^ and B^ 
8x and «2 tteir specific gravities, and 
S the weight of a unit of volume of water. 
Then 

(«i - 0.0013)t;iS = ii ; 

From these we find 

__ bx + 0.0013(^a ~ c) 
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1. A piece of wood weig^ 12 lbs., and when annexed to] 

22 lb0.of lead, whose specific graritj is 11, tiiewliob 
weighs 8 lbs. in water; required the specific gravity 
of the wood. Ans. i 

2. Beqnired the specific gravity of a body which weigbs 

32 grains in a vacnnm and 25 grains in water. 

8. An areometer sinks to a certain depth in a fluid wboM 
specific gravity is 0.8, and when loaded with SO 
grains it sinks to the same depth in water ; required 
the weight of the instrument. 

4. A cubic foot of water weighs 62} Ibe. ; required the 

weight of a cubical block of stone whose edges aie 
each 5 ft, its specific gravity being 2.3. 

5. If a body sinks f of its volume in distilled water, what 

is its specific gravity ? 

6. A lK>dy, whose weight is 40 grains, weighs 35 grains in 

water and 32 in an acid ; required the specific grav- 
ity of the acid. 

7. Two i)ieces of metal weigh respectively 5 and 2 Ibe., 

and their specific gravities are 7 and 9 ; required 
the specific gravity of the alloy formed by melting 
them together, supposing that there is no condensa- 
tion. Ans. 7.474. 

8. A compound of gold and silver weighing 10 lbs. has a 

specific gravity of « = 14, that of gold being Si = 19.3, 
and of silver 8^ = 10.5 ; required the weight Wi of 
the gold and Wf^ of the silver. 

A 718. Wi = 5.483 lbs., Wz = 4.517 lbs. 

0. If 73 11)8. of sulphuric acid, the specific gravity of which 
is 1.8485, arc mixed witli 27 lbs. of water, and the re* 
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suiting dilute acid has a specific gravity of 1.6321, 
what will be the amount of condensation ? 

[Before the formnla in Article 861 can be used, it will be 
necessary to express the quantities in terms of volumes. Let 
1 lb. of water be a unit of volume, then will the volume of water 
be « = 27, and of the acid «i = 73 ^ 1.8485 = 39.4915 ; and in 
the formula, «= 1.] 

Ans. 0.0785. 

. A body B2 weighs 10 grains in water, and JS^ 14 
grains in air, and £i and £2 togetlier weigh 7 grains 
in water ; required the specific gravity of -Bi, that 
of air being 0.0013. Am. 0.8237. 



EXERCISES. 

If a body floats at a certain depth in a liquid when the vessel which 

contains it is in the air, will it sink to the same depth when the 

vessel is ia a vacuum ? 
Why will smoke sometimes rise in the air ? Why will it f aU at other 

times? 
Will the depth to which a body floats in a liquid be affected by 

changes in the density of the air ? 
If a rubber bag containing a gas be made to just sink in a liquid, 

will a pressure on the surface of the liquid condense the gas ? and 

if so will it have a tendency to rise ? 
Considering the compressibility of iron and of water, can iron sink so 

deep in water as to float at that depth ? or, in other words, will 

the water become as dense as the iron ? 
If water were incompressible, is there any limit to the depth to 

which a body heavier than water, and also incompressible, will 

sink in the water ? If the body were compressible, is there a limit ? 
If an egg will sink in pure water, will it float or sink in brine ? What 

must be the condition of the brine that the egg may float between 

the top and bottom ? 
Will a vessel of water which contains a fish weigh any more than if 

the fish were removed ? 



CHAPTER XX. 

HYDROSTATICS. 

963. Compressibility of Liquids. — The mechanical 
properties of liquids are determined on the hypothesis 
that liquids are incompressible. They are, however, moi-e 
compressible than most solids. If a cubic inch of water 
be pressed with fifteen pounds on each and every side, the 
volume will be diminished j^nJyffj hence one pound to the 
square inch will diminish the volume TirsVinr* ^^ ^^^ water 
be confined in a perfectly rigid, prismatic vessel, the com- 
pression would take place entirely in the direction of the 
length, and would equal -^(^^nnf ^f the length for every 
pound per unit of area of the end pressure. Water, there- 
fore, is nearly 100 times as compressible as steel. See 
Article 130. All other liquids are more or less compres- 
sible, yet, for most practical purposes, they may be con- 
sidered as non-elastic without involving sensible error. 
Liquids are sometimes defined as non-elastic j^uids. 

The first experiment, to determine the compressibility 
of water, was made by a philosopher at Florence, Italy. 
lie filled a hollow globe made of gold with water, and 
then subjected it to a great pressure, thereby flattening it. 
This diminished the volume, and it was observed that the 
water oozed out through the pores of the gold ; from which 
he drew the erroneous conclusion that the liquid was not 
diminished in volume. 

364. Free Surface. — The upper surface of a liquid 
contained in a vessel which receives no pressure, is called 



I 
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the free surface. The upper surface of water in the 
atmosphere is pressed downward by the air with about 
fifteen pounds to the square inch ; yet such a surface is 
often considered as a free surface. 

The free surface of small bodies of a perfect liquid at 
rest may be considered as horizontal ; for it will be per- 
pendicular to the direction of action of the force of grav- 
ity, Articles 338 and 204 ; but for large bodies of a liquid 
it is spherical, partaking of the general form of the sur- 
face of the earth. 

865- A Iievel Surfkoe is one which cuts at right angles 
the resultant of tlie forces which act upon its particles. 
Thus, in a vessel filled with a heavy liquid at rest, it is 
horizontal ; in tlie ocean it may be a surface at any depth 
and nearly concentric with the free surface ; in the second 
problem below it is a paraboloid of revolution, etc. 

Problems. 

1. A vessel is filed with a perfect^ homogeneous liquid^ 
a/ad drawn horizontally with a uniform acceleration / re- 
quired theforvi of the free surface. 

Let F be the force producing an acceleration^ and M 
the mass of the liquid. Then, according to Article 86, 
we have, for .the horizontal 
force, \p ^ ^ 

F=Mf=W^^cb', 

if 

and for the vertical force, ^ h 

' Fig. 165. 

W:=0h. 

These forces will be uniformly distributed throughout 
the mass ; hence the resultant of the forces on the parti- 




taiig^ = 



S74 HTDEOSTATICS. 

cles will be eqiuil and parallel to eacli other, and also not- 1 
inal to tlie free surface, Article 338 ; therefore t&e fret I 
surface will he a plane. The level snrfaces will also b« \ 
plaues parallel to the free sar^ice. 

Let be the inuUiiation of the free enrfiice to the hori- 
zontal, also = cob; then 

-£ = /. 
W 9 

%Ifa eylindri^xd vessel containing a perf-ect, homoge- 
neous liquid he revolved uniformly about a vertical (wm, 
what wUl he the form of the free surface T \ 

The veeaol may be any solid of revohition, the axis of 
revolution coinciding with the axis of rotation. Any 
element of the liquid will be acted 
upon by two forces ; one, the force 
of gravity acting vertically down- 
ward and equal to oh, the weight, 
w, of the particle ; the other, the 
centripetal force, acting horizon- 
tally and radially inward. Let the. 
vessel be at rest and a force equal 
to the centrifugal force act upon 
'"- 1**' the particles. 

Let m be the angular velocity, and r the distance of any 
particle from tlie axis of rotation; tJien, acccrdiug to 
Article 314, tlie centiufugal force will be 




and the vertical force. 
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i resultant of these forces must le normal to the free 
Face. Prolong the line of the resultant co, until it 
its the axis at D ; then, fi'om the similar triangles obo 
[oCD, we have 



DC 

Co 


oh 


DC 

r 


w' 
» 

— raf 

9 


.'.DC 


9 . 



t is, the subnormal, 2? (7, is constant. It is shown in the 
Iculus that the parabola is the only curve which pos- 
ses this property ; hence the surface is a paraboloid of 
olution. All the level surfaces are equal paraboloids. 
[t is also shown in the Calculus that the volume of a 
'aboloid of revolution is one-half that of a circumscribed 
inder ; hence, if the cylinder be at rest, the free sur- 
:e will be midway between the highest and lowest 
ints of the paraboloid. 

\ If a perfect^ homogemeoua mass of liquid he acted 
on hy a force which varies directly as the distance from 
J centre of the mass^ what wiU he the form of the free 
fa^cef 

[t will be a sphere ; for the force at the surface will 
in be equal and normal at every point of it. 
t If in the preceding example^ the mass rotates about 

axis J what wiU he tlteforun of the free surface f 
Ihei force of gravity will act directly towards the cen- 

of the mass, and the centrifugal force will act outward, 
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perpendicular to the axis of rotation, and the rcsnltant of 
these forces must be normal to the snrface. This prob- 
lem is approximately that of the earth, and its solution 
involves higher mathematics. The form is, approximately, ^ 
a7h ellipsoid of revolution^ and is often called an dblaJt^ 
spheroid. 



EXAMPLES. 

1. A vessel containing a liquid, whose weight (including 

the liqaid) is 50 lbs., is drawn horizontally by an 
eff^ective moving fo7*ce (Article 87) of 15 lbs. ; re- 
quired the inclination of the surface to the hori- 
zontal. 

2. A rectangular box 3 feet long contains a quantity of 

liquid. If the liquid is one foot deep, what must be . 
the acceleration of the box in a horizontal direction 
that the free surface at the forward end shall jnst 
touch the bottom of the vessel ? 

3. In the preceding example, if the rear end of the box 

slopes outward at an angle of 45 degrees, what raiist 
be the acceleration of the box so that all the water 
shall escape by flowing over that end ? 

4. In Fig. 166, if the vessel is cylindrical and 2 ft. in dia- 

meter, and the free surface of the liquid is 3 inches 
from the top, what must be the number of turns per 
minute so that the upper edge of the surface shall 
just reach the edge of the vessel ? 

5. If the vessel is rotated 30 turns per minute, what will 

be the equation of the parabola ? ^ 

Ans. y* = 2-3as. 



I 
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Law of Pressure, 

866. The pressure of a perfect, homogeneous liquid 
va/ries directly as the depth helow the free surface. 

Since such a liquid is incompressible, we may consider 
a vertical prism of the liquid as composed of blocks of equal 
size and weight, placed one above the other. The first 
block will press with its entire weight upon the second 
one, and the first and second upon the third, and so on, and 
since the weights are equal to each other, the pressure 
upon the succeeding blocks will vary as the number of the 
blocks, or as 1, 2, 3, etc. 

Draw a horizontal line, la, to represent the pressure at 1, 
then will 2J, representing the pressure at 2, be twice as 
long as la ; 3c, three times as long, and so on. In this case 




Fxo. 167. 




Fig. lea 



the pressure does not increase continuously, but by steps. 
If now the blocks be divided indefinitely, the steps will 
become indefinitely small, and ultimately may be repre- 
sented by Fig. 168, in which AE represents the pressure 
at A^ and any horizontal line drawn from AB to BE^ the 
pressure at that point. Thus far we have considered the 
vertical pressure only, but in a perfect l\c\vx\d l\\ft y^^j6&\sx^ 
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will be the same in all directions, Article 337 ; hence the 
truth of the proposition. It follows from this that : 

387. The pressure against an elementary area equals 
the weight of a prism of the liquid whose base is the area 
pressed and whose altitude is the vertical distance of the 
area below the free surface. 

Let Aa = be the area, 

h = the distance below the free surface, and 
S = the weight of a unit of volume ; 

then the pressure will be 

B . Aa . h. 

868. To find the pressure of a liquid against a ver- 
tical reotangle in which one edge coincides with the free 
surface. 

Let ABCD represent the rectangle, in which the side 
jff 67 coincides with the surface of the liquid. Draw the 

horizontal line ^^ to represent the 
pressure at A^ and draw BE\ then 
will the triangle ABE represent 
the pressure against the line AB, 
Complete the triangular wedge 
ABCD'-FE\ the volume of this 
wedge will represent the entire pres- 
sure against the rectangle. 

Let 6 = the weight of a unit of volume of the liquid ; 
h==AB; b = AB. 

The pressure on a unit of area at A will be, according to 
Article 366, 

AE=ih', 
hence, the volume of the wedge will be 
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he liquid be water, this expression becomes 

irhich h and h are in feet. 

STe see from this expression that the entire pressure 
n the free surface downward, varies as tlie square of 
distance from the surface. 

69. To find the pressure of a liquid against a vertical 

tangle when, the upper edge is parallel to the free 
faoe. 

Let h,=zBJ!r; A2=^ir; h =AD ; 

jh will the pressure on the rect- 

»le ABCD equal the difference 

the pressures on ANMD and 

"iNM, or 

\ZbQli — h^\ Fia. 170. 

no. Pressure on any Surface. — Conceive the surface, 
ether plane or curved, to be divided into small areas. 

Jet Sn S2y s^y etc., be the areas ; 

hi, h^, Ag, etc., their respective distances below the 

free surface ; 
S = Si + 82 + Ss + etc. = Ss, be the entire area of 

the surface pressed by the liquid ; 
Xy the depth of the mean pressure ; and 
S, the weight of a unit of volume. 

en, according to Article 367, the pressure upon the sur 
e will be 

Ssihi + &3A2 + &8^8 = SSsh ; 
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and this also eqnals the total area into the mean pressuie) 

hence 

BSx z= BSsh ; 



\x 



S 



hence, according to Article 216, x is the depth of tits ceor 
tre of gravity of the surface. Therefore, the tot(djpressun 
on any surface^ S, equals the weight of a prism of th^ 
liquid whose base is the area of the surf a^se pressed^ and 
whose altitude is the depth of the centre of gravity of the 
surface below the free surface. 

Problems. 

1. Triangular Surfaces. — To find the pressure agami 
a triangular surface whose base is parallel to the fres 
surface^ and whose apex is in that surface. 

Let ABC be the triangle, b=i AC^h= BDy and g the 





centre of gravity of the triangle ; then, according to Arti* 

cle 370, we have 

h.\bh.\h=ihbh\ 

The pressure is also represented by the volume of the 
pyramid B—ACFE^ or 

SAE.AC.iBD = Sh.b,ih = iSbh\ 
as before. 
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2. Let the hose coincide vrith the free surface. Then 
ire have 

l.^h.\h = ^h\ 

Phis may also be represented by a triangular pyramid whose 
>ase is ABC^ Fig. 172, and whose altitude is AE^ Bh. 

3. Cones. — I^nd the normal pressure upon the concave 
yu/rfac6 of a closed cone filed with a liquid / (1) with the 
zosis vertical and apex uppermost : (2) a^is vertical and 
oone inverted ; (3) with the axis horizontal ; {4:) pressure 
on the base in case (1) / (5) vertical pressure on the cony 
cave surface in (1) / (6) weight of the liquid. 

Let r = the radius of the base, and 
h = the altitude of the cone. 

Then 

(1) iBirrhV^^T^. (4) Sirr'h. 

(2) iSirrhVi'^+W. (5) IStt/^A. 

(3) S7r7»Vi^T¥. (6) iBirr'h. 

Observe that the weight equals (4), the downward pres- 
sure, minus (5) the upward pressure. 

4. Spheres. — A sphere is submerged in a liquid : find 
the normal pressure upon tJie external surface (1) when it 
is just submerged / (2) when submerged to any depth / 
(3) weight of a quantity of the liquid equal in volume to 
that of the sphere. 

Let r = the radius of the sphere, and 

h = the depth of the centre of the sphere below the 
free surface. 
Then 

(1) 4S7r/^; (2) 487rr»A; (3) |&rr». 
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1. In Fig. 170, if the edge Jflfct Uw rectangle coincides 

■vn& the nuface of the liquid, and AJV is 3 feet, 
htnr ha from the inr&ee mvat Out line CJi be drawn 
BO llwt the iae«nre on the tiro p^rts shall be equal ! 
Alls- 2.121 feet. 

2. A rectsngle vhoee udes ate 1.4 feet and 3.6 feet i-e- 

Bpeetivelf, is immened in water with the former 
nde in the anrface, and is inclined at an angle of 
S6° 85' to the free snr&oe ; required the pressures 
<Hi tibe puts into which the rectangle is divided hj 
its diagonal. 

5. A cylinder whose base is i feet in diMseter and alti^^ 

tnde 3 feet, is filled with water; required the prfis-' 
enre on the concave enrface, the preeeare on the 
base, and the weight of the water. 

4. A sphere 10 feet in diameter is filled with water ; re- 
quired the normal pressure on the interior surface, 
and the weight of the fluid. 

6. Find the pressure on a rectangular submerged flood- 

gate, ABCD, Fig. ITO, whose depth, BN, is 10 ft, 
height of the gate, AB, 3 ft, and width, BC, 2 ft. 
6. Id the preceding example, find the pressure if the top 
of the floodgate is also submei^ed on the oppoeite 
side to a depth of 4 feet. 

Centre of Presav/re. 
871. ^^le centre of pressure of any surface immersed 
"^ iB the point of application of the resultant of all 
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the presBnres npon it. It is, therefore, that point in au 
immersed surface to which, if a force equal and opposite 
to the resultant of all the pressures upon it be applied, 
this force will keep the surface in equilibrium. 

372. Rectangles. — Let the surface be a rectangle in 
which one end coincides with the free surface of the liquid ; 
then will the centre of pressure be at 

two-thirds the depth of the rectangle. 
The total pressure may be represented 
by a wedge whose end is the triangle 
ABE. Hence tlic centre of pres- 
sure will be at the same depth as that 
of the centre of gravity of the triangle 
ABE, Let C. on the vertical line — ^ --^ 

BA^ be on a horizontal line through 
the centre of gravity, g^ of the triangle ABE. Then, 
according to Article 222, 5(7 will be ^BA. 

373. Submerged Rectangle. — In Fig. 170, the centre 
of pressure will be at the depth of the centre of gravity of 
the trapezoid ABOE. Since BG and J.^ are directly 
proportional to N^JS and NA^ we have, from Example 6, 
page 146, for the depth required, 

JVA^iAB j^^_^^^ . 

374. Triangles. — The centre of pressure of the triangle 
Ju Fig. 171, will be opposite the centre of gravity of the 
pyr&inid B- A CFE; or 

Bg = iBD. 

315. The centre of pressure against the triangle ABC, 
when CB is in the free surface, is at the centre of grav- 
ity g^ of the wedge ABC—E, To find this point, we 
^'bservo that this wedge is what remains after removing 
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the pyramid BCGF-E, Fig. 176, from the 
BCOF-AE. The centre of gravity of the large 
is at one-third its altitnde, and of the pyramid at oih^I 




FM. 174. 
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fourth its altitude from the base ; hence, according to Arti- 
cle 224, we find that the centre of pressure, ^, is at one^half 
the altitude from the hose CB. 

Flotation. 

216. Plane of Flotation. — If a body in a liquid is 
lighter than the liquid, it will float, and the conditions of 
equilibrium will be determined according to Article 346. 
The intersection of the plane of the free surface with the 

floating body is called thej>lane 
qfjlotation. The line joining 
the centre of gravity of the 
solid and of tlie displaced 
liquid is called the axis of 
flotation. 

377. Conditions of Equili- 
brium of a Floating Body.— 

One condition is, according to 
Article 346,that the weight of the displaced liquid shall 
equal that of the body. Another is that the axis of flota- 
tion shall be verticaL 




Fio. 176. 
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878. Stable EqulUbrium.— In Fig. 176, let C be the 
^centre of gravity of the displaced liquid, and G that of the 
lody when the axis of flotation is vertical; and C the 
centre of gravity of the displaced water when the axis is 
inclined. Let the vertical through C meet the line Q V 
in the point M. When the body is turned through an in- 
definitely small angle, the point M is called the metacen- 
tre. When M is above O the pressure of the fluid up- 
wards along O^Mj and of the body downwards along the 
vertical G IF, tend to bring the body back to the position 
in which the axis of flotation will be vertical. Hence the 
equilibrium is stable when the metacentre is above the 
centre of gravity of the body. Observing that C^G is a 
new axis of flotation, it follows that the equilibrium is 
stable when the axis of flotation turns in a direction oppo- 
site to that of the rotation of the body when the position 
of the body is disturbed. 

379. Depth of Flotation. — ^Let D be the density of the 
body, V its volume, and s its specific gravity ; and Di, Fi, 
Sly the corresponding quantities for the displaced liquid. 
Then, according to Articles 85 and 349, and the first con- 
dition of Article 377, we have 

If the body floats in pure water then «i = 1 and 

Problems. 

1. Let the hody he a right cone with the aocis vet^tical 
dnd apex upward / required the depth of flotation. 
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Let r = the radius of the base, 
h = the altitude, and 
X == the depth of flotation. 
Then 

T 

7- (A— a;) = the radius of the plane of flotation, 
hence 

and the equation of the preceding ai*ticle becomes 

i^r/^A— i^T2 (A— a?)^ = \-in^h,. 

ft 8\ 



.:x={l-y^/l-'-jL 



2. A 7'ectangular wall whose height is hfeetj thickness 
bfeet^ and weight of a cubic foot of the masonry h poumls^ 
resists the jpressure of water whose height behind the wall 
is hi feet / will the wall be stable in reference to slipping 
on its base^ or to overturning about its outer edge ? 

The pressure of the liquid for a unit of width will be, 
according to article 368, 

i X 62iAi2 ; 

and the centre of pressure, according to Article 372, will 
be at ^Ai from the base, hence the moment of pressure in 
reference to the outer edge of the wall will be 

i X 20|AA 

The weight of the wall will be 

hbh\ 
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] the moment in reference to the lowest outer point 

Ibe 

ice, the wall will be stable in reference to rotation, if 

Si2A>20fV; 
i in reference to slipping on the base, if 

which fi is the coefficient of friction of the wall on its 
mdation ; see Article 107. 

EXAMPLES. 

In Fig. 170, what is the depth of the centre of pressure 
below Mlf^ the end MUF. coinciding with the free 
surface, and ANh^ing 3 feet? Ans, 2 feet. 

In Fig. 170, if ABVD is a floodgate, BN being 5 feet, 
and AB 10 inches, how far below B must a hori- 
zontal bar be placed so as to balance the pressure 
against the gate ? 

If the height of a rectangular wall be 8 ft., weight of 
the masonry 180 lbs. per cubic foot, what must be 
the thickness of the wall to resist overturning from 
the pressure of water when level with the top of the 
wall? 

A triangular wall whose base is 4 ft., height 8 ft, 
weighs 120 lbs. per cubic foot ; required the height 
of water which it will sustain in reference to over? 
turning, and leave a coefficient of stability of 2. 

[The degree of stability wiU be determined by assaming 1-S5 
lbs. per cubic foot for the weight of the water.] 
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S. The Bjmce between the j^stons Uand A k fflkd 

water, and a preesnre of 500 
IB exerted on the small piston 
hj means of a lever ; if the dift* 
meter of the Bmall piston is If 
incfaeSy and <^ the laige one 1$ 
^ , inches, what will be the preBsnii 

y exerted^ by the lai^ p^^n f^ 



ria. 177. 



{This madiiiieiB <mae# s Iffiliwito 
It WM p«E£eotod 1)7 MM Bqa|H|||| 
who packed Hie pistoiu witii a leitiir 
collar in moh a way tiiat the ppeMnz^ a 
the water forced the leather against the rides of the i^linder, ^tM 
keeping the pistons water-tight.] 
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1. In Figs. 165 and 166, will the sorfaoe be the same for mercniy as 

for water, other things being the same ? 

2. Why do the answers to Examples 1, in Articles 370 and 379, differ ? 

3. If a vertical square be entirely submerged, will the centre of pres- 

sure coincide with the centre of gravity of the square ? 
4 In the preceding Exercise, if the square be turned about a horizontal 
line, passing through its centre of gravity, will the depth of the 
centre of pressure be changed ? 
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' HYDB0DYKAMIC8. 

880. Mean or Average Velocity. — The velocity is not 

the same at all points in the cross section of a stream, 

whether the stream be a river, or canal, or in a pipe or 

tube. That velocity which, being multiplied by the area 

of the cross section, will equal the quantity discharged is 

called the mean velocity. 

Let Q = the quantity which passes a section, 

S = the area of the cross section, and 

V = the mean velocity ; 
then 

Q 

SSL Permanent Plow. — If the same quantity passes 
all the transverse sections the flow is said to hajpermanent : 
otherwise it is variable. In a canal the flow would be per- 
manent if there were no wastes from evaporation or leak- 
age ; in a pipe without branches the flow will be perma- 
nent throughout its length. 

385i, Variable Velocities. — In a stream of variable 
sections in which the flow is permanent, the mean veloci- 
ties are inversely proportional to the transverse sections of 
the stream. 

Let -y, S^ and Q be the quantities for one section, 

^1? Sly and Q the quantities for another section ; 

then, according to Article 380, we have 
13 
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888. PMUem. — Tofimd the vdooity vnth toAioh a 
Jhoi Kqmi will flaw through an orifioe in the Ixuse 
veueL 

We will aasmne that the particles start from rest 

point near the orifice, and that the velocity of their 

is produeed by a constant pressure, equal to the weig. 

the water vertically over them (Article 367). 

Let ai be the short distance through whici 
velocity is generated, 
AB = A, the height of the liquid, 
Wy the weight of the quantity in the heigl 
8y the area of the orifice, 
I^] the pressure of the liquid above the ori 

and 
Vj the velocity of discharge. 

Then, since the flow is supposed to be without resist? 
the conditions are essentially the same as Problems 1 ai 
pages 45 and 46 ; hence 

^ = v-f- 

But in this problem we have 

F=z BShy 

W=BS.ab; 
which substituted above gives 

V = V2ghy 

which is the same as that of a body falling freely thrc 
a height A ; see Article 72. 
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384. The velocity through an orifice in the side of a 
vessel 'will also be 

Ecvhich h is the depth of the orifice below the surface ; 
the pressare against the side is the same as the vertical 
»snre at the same depth. 

I 385. Head due to a Velooity. — ^The preceding equa- 
tion gives 

lin which the height A, corresponding to the velocity v^ is 
called the head due to the velocity^ or simply the head. 
The corresponding velocity is called the velocity due to the 
head. 

386. Vertical Pressure on the top of a Vessel. — 
If a piston were fitted into the vessel at -B, Fig. 178, and 
a pressure applied to it, the velocity of issue would be in- 
creased. To find the resulting velocity, let 
P = the pressure on the surface, 
8 = the area of the upper surface, 
p := P'T-S=^ the pressure on a unit of area, 
Ai = a height of liquid which will give a pressure 

equal to P, 
D = the density of the liquid, and 
S = the weight of a unit of volume of the liquid, 

= Dg (see the last equation of Art. 85) ; 
then we have 

F=SSh,; 

h -^-^ 
and the velocity of fiow will be 



v=V2g{h-{-hi). 
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This if ailed flnding 11 tgtiivalmU hmi. Utfael^pid 
iHoea into • fluid more deue ttuui air, Uiera - wDI be « 
Qoonter-preniite. If A| if tbe Imd due to tiw diAereuM 
of the preBMree of the sir «"<! flnidf then 

897. Premm of the Air^^-When % Teasel is in thewr 
it is pressed on the upper solrAHie widi nearly 15 ponndi 
to the sqoare inch, which is . equivalent to » colomD d 
water of the same base aod aboat 84 feet high. If a n» 
ael of an; liquid shoald diechoige into a Tacnam, this hew 
mnBt be added to the head of the liqnid, bat in pnctin 
the air prfisaee Bgainst tlie iBsniiig stream with the saga 
presBDre per nait that it pieases sgaiiiBt the top,BO tlut^' 
head due to the pressure of the air is not considered. 

888. Yeitical Jet. — If the iasning jet should I>e vnti- 
call; upward, as in Fig. 179, and there were no 




from the air or the sides of the orifice, the jet ocght to 
rise as high as the free surface of the liqnid in the vesBeL 
But it is found in practice that it always falls short of 
that height. 

388. Ozifloes in the Side of a Tesael.— If the flnid 
issues horizontallj from an orifice in the side of a Teesel, 
the jet will be snbjected to Qie same law as that of a pro- 
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jectile thrown horizontally. Let -D, Fig. 180, be an orifice 
in the side of a vessel, and DG the path of the fluid vein. 
In Article 306 make x^ AO and y = DA^ and we have 



^6? = 2|/A./>J.. 
But A = BD^ hence 

AG^'^y/BD.DA. 

If on AB^ as a diameter, a semicircle AHB be de- 
scribed, and an ordinate Dlhe erected, then, from geome- 
try, we have 

I)I^VBI).DA\ 

hence, the range 

A0 = 2DI', 

that is, if a semicircle be couBtructed on AB as a diame- 
ter^ the range will he twice the ordinate of the semici/rcle 
drawn from the orifice. 

Hence the maximum 'range AC will result from the 
flow through an orifice, E^ at the middle of the height. 

Also, the ranges from two orifices, D and F, equidistant 
from the centre^ E^ will equal each other. 

390. Oblique Jet. — ^If the jet be oblique, spouting up- 
ward or downward, the range may be determined by the 
formulas in Article 299, considering the vein as the path 
of a projectile. 

Coefficients of Flow. 

391. Coeffioients of Contraction. — If the vein issues 
through a thin plate, the smallest part of the vein will be 
at a short distance from the orifice. It appears that the 
particles, as they approach and issue from the orifice, tend 
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to crosB each otfaer^B pftdi, and bj thiu interfering wA 
each other first prodnoe eontraotkm and afterward expu-j 
Bion, as shown in Fig. 181. 

Let iS be the area of the orifioe abj 

i^ the area of the contracted part <x^ ind 
n^ the coefficient of oontraeticm ; 
then 

For a very thin plate, the distance of smallest sectioB 
of the vein from the orifice vrill be equal to the radiiu of 
the orifice, and the diameter of the smallest seotioni will 
be 0.8 of the diameter of the orifice, and the coefficient cf 
contraction will be the square of 0.8 ; hence far a ikm 
jplate mi = 0.64. 

Jfbr anjMfjutdgey that is, for a short tnbe^ abdc^ whoie 

length is two or three times the diameter of the orifice^ 

attached to the orifice, the finid vein will 

just fill it, and the coefficient of contraction 

will be 

trii = 1. 

In Fig. 181, if a conicaliy convergent tube 
form the adjutage, the convergent part being of the form 
and length of the vena contracta^ and the smallest diame- 
ter of the tube be taken for the orifice, then 

Wi = 1. 

892. Coefaoients of Velocity.— In Fig. 179, if Aj be 
the height to which the jet will rise, then will the velocity 
of discharge be 

but the theoretical velocity will be 

v = V2gh; 
hence 
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from which the value of Vi may be determined. 

Or, from the first equation of Article 389, we have 
(writing Vi for t?), 



v, = AG\/- 



9 



2JJA' 
by which v^ may be computed. 

Let «ij = ~ = the coefficient of velocity, then 

For a mere orifice in a tliin plate, . . . m^ = 0.98 
For a short tube, Fig. 182, m, = 1.00 

393. Coefficients of Discharge. — ^The coefficient of 
discharge is the ratio of the actual discharge to that of the 
theoreticaL Let the quantity which flows through an 
orifice, or pipe, or stream be measured, and the quantity 
which should flow be computed ; and let 

Q = the quantity of theoretical flow, 

Q^ = the quantity of actual flow, and 

m = the coefficient of discharge ; 
then 

'But the actual flow equals the mean velocity in the section 
considered into the area of the section ; hence, from Arti- 
cle 380 and the two preceding articles, we have 

Qv = vA 

= m^v.miS 
= m^m^vS 















From liiiB we find 



from which the ooeffidenift of tiie mean Tekdity may be 
f oond fiom the ooeffidents of disdaag^ and coiitamed<^ 

For an orifice in a vei^ thin i^Iate, • • .. m =: 0,62 
For a shmrt tube, Fig. 18S, J . . . • m = 0.82 

A oumpaiinm <A thew^ reBolttt tdioum Jhitt tiie effeqi^Huf 
the short tnbe is to reduce the amount of contm^cA (pro- 
vided there is one in the tnbe), bnt that the interference 
of the particles or fihiments ^ill reduces the velocity of 
discharge. If a small hole be nuide in the side of the 
tube, at a distance from the inside of the vessel equal to 
the radius of the orifice, air will rush into the tnbe, show- 
ing that there is a negative pressure on the tube. If a 
pipe be attached to the tube so as to cover the hole and 
extend down into a vessel of water, the water will rise in 
the tube to balance the negative pressure, the height, 
according to Article 385, being nearly equal to 

(0.18^;)^ 
2g ' 

in which 0.18 equals 1—0.82. 

394. Ijarge Orifices. — To find the mean velociiy of dis- 
charge through a large orifice in the hose of a vessel. 

If the orifice is so large compared with the cross section 
of the vessel as to cause a perceptible velocity of the upper 
surface of the liquid, the mean velocity of discharge may 
exceed that due to the head ; for all the particles will have 
an initial velocity which is itself equivalent to- a head cor- 
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responding to that velocity. Therefore, the head due to 
the discharge will be the head of the liquid in the vessel, 
plus the head due to the velocity of the surface. 

Let s be the section of the orifice, 

Sx'i that of the vessel at the surface of the liquid, 
V and ^1, the corresponding velocities. 

Then, accoi*ding to Article 382, we have 

and the head due to this velocity will be, according to 
Article 385, 

.3 



(I/) 



2<7 ' 

which, added to the head h of the liquid, gives, according 
to Article 386, 



.=V2,(A+k!)), 



2<7 
from which we readily find 






If * = >^, t? = 00 ; that is, the velocity must be infinite 
in order that the section of the issuing vein at the orifice 
shall equal that at the surface of the liquid. « 

If « is so small compared with 8^ that it may be neglected, 
then we have 

as found in Article 383. 
13* 
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Let j^ be the preisiire per unit of ana on tbe iwmig 

vein doe to the atmoephere or other floidi iod 

Pi, the preisnre per nnit of atea on the upper siu*- 

fftoe of the liquid ; 

then the head doe to the diffierenoe of those presBiireB will 

be (Article 886), 

which must be added to the head of the liquid ; hence 







V 

L. 1 

^« 

A discnssion of this equation will give several of the 
preceding ones. 

fWe oannot follow these modificatioiis farther in an elementaiy 
work, but will add that the formtilas have been founded on the 
hypothesis that the velocity of the particles at their exit was gen- 
erated in an infinitesimal of space (Article 383), but it is evident 
that, in a perfect fluid, all the partides in the vessel will be put 
in motion as soon as the liquid begins to flow. If the vessel be 
prismatic, and all the horizontal sections are assumed to remain 
horizontal, and the vessel kept constantly full, the velocity of the 
particles in the upper surface of the liquid being zero, and t the 
time for a particle in the upper surface to reach the orifice ; then 
it is found by means of the Calculus that the velooiiiy of exit 
will be 

e — 1 _ 

in which v has the value given in the preceding equation, and e is 
the base of the Naperian logarithms.] 
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386. A Weir is an opening in the side of a vessel for 
the discliarge of a liquid, in which the upper surface of 
the liquid is fkfree swrfaoe* 

2Sn. A Rectangular Notch. — ^To find the quantity of 
liquid which will flow from a rectangular notch in the 
side of a vessdj the vessel being kept constantlg full. 



B 


3«<=ps 


C 


A 


JJ 
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Fig. 184. 



Let ABCD be the notch, and x the distance of any fila- 
ment from the surface BC* The velocity of any fillet 
will be 

V = \^2gx] 
/.t^ = 2yaj; 

which 18 the equation of a parabola, v being an ordinate, 
as an abscissa, and 2g the parameter. Let h = ABy then 
the velocity of the liquid at A will be 



V = |/2^A. 



In Fig. 184, take AE= ^'^gh^ and construct the para- 
bola BEy then will the velocity at any point in the verti 
cal AB be represented by an ordinate of the parabola 
drawn through that point. The quantity which will flow 
through the orifit^ in a unit of time will be represented 
by the area of the parabola ABE^ multiplied by the width 
h = BC\ Fig. 183 ; hence in a time t it will be i-epresent- 
ed by the area of the parabola multiplied by the bi'eadth 
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oif d»8 wdr ftiiH bj' tlie tiiue t. Ent the area of a iiaiulwli 
Utw<Mlimla the area of its cirenmgcribed rectangle ; heima 
m have for the <jUHiUitj diecliarged in the time t, 

= iml'tV2^. 

HOB. The mean velooity t>f t/ie discharge through t 
netoBftUar notch at the eoniracled section will be 

diat is, two-thirds <^ the maximQm velocity throngh the 
notch. 

888. Ibe ooeffiolent of disofaarEfe over a weir depend) 

upon the head. If the head ib very small the coefficient 

will be Btnall ; bnt for ordinary cases we have 

7n ~ 0.63 nearly. 

400. Flcmr through a submerged rectangular ori- 
fice m the s-ide of an upright vessel. 

Let A be the head above the base of the orifioe, 
hi, the head above its upper end, and 
h, its width. 
The di&charge will bo the same as that due to the diffe^, 
ence of two weir& having the same breadth 5, and heads 
A and h^ reepeetively ; hence the forniiila of Article 391 

becomes ^_ 

Q ^ |mJiV2y(A*-/t,'). 

401. Flffwr in Long Pipes, — Thu Jaw of resistance in 
long pipes is ratlierassiinied tlian deduced. It is assumed 
in regud to the velocity, that the resistance due to the 
adhesion of the liquid to the sides of the pipe varies u 
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the square of the velocity, and that due to viscosity varies 
directly as the velocity, so that if a and h are two constants, 
the law will be expressed by 

In regard to the dimensions of the pipe the resistance will 
vary directly as the length and also as the contour (or 
wetted perimeter) of the pipe, and it is also assumed to 
vary inversely as the area of the cross section of the 
stream. 

If ^ be the length of the pipe, S the cross section, and o 
the contour, or wetted perimeter, then the law will be ex- 
pressed by 

-^ ifl'^ + 5^), 



or 



a'l {^-^Vv) 




Fio. 186. 



in which V equals h-y-a. 

The total head will be the head AD = A, of the 
upper reservoir, jc^^t^ the head due to the fall, or BD sin ^, 
fninics the head in the lower reservoir, if there be one. 
The total head, minus the head due to the velocity of dis- 
charge, will equal the total resistance. If the pipe be 
prismatic and full, the velocity will be uniform through- 
out its length. 

Let JEr= the total head, 

I = DBy the length of the pipe, 

^ = the inclination of the pipe to the horizontal, 

h = ADy and v = the velocity of discharge ; 

_^n, if the discharge be into the air, we have 
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Numerous cxperiiiietits Lave been made by Europi 
engineers to detcniiiue the constants a and &', am( 
which those of Proiiy, Boseiit, and Ejtelwein are ami 
the tuoat noted. Accordinf *o the results of these ejpi 
mcnts, D'Aubisson, a Fionoh writer, finally wrote 
equation as follows : 

402. Clxoular Pipea. — The section of 
cutar, if X' be the diameter, we have 

and 

and the preceding equation becomee 

/r-0.015536w» = 0.000417568 i(ii'+ 0,180449»). 

If the qnantity of discharge be given, tho velocity ma; 
eliminated. 
Let § = the qnantity diachaiged, then 

.-.■»= 1.27324^; 
which, snbstitnted in the preceding equation, gives 

* Foi a hiiitoij at this and other fonnalEB pertaiiiuig to tiie flo 
vat«r in gtraanu, see Report on the Hyetraviieg of tht Mieamippi £ 
hj HmnphTe^a and Abbott, pp. 307 ta 230. 
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H- 0.025187^ = 0.0006769 -^(^+ 0.141724 ^i?^. 

403. To find the diameter of the pipe that will give 
m, given discha/rge. As D is involved to the fifth power, 
S is not practicable to make a direct solution. Omitting 
"fte terms of least vahie, that is, the second terms in each 
±iember, and we have the following approximate value : 



D = 0.2323 






-which, for velocities above two feet per second, is consid- 
ered sufficiently accurate. 

404. Condition of the Pipe. — The experiments of 
Hions. Darcy showed that cast-iron pipes, whose interior 
surface was covered with deposits, offered a much greater 
resistance than new and clean cast-iron ones, and that 
i«^hen the internal surface was covered with bitumen, or, 
in other words, was practically polished, the resistance was 
least. 

Bends in pipes also diminish the velocity, and sharp 
turns offer much greater resistance than rounded ones. 

405. Plo-wr in Rivers and Canals. — The formula for 
the flow in rivers and canals is of the same general form 
as that given in Article 401 for the flow in long pipes, 
except that when a portion only of the length of the stream 
Is considered, and the mean velocity is constant, the head 
due to the terminal velocity will be neglected ; for the 
initial velocity will be the same as the terminal. 

Using, the constants which were determined by Prony 
ior this case, we have 

^= 0.000111415 ^^(^;»-|-0.217786t?) ; 
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in which it the weU0d perimeter^ that k the line ■ik-%k\ 
cKMB-eoetion which it in contiet with the water, end E\ 
tlie &I1 for the length 2. .u.i\ 

Let ^ s «iS = the qoentity of flow^and 
the preceding equation , .^rS 

and omitting die laat term, ire find 



•i- 



Q = 94.7888 a/^ 



:? 



".*' 



406. Oharaoter of the Bed of the SbtBmoLr^TtdSL 

Darcy found that streams having cement beda offered fle 
least resistance to the motion, and that the reiSatanoe in- 
creased in the order of the following subetancee : Oemenl; 
planks, bricks, gravel, and coarse pebbles. (See Morin'fl 
Hydravlique, Troisieme Ed., p, 147.) 

407. Cross Section of the Stream. — ^It is found by 
observation that the surface of a stream is not horizontal 
in its cross section, but that it is highest where the velocity 




Fio. 186. 



is greatest. This is accounted for by the fact that wheft 
the fluid is in motion it does not exert as great a side pres- 
sure as when it is at rest ; and as the velocity near the 
shore is vei*y small, it requires a greater head near the 
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ioiddle of the Btream, where the velocity is greatest, to 
balance the pressure at the sides. It may also be observed 
that, ill Older to produce a velocity, there will be a greater 
presanre iii the dii'ection of motion in order to overcome 
the reBistancea to motion, than there will be in a trana- 
verse direction. 

408. Backwater caused by a Darn In a Stream. — 
If a dam be made across a stream, or partly across it, so 
as to elevate the Biirface at the place of the dam, the sur- 
face of the water above the dam will not be horizontal. 
If a horizontal line C'£, Fig. 187, be drawn through the 
crest of the dam, the surface of the water in the pond will 




be entirely above the line, the difference between the 
anrfaue anS line being very small at first, but increasing 
gradually as the distance from the dam increases. The 
'natural surface may also be elevated for a long distance 
back of the point ^, where the horizontal through O in- 
tersects the natural surface of the stream. The elevation 
of the surface above the horizontal 6'^, includiu^a-Wi^W 
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elerstioti Tiock of the point K, is called hadewater, and is 
also eoinetimes called a rem&u. 

Backwater is caused partly by tLe inertia of the liquid 
ajid partly by ite viscosity. As the stream approaches the 
dam its velocity is checked, because the pi-essure on the 
fi-oiit side of a particle exceeds that on the rear side, and 
uheii the velocity is tlius reduced the particles offer a re- 
sistance to those which siiceede, and (hns the resistaiice ia, 
So to speak, extended np the streatn. The resistance dne 
to viscosity still further increases this effect. 

Fig. 1S7 allows a section of the river Weser, in Ge^ 
many, at the place of a certain dam, bnt the horizxmtal 
scale is niiich less than the vertical. The mean width of 
the stj-eam was 354 feet, the mean depth about 2,47 feet, 
the depth of the water jnst above tlie dam was 9,83 feet, 
and hence tlie surface was raised 7.35 feet. The slope of 
the stream was quite uniftirm for a distance of ten luilis, 
and averaged 0,000454 per foot. At the point £, where 
the horizontal C'JT, through the urest of the dam, intersected 
the natural surface of tlie stream, it was found by actus! 
meaaurement tliat the sni-fate was elevated over 15 inchea. 
The distance C'K was over three miles. At a distance of 
four miles above the dam, or about one mite above the 
point IC, the elevation of the sui-face caused by the dam 
was about nine inehos. 

In ordinary streams the width, depth, and the charactv 
of thebedaresuch variable quantities that the extent of the 
backwater cannot be very accurately computJl on a tlieo- 
i-etical basis, bat empyrical formnlas have been given 
which will give an approximate result when applied to 
rivers of about the dimensions of the Weser. (See D'Aa- 
biason's Hydraulics, Article 166.) 

409. Backwater in Kapid Streams. — If the stream ifl 
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very rapid, or rapid compared with its depth, the renurus 
will be modified, presenting an ai>pearance similar to that 
shown in Fig. 188* In this case there is a comparatively 
Btidden change in the velocity at the head of the pond. 




Fig. 188. 



Problems. 

1 . A prismatic vessel is kept constantly fuU of a liquid; 
required the time of discharging a given quantity through 
a small orifice in the hase. 

Let Q be the quantity, A, the height of the liquid, *, 
the area of the orifice, and t the time ; then 

Q znrasvt . 
= mstV^gh. 

From this we find the time of discharge to be 



ms 



V2gh 



2. Determine the time in which a prismatic vessel will 
empty itsdfhy an orifice in the hose. 

Let 8 be the area of the free surface of the liquid, s 
that of the orifice, x the variable head, v the velocity of 
discharge, and F the velocity of descent of the free sur- 
face of the liquid. Then 



t 
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irideh, OMiiparod with eqimtioi] (3), jt^ge 34, Bhowi; that 
the law of (leotiuiit of tlio surface is tbo same aa t)iat oE 
falling bodicH, or rattier, it is the saino as that of a body 
projeoted vertically upward ; and fi-om equation (4) on 
page 34 we have 



ID which A is the height to which a body will rise whsa 
projected vertically upward with a velocity v. Were the 
vriocity to reiuaiu unifurtii fi-oin tlio iustaut that it is pro 
jeoted, the time required to go the same distance would be 



hence the time required for the veBsel to empty itself will 
be twice that required to discharge tliesame quantity wlien 
the vessel is kept conataiitly full. If Q be the contents 
of the vessel, we have, by luultijilyiug the last equation of 
the preceding article by two, 

3, To deterrmne the form of a vessel such that thefrtt 
surface of the liquid shall desoend uniforrrdy as it dit- 
charges itself through a small orifice at the lotoer etid of 
the vessel. 

Let the vessel be one of revelation, A the height of the 
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upper base above the orifice, r the radins of the upper 
base, X the height of any section above the orifice, y its 

radius, and Ax the tliickness of the horizontal laminae ; 
then the conditions of the problem require that the times 

of descent thi*ough the small distance Ax shall be the same 
for all positions of the upper surface. Let 8 be the area 
of the orifice, and t the time of discharging a quantity 
equal to any lamina, then 

nriBy/^gh.t = m^, Ax^ 
and 

may/^gx.t = tt^. Ax ; 

and dividing one of these equations by the other and re- 
ducing, gives 

which is the equation of a biquadratic parabola: Glep- 
sydras or Water ClocJcs involve these principles. If the 
time T oi the complete discharge of the vessel be given, 
then will 

h __ Ax __ msV^gh ___ 
T "* T "" ir7» ■*" ^' 

in which (? is a constant and is the rate of discharge. From 
this equation we find 

h ii^(? 

and the equation of the curve becomes 



-<J 



2qm^^x, 



SYDBODYKAUIOS. 



Sbklrig m = rm,ve h&vo, for the radius of the npper base 
of the vewel, 



y=r = y 






EXAMPLES. 

1. A cylindrical veBsel, wlioso lieiglit is 3 feet, ratline of the 
base 6 incliea, ia filled with water, and discharges 
itself throngli an orifice in the base ; if the diameter 
of the orifice is one-half of an inch, and the coeffiuient 

of discharge, m, is 0.62, in what time willthe vesnel 
empty itself S 

2. What quantity of water will flow over a weir wIkjm 

breadth is 2 feet and constant depth 10 inches, in 43 
minutes J 

3. It is required to construct a water clock which mill 

empty itself iti 10 minutes, the sarface descending 
uniformly. The height of the vessel being 24 intliea 
and radins of its npper base 3 inches ; required tlie 
equation of the cnrve, and the ai-ea of the orifice, the 
coefficient of discharge being 0.62. 

4. What quantity of water will, in one honr, flow throngli 

a pipe 1,500 feet long, 3 inches in diameter, tlie 
open end being 25 feet below the level of the reser- 
voir 1 



1. If tt T«nel ItATing an orifice io ili base be filled BOOoeaaTel; wKh 

aloohol, water, and mercar;, which will require t^e least time to 
emptj itself, oonsideriiig eaoh liqnid oa perfect t 
8. If a ojlindrioal reaael be half filled with merour; and the reraaimnf 
half with water, will the velocity of diMharge of the meicoiT 



[4€0.] EXERCISES. 311 

through an orifice in the base of the vessel be the same as if the 
vessel were entirely filled with mercury ? 

3. If the lower half is water and the upper half mercuiy, will the flow 

be the same as in the preceding exercise ? 

4. If two liquids of different densities are thoroughly mixed, will the 

velocity of flow from an orifice in a vessel be the same as for each 
liquid separately ? 
6. A block is floating on the water in a vessel, when an opening is sud- 
denly made in the base of the vessel ; considering that the surface 
of the water falls with a decreasing acceleration, will the depth of 
flotation of the block, during the discharge of the water, be the 
same as before the discharge began ? Will the depth of flotation 
remain constant during the discharge ? 

6. If , in a pond which receives no supply, an opening is m^e in one 

side so that the water will flow out, will the surface remain at a 
true level — that is, parallel to the surface as it stood before the 
opening was made ? 

7. If a vessel filled with water, and having an orifice near its bottom, is 

placed on a platform and made to ascend with a uniform accelera- 
tion, will the velocity of flow through the orifice be the same as if 
the vessel were at rest ? 

8. In Fig. 166, if there be an orifice in the base near the outer edge, 

will the velocity of discharge be the same when the vessel is 
rotating as when it is at rest ? 

9. When water is flowing uniformly in a pipe is the pressure against the 

sides of the pipe the same as if the discharge be stopped ? 




410. A G-as is a lliiid whtee particles ai-e in a coiiBtant 
state of repulsion. Common air ia tukcii aea typeof gnsee. 

411. Pressure of the Atmosphere. — If » tube, 32 or 
33 Indies lonj^, be clnsed at one end and tilled with uier- 
eury, and the open end be eloBcd with the linger iiiilil the 
tube is inverted and the end submerged in a vesael of me^ 
cury, then if the linger be removed the mercury in tho 

ttilje will fall to some puint 
H, and remain nearly eta- 
tionary. The coluinr AB 
is sustained by the pressure 
of the atmospliere upon the 
surfaoe of the mercury iii 
the vessel A ; and hence tha 
weight of a column of mer- 
cuiy equal to AH, haviuga 
square inch for its base, will 
equal the presenile of the 
atmosphere upon a eqtiare 
inch of surface. The aver- 
H i 'W^~gy^ age height of tho column 

I _~ ^^I^S^S AS at the level of the sea 

I ~~~ -~ ~— ~°^^ is about 29.92 inches (eay 30 

B inches, or 760 millimetei'^) 

I of mercui_\, or about 34 feet of watet Hence the mean 
H pref«nie of llie atmosphere, at the level of the Eea,isaboat 




loa^ 
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14.7 pounds (say 15 pounds) per squai-e inch. This is called 
the pressure of one atmosphere. The pressure of the at- 
mosphere diminishes as the distance above the earth in- 
creases, and incj eases for depths below the surface. 

412. The Barometer. — If the tube and vessel shown in 
Fig. 189 be encased in such a way as to retain their rela- 
tive positions while they are carried from place to place, 
and the tube be provided with a suitable scale for reading 
the height of the end B of the mercurial column, above 
the surface Aj the instrument is called a harotneter. By 
means of it the pressure of the atmosphere may be readily 
determined for any place and at any time. There are 
numerous modifications in the details of different barome- 
ters which are explained in descriptive works upon the 
subject 

413. Height of a Homogeneous Atmosphere. — 

If the atmosphere were of uniform density, and the same 
as that at the level of the sea, its height would be found 
by multiplying 30 inches (the height of the mercurial 
column) by the ratio of the density of mercury to that of 
air. Mercuiy is about 13^ times as dense as water, and 
water 773 times as dense as air when the barometer stands 
at 30 inches ; hence the height would be 

2i X 773 X 13i = 26088 feet nearly = 5 miles nearly. 
But the actual height is supposed to be from 50 to 100 
miles. This is determined by its effect in deflecting the 
rays of the sun. 

414. Boyle's (or Mariotte's) La-w. — Boyle in England 
and Mariotte in France, independently of each other,* 
demonstrated the following law : 

* Writers differ in regaxd to the respective dates of the discovery. 
While some state that both made the discovery at about 1668, others 
|rive to Boyle a precedence of several years over Mariotte. 
U 
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fbr the tame tempertUvre thadentUy of a gtuiadiretA 
proportional to its pressure. 

Botli these dis<x)rererB proved this law bj meane of 
tube, called Mariotte'a tnbe, Fig. 190. Mercaty n 
ponred into the tube until the air paaeage tta 
the abort to the loiig tnbe was jnst cut off. Thi 
point was marked zero, aiid die preesore of 111 
air ID the abort tube was that of oue atmoephen 
when the mercnry stood at this poiut Mercnr 
was tbeu poured into the long tube until the u 
in the short column was compressed to oue-hii 
its length, when it was found that the npper ew 
of the long colamn was abont 30 inches abovi 
the npper end of the mercury in the short tnbe. 
Again, filling the long tnbe until the air in tin 
short tube is coinpi-essed to oiie-quarter of it 
length, it will be found that the colnmu in lb 
•» '*>nS tube above that in the short tube will I" 
^ ^ twice its former length, and so on, observing in 
* ' each case that the temperature must be tlie sania 
The quantity of air being constant, the densitj 
will bo inversely as the volumes, or directly as tlie pn* 

Let Fand Fi be Uie volumes corresponding to pressurei 
j>and_piper square inch, and i> and Z>i their deusitiet 
then 

Zl — ^' - ^ 
V,~p ~ D 

If Vi and pi are known, the volume Y may bo found fw 
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)re8sui*e jp. Considering V and jp as variables, tbe 
;ding equation will be of the form 

\i is the equation of an hyperbola referred to its 
ptotes. 

). Boyle's Law is only approxiniately correct. — 

nany years after the announcement of Boyle's law it 
onfirmed by different experimenters, and the law dur- 
lat time was supposed to be rigorously correct, but 
recently the more precise experiments of Despertz 
legnault have shown that it differs for different gases 
is not rigidly tnie for any gas. But the departure 
the law is so slight that, for ordinary 
3se8, it may safely be considered as /V\ 



5. 



Manometers are instruments for 
iiring the tension of a gas. The te7i' 
is the pressure per square inch, and is 

compared with the pressure of one 
sphere. The principle of the mano- 
r is founded on Boyle's law of the com- 
ibility of gases. There are many kinds, 
lie closed manometer, Fig. 191, is one 
3 most common. It consists of a ver- 
tube closed at the upper end, the lower 
opening into a vessel of mercury or 

liquid. Another tube connects the 
1 with the vessel containing the gas, so 
:he pressure of the gas when it is ad- 
d into this tube will force the liquid up 
>ng one, thereby compressing the air above the liquid, 
v^ertical tube is provided with a scaIo for indicatin«^ 




Fio. 191. 



tbe poiiii& of pramni per aqiM» imAi oit &e nnmb^ tf j 
atmoqpheraty <»r botib^ M Biaj be denred. 

417. IbcpeiMkm of Qmmm dm to a CBiango of Ti 
peretaro.— BelieUe expemnrats show thuit the esrpami 
of all gaaes under ocmiteiit pramne nuij be ooniddered as 
the same for each dBgr» of increaBe <xE temperatare fot 
all ranges of temperatore. StiU the delicate ezperimenti 
made by Begnanlt show that tibe eraapnons are not identic 
cally the same, and that the in<;rea8e of volame inci«aaei 
somewhat more rapidly than the in^reaeie of teniperataie. ^ 

Afisoming that Mariotte's law is rigorcmdy exact, aM 
that the rate of expansion of a gas is the aame as that €i 
the increase of its temperature, it followB that the tensim 
of a gas under oonaiani fk^wne V0rie9 diret^p ok ^ 
ehanffe of Umperat'wre. 

418. Ck>effloient of Expansion due to Temi>erature. 

— The volume of dry air under a constant pressure in- 
creases 0.002039 of its original volume for each increase 
of 1° Fahrenheit, and this is called the coefficient of ex- 
pansion. It is also considered as the coefficient of tension 
under a constant volume for each 1° Fahrenheit. 

Let a be the coefficient of expansion (or tension), then 

a = 0.002039 for 1° F. 
= 0.003670 for 1^ C. 

419. To find the Volume of a Gas due to a change 
of Temperature and Pressure. 

Let Fi, j?tt, 4j be the initial volume, tension, and temper- 
ature, and Fi,jJ>i, ^, the corresponding terminal values. 
Then will the change of temperature be 

^1 . — 4> 
and hen^ the volume due to this change will be 
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Fi = (l+a(^i-^o))Fo; 



etnd, according to Mariotte's law, if there be a change of 
pressure at the same time the volume will be 

.•.-^=(l+a(.,-^))g. 

^^ y^ilhi ^ be the quantities for another pressure and 
temperature; then 

^;=(iM^-«)a. 

Dividing the former equation by the latter, gives 

Ft _ l4-a(^i— 4) ^P2 

420. Perfect Gas. — The more rare a gas is the more 
perfect it is considered to be. A perfect gds is defined to 
he one which is destitute qfinobss. A perfect gas does not 
exist, but this ideal gas serves as a standard of comparison 
for diffei-ent gases. It may be defined to be the limit 
towards which gases approach as they are expanded indefi- 
nitely. The limit towards which the coefficient of expan- 
sion approaches is not definitely known, but it is assumed 
by Bankine to be 

a = 0.0020275 = ■^— for V F. 

= 0.00365 = ^ for 1°0. 

274 

and these are called the coefiicients of expansion for a 
perfect gas. 



SnbBiitutii^ the lonuu cf these in the f ormnia above, 
and taking the inltia] temperature at the melting point of 
loBfia-ml^AombitXitai'V^ we have 



If (, wen talnm at 461^ F. belov WKsOke: _ 
would Taniah. The idaal tcanperatare — 461^ S*, Of J 
—498^ F. below meltiiig ice, is called the AmaunMmVk 
This temperature cannot be even a|^[m»itmitelj.J<B<j^ 
bj mj known process; but, acoMdiog to tha^^nl^L jt 
is a temperature at which a perfect gas wonid loM wB W 
pausive power. ' '' i 

The absolute zero is need because the famulas to/if''ihii \ 
ezpansum o£ gases dne to temperature are aitn^ified -wiua '■ 
the temperature is reckoned &om tliat point. 

42L Thermometers are instruments for measuriog 
changes of temperature. They are made on the principle 
of the uniform rate of expansion of liquids. Mercury is 
most commonly used, but alcohol is sometimes need; and 
the latter is necessarily used inBtead of mercury for tem- 
peratures below —40° F., for mercury fi-eezes at about 
that tempcratnre. Three scales are used, viz.; Fahren- 
heit's, marked F., the Centigrade, marked C, and Keau* 
mur's, marked K. 

Fahrenheit chose for the zero of his scale the height of 
the mercury, which was produced by a mixtui-e of salt and 
ice. This he believed to be the absolute zero of cold. The 
height produced by the boiling point of water he marked 
212, and divided the space between these points into equal 
parts. The freezing point of water was 32 divisions above 
zero. 

The zero of the Centigrade thermometer is at the freesr 
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ing point of water, and the boiling point of water is marked 
100, and the space between is divided into equal parts. 

In Keanmur's scale the zero is fixed at the freezing 
point of water, and the boiling point of water is marked 
80, the space between being divided into 80 equal parts. 

The melting point of ice is now used instead of the 
freezing point of water, for the latter is not constant. In 
all thermometers the divisions below zero are considered 
tnintcs. 



To Convert one Thermometric Scale into 
another. — ^The number of divisions between the melting 
point of ice and the boiling point of water on the three 
scales is 

F. a R. 

180, 100, 80 ; 



eras 



1, 



5 4 

9' 9' 



Bat the Fahrenheit scale begins 32° below the others ; 
hence, if F°, C°, and H" represent the degrees on the 
respective scales for the same temperature, we have 

C°= I {¥"-82°) ; R°= 5 (F'-32°) ; 

from which we find 

F°= ? 0^+32% F°= jR°+32^ and C°= 7 R^ 
5 4 4 

423. Ck>nipressed Air. — Air, compressed to seveml 
atmospheres, may be used instead of steam for driving 
engines. If the engine is at a great distance from the 
compressing machine it is a moi'e desirable power than 
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iAhhii, fin* llMiii will condone and thus liiee its power, 
but eouipiMMd uir niHy lie uuiiducted for miles, if i^ecta- 
mry, viUiOBt any Inee of \m\\(ir e\L-ejjt that due to i 
le^bigeof Um pii>ea iu wliich it is conducted. It is eapcui- 
•lljiwvioeiU^ for di-iring engines nnder gi-ouud. It is 1 
Mm idilef power for driving engines in the constnit:tion of i 
large tonnelt &nd in underground mining. It ivas thus 
OBod in the oonstrnction of the Mount Cenis tunnel iu 
EaiDpe, and the IIooBac tunnel in tliis country. 

Wlien air is suddenly compressed heat is developed, and 
■ometiowa the heat becomes so iiiteiiBe as to make the 
compreeeor reiy hot. If this lieat is It^t while the air 
is pasBing froin the wmpreasor to the engine, power is 
loet. Hethoda, therefore, have been devised for keeping 
the wr as oool as possible during compression. The mo«t 
practical way is to inject a spray of water into the cora- 
pressor while the air is being compi-esBcd. If the heat 
that is in the aii- when it leaves the compressor could be 
maintained without exti-a cost, until the air is used, there 
would be no loss due to the development of the heat, and 
ae the air thus heated has a greater tension, it would be 
undesirable to reduce the temperature during compression 
so far as thia canse is concerned. 

[The fdlowing formula given the relation between the pica- 
Bore, deudtj, and tamperatim of air daiing rapid obaugOB of 
motion. (See Banklue'a Applied Meahankt, p. 583) : 



In wbioh -r, ia the dbioliiU temperatnre of the air (oi gas) what 
the preamre tap, and denaity S^, and Ti,pt, ti, the oorTeepoDding 
qaanUtieB In another condition of the gas, y is the xtMo of qie- 
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cific heat of constant pressure to the specific heat of constant 
Yolume, which for a perfect g^ ia 1.408, which value is suffi- 
ciently exact for dry air. The gtMntity of air being constant, the 
Yolumes will be inversely as the densities ; hence we have 



Ti \t)a / 



Let the volume t^i, at 14.7 pounds, be 100, and the tempera- 
ture 60" F., then will the absolute temperature be ti = 521.2°. 
If the air be suddenly compressed, we will have, according to 
this formula : 



Freflsnre, lbs. per 
eqnare inch. 


Besolting temper- 
atures. 
Deg. F. 


Reimlting 

Volumes. 

(Belative.) 


Belative Volumes 

under constant 

temperature. 

(Boyle's Law.) 


14.7 
80.0 
45.0 
60.0 
75.0 
90.0 
105.0 


60 
180 
259 

322 
874 
420 
460 


100 
60 

45 
87 
31 
28 
25 


100 
49 

82 
25 
20 
16 
14 



After passing the compressor, if the heat escapes so as to re- 
duce the temperature to 60°, the volumes will be reduced from 
those in the third column to those in the fourth, and there will 
be a corresponding loss of tension in the air. (For a mathemat- 
ical computation for the work lost in using compressed air, see 
JEhigineenng and Mining JourncUy July, 1873.)] 

424. Steam or other vapor, separated from liquids, may 
follow the same laws in regard to expansion, temperature, 
and density, as air and other gases. If, however, the steam 
be in contact with the water from which it is generated, 
the temperature cannot be increased without, at the same 
time, increasing both the tension and density of the steam. 
14* 
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Steam, in this condition, is, for a given temperature, at 
wajB at its maximam tension, and also at its maximum 
density. It may be said to be constantly at its dew point 
Steam in whicb both the density and tension change on 
account of a change of temperature is called aa^iraied 
steam. But steam in which the tension may change with 
the temperature without changing its density is called 
steam gas. It follows the laws of permanent gases in this 
respect. The tension of such steam may greatly exceed 
that of saturated steam for high temperatures^ and when 
thus heated it is called Superheated Steam. 

PrdUeme, 

1. To find the weight of a cubic foot of air at any tern- 
perature andpreesure. 

The weight of a cubic foot of air at 32** F., when the 
barometer is at 30 inches, is 0.08072 pounds avoirdupois. 
For a given mass of air the weight of a given volume will 
be inversely as the temperature and dii*ectly as the pres- 
sure, or generally, inversely as the total volumes of the air 
under the different conditions. Hence, the weight, TTi, of 
a cubic foot will become, according to Article 419, 

W,^V,_ 1 ^ 

TTo Fi 1+ 0.002039(2J- 32°) * 30 

.^ ^^ ^ 0.08072?., 



28.0425 + 0.061170^' 

in which ^1 is the reading of the barometer. 

2. Mnd the weight of a cvMcfoot of eteomh at any tem- 
perature and pressure. 

The density of steam is five-eighths of the density of air 
for the same tension and temperature ; hence, when the 
pressure is given m pounds per square inch, we have 
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ixQ.08Q72 j)t 

^ 1+0.003039(«— 32") ' 14.75 



~ 33.7877+ 0.030075C 
3. A spherical air-bubhle riees verHcaUy Jrotn a d^th 
h to the surface of the liquid f required the equation of 
the curve described by the extremities of a horisontal 
diameter. 

Let r = the radius at the surface, 

y = the radius at a depth x. 
Tlie volumes will be inversely as the pressures. At the 
surface the pressure per unit is represented bj a column 
of water 34 feet high, and at a depth x by 84+aj ; hence, 
Jwr" : f)ry'::34+aj: 34; 
34?^ , 



« = 34(^-1), 



r^ 



4. Required the degree of exha/aetion from the receiver 
of an, air-pump. 

At each stroke of the piston a 
quantity of air is removed from the 
receiver S and the pipe a c equal to 
the volume in either barrel B or B', 

Let V be the volume in the re- 
ceiver and pipes, v, the contents of 
either barrel, D^ the initial density, 

Di, D% D^, the densities after 

the snccessive strokes. 
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. The qnantity remainipg after the first wttoke will be 

which will be uniformly diBtribnted thiongliCHit the re- 
ceiver and pipes, and the densitj will be reduced to A; 
hence 

Similarly, at the end of the second stroke, we have 
and at the end of the n^ stroke 



/>. = i>,(l-y)" 



The density Dn cannot be zero so long as n is finite ; 
hence the exhaustion can never be perfect. Indeed, the 
degree of exhaustion falls far short of that indicated by the 
formula, for the valves and pistons cannot be made j^er- 
fectly air-tight, and it requires some pressure to operate 
the valves, so that after a few sti*okes the exhaustion, in 
practice, proceeds very slowly. 

5. To determine elevations by means of a haroraeter. 

In order to solve this problem it is necessary to know 
the law of diminution of the pressure of the atmosphere. 
Consider three consecutive strata of the atraosphei-e of 
equal thicknesses, but so thin that the density of each 
may be considered uniform. The pressure on tlie top of 
the upper stratum will be the weight of the atmosphere 
above it, which, if it is near the level of the sea, will be 
nearly 14,75 pounds. Let this pressure be p^ The pres- 
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Bare upon the second stratum from the top will be ^i, 
plies the weight of the stratum ; lience, 

Pi —j>Q = the weight of the first stratum. 

Similarly, 

J>2 — J>i = tlie weight of the second stratum. 

The weights of the strata are as their densities, or 

But, according to Mariotte's law, the densities vary directly 
as the pressures ; hence, 

These quantities follow the law of a geometrical pro- 
gression ;* hence, the natural numbers, 1, 2, 3, etc., which 
are as the numbers of the successive laminae, will be the 
logarithms of the successive pressures. But the system of 
logarithms remains to be determined. The thicknesses of 
the laminse being constant, the distance below the initial 
point will equal the thickness of a lamina iqto the number 
of laminae. 

^ Let a be the first term of a geometrical series, 
r, the ratio, and 
n, the n^ term ; 
then for three oonsecutiye terms we have 

then if ar^ be sabstitated for j9o, «r»*+i for|?i, and af^-i-^ for pa, the 
expression in the text will reduce to the identical equation 



'^ 1 
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Let 2u = the tbickiicse of » lamina, v^^W^rpf ^^B 
s = the nuiiilier of lainiiie, ttfl 

h = z.^a = the dietaDce from the inftisl point, 
J9, = the pre^siirt! at the initial point, 
p =2 the preeeui'c at the distance h from the initial 

point, 
a = the base of the sjBtcm of logarithms, and 
tn and n constants to be determined ; 
tlwn Um Jbrm of the expression for the law of pressures 
wOlbe 

logo — =nh; 

which may te written 

p = ma'^. 

^ns far the distance has been reckoned downward. If 
it be reckoned above the initial point, the sign of A will be 
changed, and we have 

In this equation, if A = 0, the pressure will be represented 
^y Pit hence, 

^ = m, 

and the equation becomes 

Let Jj be the reading of the barometer at the initial 
station and h the reading at the second station, then 
h _p 
Jo po^ 
and the preceding equation becomes 

b = b^-^ ; 
hence, taking the logarithms of both sides, we find 
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l ^ 1 * 

n ° Oq 

in which the subscript, a, indicates that the base of this 
system is a. To find n and a requires at least two obser- 
vations at two known elevations ; * but, without attempting 
to find them in this place, we observe that it has been 
found that the base is that of the Naperian system of 
logarithms, and 

n 

* These xelatioiiB are easily deduced in the following manner : Letp 
be the pressure due to one atmosphere, whose height is H and density 
jD, and dp the pressure due to a lamina whose thickness is dx. Then 

p = Dff, 
and 

dp = Ddx, 

BiTiding the latter by the former gives 

integrating which between the limits otpo and j9, and and a, gives 

logpo-logi)=^; 
or 



log^ = 



a 



p, H' 



\p=P9e a=p9e f"; 



.••» = JJlog^. 
P 
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du height of a hoiniigciieuii? atinuephei-e, wliich, iiccording 
to Article 413, is 

11= 26,170 feet ueaily. 
If enmnion logarithms are used, they must be divided by 
tbe modulus of the common eyetem ; or, what ie the same 
Aing, tniiltiplicd by tbe reciprocal of the inodiiiiis, to re- 
dnoe the result to an <Mjiiivaleiit value. Hence, tbe valoe 
of k becomee 

h = 3.30258 X 26170 log ^ 



= 60258 log ^. 

By means of actnal observations it has been fonnd that the 
coefficient should be somewhat larger than that given 
above, and that 



gives better results. 

It is necessary, however, to add several correctionB to 
this formula. The pressure of tbe air and tbe weight of 
tbe mercury will both vary with the force of gravity. The 
force of gravity at any latitude, X, that at 45 degrees 
being unity, will be (see page 32), 



= 1-0.00256 cos 2 Z, 
and the coefficient 60346 must be multiplied by this 
quantity. 

The density of the atmosphere also changes with its 
temperature. Let t^ be tbe temperature at tbe iirat sta- 
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tion and tz that at the second, then will the mean temper- 
ature be . 

which may be considered as the temperature above or be- 
low 32°. Hence, the expansion of the air will be repre- 
sented by the expression 

l+a[K«^i+^2)~32°] 

= l-f.0.002039[i(^i + 2^)-32° ] ; 
or, for the Centigrade scale, 

1 + 0.00366 [i(2fi+ 2^)]. 

Hence, the formula for the height becomes 
A(infeet) = 60346(1-0.00256 cos 2Z)[l+0 00ia2(<i+<a-64")]log|?, 

which is the formula given by Laplace. But Poisson, in 
his Traits cU Micanique^ pages 622-636, introduces cor- 
rections for the expansion or contraction of the mercurial 
column due to changes of temperature, as determined by 
an attached thermometer. (Mercury expands 0.0001001 
of its length for each degree F. of increase of its tempera- 
ture). He also gives corrections for the diminution of 
gravity due to an elevation. (It varies inversely as the 
square of the distance measured from the centre of the 
earth.) Also a correction due to the attraction of a moun- 
tain when observations are taken near it. It is rare, how- 
ever, that all these refinements are used in pi*actice. 

At the level of the sea the mercaiy stands at 30 inches nearljr. 
5,000 feet above ** « 24.7 *« 

10,000 feet (height of Mt. iEtna) " 20.5 " 

15,000 feet (height of Mt. Blanc) " 16.« '^ 

3 miles . 16.4 " 

6 miles 8.9 *' 
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6. To find the vflocUij <if diaaharg^ of air into a 
vtieiiuM throw/A a smaU orifice in a vessel, the pressure 
within the wssel being equal to one atmo^here. ; 

TliU in«j bo solved according to tliree different h}po- 
llieeve : | 

, iBt. Sujtpose that the gas is incompressHU. In tliia 
case the head due to the velocity will equal tlie height uf 
alltprnogftnftnii a atmoephere, and \ig liave 

W^L V =Vi^ =V64ix 2617U 

^^" = 1300 ft. per sec. nearly, 

= 886 miles per Iionr nearly. 
2d. Siij>pose that the gaa is compressible and perfectly 
■ elastic. Then it may be shown by higher analysis that 



-.y/spioge., »^ 



in which P denotes the pressure of one atmosphere, j; the 
pressure within the vessel, and pi the external pressure. 
But when tlie ieane is into a vaeanm^ = o, and we have 

«= 00, 

that is, for this case, according to tliis hypothesis, the velo- 
city will be infinite, a result which is incorrect, as shown 
in the following Article. 

3d. Consider t/ie gas not only as elastic and compressi- 
ble, but (dm that its temperature and density chatige sud- 
denly as the gas escapes. It ■ may be found for this case 
(see liankine's Applied Mechanics, page 682) that 



[424] PROBLEMS. 331 

7 = 1.408, 

To = 493.2° F. above absolute zero = the absolute 
temperature of melting ice, 

Tx == the absolute temperature of the gas in the 
vessel, 

Pq = the height of the mercurial column at the level 
of the sea, 

8q = the density of air compared with that of mer- 
cury, 

P2 = the pressure per unit against the issuing jet, 
and 

j>i = the pressure per unit within the vessel. 

If the jet issue into a vacuum, we have 
and the equation becomes 

^-L(7-l)SoToJ- 

"Y = 26,214, as given by Eankine, which is the height of 
® a homogeneous atmosphere for dry air. 
Substituting the several quantities given above in the 
preceding equation gives 

V = 2,413y - feet per second. 

At the temperature of freezing, Ti = Tq, and we have 

V = 2,413 feet per second. 

EXAMPLES. 

1. Required the number of degrees through which a gi\:eH 
volume of air must be heated so as to double its 
volume, the pressure remaining constant. 

Am. 490. 
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9. A tabs 80 inuhee long, closed at one end and open at 
the O&VTt ^'^ sunk in the aea with the open end 
downward, until the inclosed air (umipied only one 
ibdi of tliB tabe; what was its depth i 

Afia. 986 feet. 

5. A qtlmioal air-bubble having risen ii-om a depth of 

1,000 feet ill water, was one inch in diameter wlieu 
itreubed the surfauo; what was its diameter at the 
p(»tit where it started } Ane. 0.32 inches. 

4. A balloon whose capacity is 10,000 cubic feet is filled 
with hjdrcigon gas ; the specific gravity of tlie gaa 
being 0.0690 compared with air, how many pounds, 
of ballwt will jiiBt prevent it from rising^ 

6. Five cubic feet of air at 33" F. and pressure of 15 lbs. * 

perBCinare inch, is confined in a vessel ; what will be 
the tension when heated to 400° F. and the volume 
increased to 5.5 cubic feet i 



The following examples are selected from the London 
University Examination Papers, from 1862 to 1870 : 
1. Explun the difficulty of openii^ a look-gste whan the water is at • 
different level witdun and iritlioiit the look ; also, irhf tlie f oim 
leqaiied to open the gate is DOt [soportional diiectlj to tbe differ 
ence of lerel. 
3. The weight of water Ib 770 timeB that of ^ ; at trhat depth in a 
lake wonM a bubble of air be oompreBBed to the deiuitjr of wate^ 
Bnpposing the law of Hoiiotte to hold good thron^iont for the 
compreBuon F 

3. Abod7weigliH in 01x1,000 graioB, ia water SOOgnuDB.audJnaitothei 

liquid 430 grains ; what is the apeciflo giavit; of the latter liquid t 
Ant. .fi2US. 

4. A tnerourial barometer is lowered into a venel of water, M that the 

aorfaoe of the water ii AnaUy ax inches above the oiBt«m of the 
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barometer. What kind of change will take place in the reading 
of the column of the instrument ? Give a reason for your reply. 

6. If a bottle filled with air be tightly corked, and lowered into the 
ocean, the cork will be forced in at a certain depth. Why is this ? 
and what will take place if the bottle be filled with water instead 
of air? 

6. If a barometer were carried down in a diving-bell, what would take 

place? 

7. A solid, soluble in water but not in alcohol, weighs 346 grains in air, 

and 210 in alcohol ; find the specific gravity of the solid, that of 
' alcohol being 0.85. Ans, 2.1625. 

8. A body whose specific gravity is 3.5, weighs 4 lbs. in water. What 

is its real weight ? Ans. 5.6 lbs. 

9. If as much additional air were forced into a closed vessel as it pre- 

viously contained when in communication with the atmosphere, 
what would be the pressure on a square inch of the internal 
surface? 

10. At what depth in a lake is the pressure of the water, including the 

atmospheric pressure, three times as great as at the depth of 10 
feet, on a day when the height of the liquid column in a water- 
barometer is 33 feet 6 inches ? Ans. 97 feet. 

11. A lump of beeswax, weighing 2,895 grains, is stuck on to a crystal 

of quartz weighing 795 grains, and the whole, when suspended in 
water, is found to weigh 390 grains ; find the specific gravity of 
beeswax, that of quartz being 2.65. Ans. .965. 

12. A barometric tube of half an inch internal diameter \a filled in the 

usual way, and the mercury is found to stand at the height of 30 
inches. A cubic inch of air having been allowed to pass into the 
vacuum above the mercury, the column is found to be depressed 
5 inches. What was the volume of the original vacuum ? 

13. A bottle holds 1,500 grains of water, and when filled with alcohol it 

weighs 1,708 gfrains ; but when empty it weighs 520 grains ; what 
is the specific gravity of alcohol ? Ans. .792. 

14. A piece of cupric sulphate weighs 3 ozs. in vacuo, and 1.86 ozs. in 

oil of turpentine ; what is the specific gravity of cupric sulphate, 
that of turpentine being 0.88 ? Ans. 2-^. 

15. If the height of the barometer rises from 30 inches to 30.25 inches, 

what is the increase of pressure (in ozs.) upon a square foot ? — the 
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K oubic foot of w&ter being t^en to be 1,000 os. 
tlM«MllogntTit7uf meruury 13.5tl. Ang. 282.3. 

1& A<|fIiMddflht regsel slaoding on a table oontaiiis water, and a pieM 
<t iMd c( ^leo Bize lupparted \if a Ktriog is dipped !□( 
waMt; bfeir will the presBure ou the buae be afEcL-ted (1) wlien &)t 
Tcad ta fall. (2) wheo it is not full ? and in the eecood c 
iAM I* Ibe amount of the change ? ^ 

IT. A waodlB tpbere hu a small hole drillod in it, and is plamd in 
watHi Find ita ponitioiis of equilibrium ; and state whieb |H>«Itioii 
la ot Mabfe, and which ia of uuatable cqullitarinm. 

1& TIm water above the empty look of a canal ia 8 feet higher than the J 
Imm ot the Hoodgates, which are 4 feet broad, and provided wilt ■ 
'•n^L-r 11) feet long; find what force would have to be applied I 
fat th* •zkreinit; of the handle to force open a lloodgate. without I 
IlNTiixudj letting in the water, assuming a cubic foot of water ta 
w«i^ 1,000 OM. avoirdupoie. Aitt. 1,(500 Ibi, 

U. A Iwlanna ia whoU; immemed in water, and a bodj appears to ] 
wed^ 1 lb, , the weights agaioHC which it ie balanced having the 
^McUogrBvity S.?. What will it apitear to weigh when tMttaaced 
•gainkt weightd of the specific gravity 11.5 f ,. r 

SO. ^Vhen a body is Boating partly Immersed in a liquid, what effect 

will a fall ot the barometer have upon the body t 
31. The speoiflo gravity of cast copper is S.79, and that of copper wire 

is 8. 88. What change of volome doea a kilogramme of cait copper 

undergo in being drawn out into wire f 

Am. I.IG oabic centimetres. 
22. A cylindrical wooden rod of specific gravity .73 and 1 centimetre in 

diameter is loaded at one end with 9.08 grammes of lead (apeciSc 

gravity = 11. 3S) ; hew long most the rod be in order that it mqr 

jnst float in water at the maximum density ? 
S8. State the relation between the pressure and density of an eloatio 

fluid. 
S4. A piece of cork floats in a baain of water, and the basin is placed 
* under the receiver of an air-pnmp. State and explain the effect 

of pumping out a portion ot the air in the receiver. 
25. A wineglass ia inverted, and its rim just immersed in water. What 

woold he theeffeot of placing a small piece of ioe in the water be- 
neath the glass F 
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26. Find the atmoBpheric pressure on a square inch, assuming that the 
height of a column of water supported by the atmospheric pres- 
sure is 30 feet, and that a cubic fathom of water weighs six tons. 

37. Compare the depths to which a right cone must be immeraed in a 
fluid of twice its density, that it may be in equilibrium when (1) 
the vertex is downwards, and (2) the base. 

28. A floodgate is 6 feet wide and 12 feet deep. Beckoning the weight 

of a cubic fathom of water at 6 tons, what is the total pressure on 
the floodgate when the water is level with its top ; and what is 
the situation of the centre of pressure ? 

29. A cubic inch of one of two liquids weighs a grains, and of the other 

b grains. A body immersed in the first fluid weighs p grains, and 
immersed in the second fluid weighs g grains. What is its true 
weight, and what is its volume ? 

Ans. V = {p-'q)-^{b—a), W = {bp—ag)-i-{b—a). 

30. A quantity of air contained in a spherical vessel is transferred first 

into a cylindrical vessel, and then into a cubical vessel, each of 
which would just circumscribe the spherical vessel Compare the 
total pressure produced by the air on the walls of the three vessels. 

Ans, 6^^* : 12^ : 192. 
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TABLE I. 



EXPERIMENTS ON FBIOTION, WITHOUT TJNaUENTS. BY M. MOBIN. 



SUBFAOES OF CONTACT. 



Oak npon oak, the direction of the fibres 
being parallel to the motion 

Oak upon oak, the direction of the fibres 
of the moving surface being perpen- 
dicular to those of the quiescent sur- 
face and to the direction of the mo- 
tion * 

Oak upon osJc, the fibres of both surfaces 
being perpendicular to the direction of 
the motion 

Oak upon oak, the fibres of the moving 
surface being perpendicular to the 
surface of contact, and those of the 
surface at rest parallel to the direction 
of the motion 

Oak upon oak, the fibres of both surfaces 
being perpendicular to the surface of 
contact, or the pieces end to end 



Fbiotion of 
Motion. 






0-478 



0-824 



0-836 



0-193 






§ 



25*' 83' 



17 58 



18 35 



10 52 



Fbiotion of 
quiesoenob. 



P 



0-625 



0-540 



0-271 



0-43 



^^i 



0) 






82'» V 



28 23 



15 10 



23 17 



* The dimensionB of the surfaces of contact were in this experiment *947 square feet, 
and the results were nearly uniform. When the dimensioiiB were diminished to '043, a 
tearing of the fibre became apparent in the case of motion, and there were symptoms of 
the combastion of the wood ; from these circumstances there resulted an irregularity in 
the friction indicative of excessive pressure. 
15 
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eUi^AQSB OF OOKTXOZ. 



Elm npon oak, the direotioD at tbe fibres 

bem;; pATftUel to the motion .-- - 

Oik npon elm. ditto • 

Elm upon oak, the [Ibrea of the moving 
surface <the elm) being perpendioaUt 
to thuH of tim qaiescent watmae {t^ 
oak) and to ibe direoLiDn of the mo- 
Ash upon oak. tba fibiei of botii enrfaoes 
beio^ paralM to the diieotion of the 

motion. 

Fir DpOD oak, the fibre* of botb nirfuies 
beiti^ panulel to tbe diieotdon of the 

Boaeh upon oak, ditto.. 

Wild pear tree upon oak, ditto. ........ 

betvioe treo upon oak, ditto 

Wrought iron npon oek, ditto t 

Wrought iron apou oak, tbe Borfaoea be- 
ing jFreitBed aud welJ wetted 

Wrooght iron upon elm 

Wrought iron upon oaat iron, the fibres 
of the iron being pBisUel to the motion 

Wrought iron upon wcought iron, the 
fibres of both nurfaoeH being parallel 

Coat iron upon oak, ditto 

Ditto, the Burfacea being trrBued and 

wetted 

Oast iron upon elm 

Ditto, water being interposed between 

Cast iron npon biau 

* It ii worthy of remark tlut the MeUon of i 



jn etni Is bnt ave-ofuthB ol that ot 



r; eipvrlment wiped ol 



H eiqwffimeata, coCnddBd. 



APPENDIX. 



339 



TABLE 1,— Continued. 



SUBFACES OF CONTACT. 



Oak upon cast iron, the fibres of the 
wood being perpendicular to the direc- 
tion of the motion 

Hornbeam upon cast iron — fibres parallel 
to motion 

Wild pear tree upon cast iron — fibres 
parallel to the motion , 

Steel upon cast iron 

Steel upon brass 

YeUow copper upon cast iron. 

Do. do. oak 

Brass upon cast iron. 

Brass upon wrought iron, the fibres of 
the iron being parallel to the motion. . 

Wrought iron upon brass 

Brass upon brass 

Black leather (curried) upon oak * 

Ox hide (such as that used for soles and 
for the stuffing of pistons) upon oak, 
rough 

Do. do. smooth 

Leather as above, polished and hardened 
by hammering? '. 

Hempen girth, or pulley-band (sangle ae 
chanvre), upon oak, the fibres of the 
wood and the direction of the cord be- 
ing parallel to the motion 

Hempen matting, woven with small 
cords, ditto 

Old cordage, l^ inch in diameter, ditto 

Calcareous oolitic stone, used in build- 
ing, of a moderately hard quality, 
called stone of Jaumont — upon the 
same stone 

Hard calcareous stone of Brouok, of a 
light gray color, susceptible of taking 
a fine polish (the muschelkalk), mov- 
ing upon the same stone • 



Fbiotion of 
MonoN. 



u 
OS 



0-372 

0-394 

0*436 
0-202 
0-152 
0-189 
0-617 
0-217 

0-161 
0-172 
0-201 
0-265 



0-52 
0-335 

0-296 



0-52 

0-32 
0-52 



0-64 



0-88 



I 



8 

.2 so 



20° 25' 

21 31 

23 34 

11 26 

8 39 

10 49 
31 41 

12 15 

9 9 
9 46 

11 22 
14 51 



27 29 
18 31 

16 30 



27 29 

17 45 

27 29 



32 38 



20 49 



Fbiotion op 
quibsgenoe. 



II 

05 



• ••••< 

0-617 



0-74 



0-605 
0-43 



0-64 

0-50 
0-79 



0-74 



0-70 




31 41 



36 31 



31 11 
23 17 



32 38 

26 34 
38 19 



36 81 



85 



' * The friction of motion was very nearly the same whether the sorface of contact was 
inside or the outside of the skin. The constancy of the coefficient of the friction of 
motion was equally apparent in the rough and the smooth skins. 
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TABLB L^CbfilAMMd 



suBf Acnn or oohtaot. 



fc— ^— ^^— ^^i— ■— — ^— ^^"»— ^^^ 

The Mfl rtone nw n t ioiied abore, apoa 
thehMd.. 

The Iwrd rtone nwptioined above upon 
theaoffc 

Ooihiimn Wok upon the 110110 of Jaa- 
monfe ••••••.•••••••••••••..•.••...•• 

Oak iqMm ditto, the fflbiea of the wood 
being pespendienkr to the snifaoe of 
theatre. •• 

Wrought izon upon ditto 

Oommon brick upon the atone of BrondE 

Oak aa before (e^wiae) npon ditto. .... 

Iron, ditto ditto .... 



Fmoisov ov 



0*66 

oer 
0-66 



0*88 
0*(I9 
0*60 
0*88 
0*M 




88* 7/ 
88 50 
88 8 



80 40 

84 87 

80 58 

80 40 

18 80 



Vtaosmnr or 



0*79 
0-75 
0*66 



0*88 
0-49 
0-67 
0-64 
0*48 




80* ^ 
86 58 
88 8 



88 18 

86 7 

88 50 

88 88 

88 47 
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TABLE n. 

EXPBRIMKNTS ON THE FRICTION OF UNCTUOUS SURFAOBS. 

BY M. MORIN. 

In these experiments the surfaces^ after having been smeared -with an 
unguent, were wiped, so that no interposing layer of the unguent prevented 
their intimate contact. 



SURFACES OF CONTACT. 



Oak upon oak, the fibres being parallel 
to the motion 

Ditto, the fibres of the moving body be- 
ing perpendicular to the motion 

Oak upon elm, fibres parallel 

Elm upon oak, ditto 

Beech upon oak, ditto 

Elm upon elm, ditto 

"Wrought iron upon elm, ditto 

Ditto upon wrought iron, ditto. 

Ditto upon cast iron, ditto 

Cast iron upon wrought iron, ditto 

Wrought iron upon brass 

Brass upon wrought iron 

Cast iron upon oak, ditto 

Ditto upon elm, ditto, the unguent being 
tallow . , 

Ditto, ditto, the unguent being hog's 
lara and blank lead 

Elm upon cast iron, fibres paralld 

Cast iron upon cast iron 

Ditto upon brass 

Brass upon cast iron 

Ditto upon brass 

Copper upon oak 

Yellow copper upon oast iron 

Leather (ox hide) well tanned upon cast 
iron, wetted 

Ditto upon brass, wetted 



Fbiction of 
Motion. 



^ 2 

'So 



0-108 











• 






















143 
136 
119 
330 
140 
138 
177 

• • • 

143 
160 
166 
107 

125 

137 
136 
144 
132 
107 
134 
100 
115 

229 
244 



a o g 
33 03-9 

el"! 



6o W 

8 9 
7 45 

•6 48 

18 16 

7 59 

7 52 

10 3 

'8* "9 

9 6 
9 26 

6 7 

7 8 

7 49 

7 42 

8 12 
7 32 

6 7 

7 88 

5 43 

6 34 

12 54 

13 43 



Fmotion op 
quiesoemoe. 



a o 



0-390 
0-314 

• • • • • 

0-420 

• ■ • • • 

0-118 

• • • • • 

0-100 

• • • • • 

0-098 

• • • • • 

0-164 
0-267 




21** 19' 
17 26 
22**47 

*6*'44 
5**43 

'5**36 
'9**i9 
14 57 



■XilHHTABT XBCBAVIGS; 
TAHTJim. 



XX M. xtnix. 



.™„»o,„„„„. 


^"A'isz:" 


5== 




Coemdent o( 


Coefflctenl at 




OaknpoDoatfibwpanllel 


O'lM 

0-0T5 
0-OB7 

oora 

0250 

0-136 
0-078 
0-0S6 
0-080 
00B8 
0-0B5 
0137 
0-070 
OOflO 

oisa 

0066 

0-356 

0-314 
0-085 
0-O78 
0-076 
0-OM 

o-ow 

0-083 
0-OHl 
0-070 

0-103 
O-ldB 


0-440 

o-m 
o-'iai 

O-ITS 

o-ifi 
o-i4a 

o-aiT 

0-M9 

o'ioH 
6-i66 

6-iL5 


T^or- 




Hog'a lard. 
T»now. 
Hog'B Urd. 
Water. 




Ditto ditto 

Ditto upon ehn, fibres parallel . . 




Hw'b Urd. 
TaUow! 


Ditto apou oast iron, ditto 

Ditto upon wrought iron, ditto.. 




?3r"' 






Hog'a lard. 

( with w.ter 

TaUow. 
Hog'B lard. 
Olive oiL 
Tallow. 
Hog-B lard. 
0U»« OiL 
Tallow. 
Hog'B lard 
Olive oiL 

Tallow. 
Hog'B lard. 
OlSe OiL 
Dry BOBp. 


Ditto upou ebn, ditto. 

Ditto upon uMt iron, ditto 

Wrought iron npon oak, ditto 

Ditto ditto ditto 

Dtl^o ditto ditto 

Dttoupon elm, ditto 

D tto ditto ditto 

D tto ditto ditto 

D tto upon cast iron, ditto 

Ditto ditto ditto 

Ditto ditto ditto 

Ditto npon wrought iron, ditto. . 

Ditto ditto ditto 

Ditto ditto ditto 

Wrought iron upon bra.i, fibres 1 

parallel ( 

Ditto ditto ditto 

Ditto ditto ditto 
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STEFACES OF CONTACT. 



Csat iron upon oak, fibres parallel. 

Ditto ditto ditto 

Ditto ditto ditto 

Ditto ditto ditto 

Ditto Dpon elm, ditto 

Ditto ditto ditto 

Ditto ditto ditto 

Ditto upon wrought iron 

Cast iron npon cast iron 

Ditto ditto 

Ditto ditto 

Ditto ditto 

Ditto ditto 

Ditto ditto 

Ditto npon bran 

Diito ditto 

Ditto ditto 

Copper upon oak, fibres parallel. . , 
Ydfuw -oopper npon o»et iron 

Ditto ditto 

Ditto ditto 

Braaa apon oaat iron 

Ditto ditto 

Ditto npon wrought iioD 

Ditto ditto 

Ditto ditto 

Ditto npon biasa 

Steel upon cast iron 

Ditto ditto 

Ditto ditto 

Ditto npon wrought iion 

Ditto ditto 

Ditto upon bc»K8 

Ditto ditto 

Ditto ditto 

Turned ox hide upon caat iron.... 

Ditto ditto 

Ditto ditto 

Ditto upon brass 



O'lOO 
6-166 



[ Greased, am 
■atuiateil 
I with water. 



Tallow. 
Olive oil. 
( Hog's laid A 
iplumbago. 



Tallow. 
Hog's lard. 
Olive oU. 
Tallow. 
Tallow. 
Hog's lard. 
Oliva oa 
Tallow. 
OUve oiL 
Tallow. 

1 plntohago. 

OUve oil 
Tallow. 
Hog's laid 
OUve oil. 
TaUow. 
Bos'* laid. 
TaUow. 
Olive oa 
, Lard and 



TaUow. 
Olive OIL 
Tallow. 



BLIKBHITART HBOHAHIOB. 

TABLE lJl.—Ci>ntinved. 



■wm 





I^OB." 


'"»»■" 


IT-o^ 




0«fflcl«iCc4 


FriDllgiL. 


TkniudaihideDpoiibnM 


0191 
OM 

0-833 

0-194 
0-163 


6-re' 

0-869 
0-74 


Olive <ffl. 


Hempen fibrei not tviried, mo*- 
ii>8 upon oak. the fibra of the 
hnnp briiw pkosd in i dino- 
tiw DNpoMiioakr to U» dlTM- 

ar.^Sr'""-' 


(withwstet 


Ttia MUM aa abava, moving apoa 








upon the mue, with a Isyei of 
mortu, of ua^ uul lime mtetv 
poM)d,«Hai from 10 to Ifl inin- 









TABLE IV. 

OF IBB SPBCIFIO ORATITIEB OF BODIES. 



Hume Dl the BodJ. 


SpHdflc 


Gmlt7. 


L SOLID BODIES. 

(I) Metals. 






7 

8 
8 

7 

a 

19 

19 






414 
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TABLE lY.'-GmiUnued, 



Name of the Body. 



L SOLID BODIES. 

ast, a mean 

gray 

white 

or cannon, a mean 

jure melted 

flattened 

im, native 

melted , 

hammered and wire-drawn , 

ilver, at 32° Fahr 

pure melted 

hammered 

;ast 

wrought 

much hardened 

slightly 

liemically pure 

hanmiered 

Bohemian and Saxon 

English 

nelted 

rolled 

(2) Building Stones. 
ter 

;e 

e 

lende 

ione, various kinds 

ite 

^ry 

one, various kinds, a mean 

for building 

9 

te 

(3) Woods. 

eam 

chestnut 



Specific Gravity. 


7-251 


7-2 


7-5 


7-21 


11-3303 


11-388 


16-0 


20-855 


21-25 


13-568 


10-474 


10-51 


7-919 


7-840 


• 7-818 


7-833 


7-291 


7-299 


7-312 


7-291 


6-861 


7-191 


2-7 


2-8 


2-72 


2-5 


2-5 


2-9 


2-64 


2-51 


2-4 


2-56 


2-2 


1-66 


2-5 


2-4 


1-41 


Fresh felled. Dry. 


0-8571 0-5001 


0-9036 0-6440 


0-7654 0-4302 


0-9012 0-6274 


0-9822 0-5907 


0-9476 0-5474 


0-8941 0-5550 


0-9452 0-7695 


0-8614 0-5749 



15' 



BLIXBVTABT XBOVAiriOB 



L SOLID BOD]B8. 
LM«k 

£::;;;;;::::::::::::::::::;:::;;:: 

Ditto, aaotbo' qiaohma. 

Pisa.nRiM ^{MiSRa. 

tHiU), FlHtu BuhitttrU 

Po^(U*UMii 

Ditto, "'^■•■■"^"""i- ""'.'"''" 
(4J. Vaktoc* Soud Bo&n 

Oarooili of ooA 

Ditto, mA wood. 

Ditto, Mk 

ooJ;. 

Ooko 

rough —uA 

I«ati;tl euth, witUgIkT«l 

moiBt Band 

eravelljaoil 

clay 

clav or loQJO, vith ^rftTfil.. 

Flint, dirk 

Ditto, will te 

Gunpowder, loosely filled in, 

musket ditto ,.'.'," i !!!.'.'.'.'.','.'.'.".! .' 
Ditto, (lightly shaken down, 

maaket powder 

Ditto, (Olid 

Lime, unfllacked ............ 

fialtpetre, melted 

Ditto, cryBtallized 

Blate-penoil 

Snlpbor. 

Tallmr. 

TorpeiLljiie. ,,....,.,,........ 

Wfti, white 

Ditto, yellow. 

Ditto, Bhoemaker'a 

n: LiQuiDa. 

Add, aoetic 

Ditto, rouriatio. 

Ditto, mtric, ocmcentnted 
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TABLE TV.-— Continued. 



Name of the Body. 



, sulphuric, English . . . . 
>, concentrated (Nordh.) 

lol, free from water 

I, common 

loniac, liquid 

kf ortis, double 

t, single 

r, acetic 

», muriatic 

I, nitric 

>, sulphuric 

inseed 

►, olive 

>, turpentine 

I, whale 

^silver 

r, distilled 

t, rain 

>, sea 



III. GASES. 

^spheric air = y^^ = 

Dnic acid gas. 

onic oxide gas 

aretted hy&ogen, a maximum 

) from coals , 

•ine 

iodic gas 

•ogen. 

'osulphuric acid gas 

atic acid gas 

)gen 

;en 

phuretted hydrogen gas 

nat212°Fahr 

tiurouB acid gas 



Specific Gravity. 



1 
1 



1 
1 
1 








13 
1 
1 
1 




845 
860 
793 
824 
•875 
•300 
•200 
•023 
•866 
•845 
•886 
•715 
•928 
•915 
•792 
•923 
•568 
•000 
•0013 
•0265 
•992 



Barometer 80 In. 
Temperature — 82®, 

l^OOOO 
1^5240 
0-9569 
0-9784 
( 0^3000 
( 0^5596 
2-4700 
44430 
0^0688 
1^1912 
1-2474 
0^9760 
1-1026 
0-8700 
0-6235 
2^2470 



ANSWERS. 



\ 



13, li. 1. 250 ft. and 50 ft. 3. 25 ft. and 12^ ft. 3. 112 ft. 
4. ejft. 5. |V2. «. 0-6468 + . 7.9-8. 



35, 36. 1. 80-2 ft. a. 9-3 sec. 3. 1564 ft. 4. 386 ft. 

5. 39-23 m. 6. 11633 ft. 7. 3 15 sec. tO, (^^-^(v-ig^^^^ 

Page 47. 1.35-87 ft. 2. 80Aft. 3. 13-88 +a 4. 31i lbs. 

Page 50. 1. 201i^^ ft. 3. 134^ ft. 3. 5255 lbs. and 4757 lbs. 

4. 64-6 ft. 5. {i lbs. ; 3^ lbs. ; 10 lbs. ; 00 . 6. 261 see. 

' Pages 75, 76. 1. 3886 ft. -lbs. a. 18 ft . 3. 2-53 mUes. 4. 193 lbs. 

5. 3f ft. 6. 160-8 ft 

Pages 91, 92. 1. 25 pounds^f est— seconds. 3. 0*05538 inches. 
3. 24,446,255 lbs. 

; Page 99. 7. Impossible, unless the angle 35° be considered as the sup- 
plement of the real angle. K so considered, then angle {P^) = 30**. 
i^ = 90-63 lbs. and i? = 57-34 lbs. 8. 12 lbs. ; 16 lbs. 

Page 103. 3. 22*36. 

Pages 115, 116. 1. 144 -2 lbs. 3. 120 lbs. 3. 60 lbs. 4. ^2A0, 

BD 
5. 86-1 lbs. ; 81 16 lbs. 6. jj^^^j^J q^- ^* Bisect the angle. 

§. 931*8 lbs. 9. 30. 

Page 133. 3. 14 lbs. ; 3f feet 4. 18 lbs. ; 4 feet 3^ inches. 

PF 
ft. p:j:^-^^sin4>. 

§r^x BXG&AGBG-^CH.ABO 



area AHBO 
4. iir(AB)K 5. iir(AB){Ciry. 



} 



"m 



8(0 ILIHBNTABT HECH&NIC 

n«« iflsi i.4B«ft. »..<ibkH«=oiii Eq. 1, p. ies)Pi 

WiUJ. «,P=148F. 4.8*S740-. 9. EGg=i 

Fac«in,i8at. 1. as-eitM. t. aoiba. a. w«aA 

C. le-llba.; S4-1IIM. «. Wlk. 7. r SS' 40 '. fi 
:P=W;W. 1*. Vflbvk. 



Pag«Kn. ». 6 = 8-10 in.; <I = t8-48 m. 3. 29m. .|. 11111 lU 
ft.M«iii. «. 7B,nOUM. r.fflft.6'Sm. 

FaKMW6,»». 1. U* U'. 9. 4746 ft,; -34-3 ft.; — 63T-3 H 
3. 39-80 ft -4. HfM A Him frbm the point to the exiremit; of tbe 
TBitioal dianMter of Uw onito, aad tbe path required will bo the ei- 
tetOMl pMt cf tke taoMA S> ^IK miles per hoar, fi, 485T'S &- 
r. 104-Sieo.; 809-8Ma. 8. 88 -84 ft. 9. I90;}'64 ft. 

P^eaaiT, 318. I. 804^ ft.; SOI ft. 9. 811-8 ft. S. 4S°. Q.iOTSTft 
T. 17-6 ft. 8. 328^3nl,pe^Beo. (velocity of projection) ; 15°49'fl'i 
850 ft. ; 3-9 nee. 






;. B^ va^r- *. 88"8. a. 88-8. 4. aw: 

6. 407-8T ft. r. 61-14 m. per. h. . §. IIS ii 



9. 1-98 in. 10. 76°:SS'40'; AC = U-58 in, ; £0=8-53 inchei 
11. 118-95. 19, Let S = the weight of a nitit of volume, then Uu 

number of revolutioas per miiiDte will be — . If the male- 

rial we^ha 144 lbs. per onbio foot (which is aomewh&t two bquUI foi 
most stoDe, but sufBoientlj ezaot for b, near approxiinatioii), M 
have 1148'9 tnniB per minute, or IS'lStotna per second. 

Pages 348, 249. 3. 0.0181 in. 4. 11024-8 ft S. 3'9168 aeo. 6. 4-9 
inileB per second. Y. 43 m. 14 aeo. 8. 0'453ft. pergec. 9. 0'014S 
seeond. 

Pages 228, 3^9. I. Pressure on the bottom and aides, 4400318 lbs. 
9, 1-736 lbs. 3. 195-90 lbs. 4. 38 lbs. 5. 50-73 ft. per sec. 
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O. 396.56 Iba. 7, Let a be the half length of the bar, s the specifio 

^avitj of the wood in reference to the liquid, and x the distance 

from the point of attachment of the cord to the middle point of 

7« 

the bar ; then x = -r-z: j a. 8, 81 inches. 

' 18«— 4 

270. 3. 4f. 3. 240 grs. 4. 17968 -75 lbs. 5. }. 6. 1-6. 

276. 1. 16** 41' 57'. 3. The box being so deep that none of the 
liquid will flow over, we have 21^ ft. per sec. 3« g. 4. 54*16. 

282. 3. 82 28 lbs.; 164*57 lbs. 3. 1767* 1 lbs. ; 589*0 lbs. ; 
589-0 lbs. 4. 98,175 lbs. ; 32,725 lbs. 5. 4312^ lbs. 6. 2250 lbs. 

Pages 287, 288. 3. 5*19 in. 3. 2 ft. 8| in. 4.5.69 ft. 5. 50,000 lbs. 

Q 

e 310. 1.6 m. 41*2 sec. 3. 13618*8 cu. ft. 3. « =-^3^ ; 00134 
aq. inches. 4. 39*136 cu. ft. 
332. 4. 751 -34 lbs. 5.23*868. 



